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PREFACE 


The main purpose of this book is to give an account of some of the 
more interesting developments in instrumental optics during the last 
twenty years. A complete survey would have taken up more than the 
available space, and the book therefore deals with selected topics. 
Many of these reflect the author’s special interests; in particular the 
discussion of image assessment and error balancing at the beginning of 
Chapter I is based on previously unpublished work by him and by 
P. A. Wayman. It is hoped, however, that the choice is wide enough to 
convey a good general idea of the renaissance in instrumental optics 
which has taken place since F. Zemike’s pioneer work on the phase- 
contrast microscope and on the analysis of partial coherence. The 
remainder of Chapter I deals with what is commonly called the diffrac¬ 
tion theory of aberrations and with the imaging of coherent and partially 
coherent object-surfaces. 

It has not seemed appropriate to refer specifically to the techniques 
of practical optics, but the importance of new types of optical system 
of very high theoretical performance is closely bound up with the 
existence of a high level of practical figuring technique. This in turn 
depends on the availability and adequate understanding of test pro¬ 
cedures, among which the Foucault knife-edge test still occupies a 

prominent place. An account of the diffraction theory of this test is 
given in Chapter II. 

Among the newer types of optical system introduced in recent years 
the Schmidt camera stands out as one of the most successful, especially 
in astronomy, where Schmidt telescopes of large aperture and small 
taat Schmidt spectrograph cameras have set up an entirely new standard 
ot photographic performance. A systematic account of the fifth-order 

^vefifc, ^ id Ar mera ^ ° f thG field - fl » tten «d Schmidt camera 
18 given in Chapter III. 


In Chapter IV, C. R. Burch's method of plate-diagram analysis is 
developed and applied to discuss the Seidel propertfes of Schmidt- 

Cassegram systems, of the Schmidt camera with aspherited mirror 
and of coma-free two-mirror systems. ’ 

Prrfe a Sr te A fUl M a r k h T *T £ ^ * Ki "« 8,ake ' l**™ Zemike, 
v. Thanks are also due to the Societies concerned for permission 
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PREFACE 


to reproduce long extracts from papers published in the Proceedings 
of the Royal Society, the Proceedings of the Physical Society, and 
the Monthly Notices of the Royal Astronomical Society, and to the 
Clarendon Press for their unfailing care and courtesy. 

E. H. L. 

THE OBSERVATORIES 
UNIVERSITY OF CAMBRIDGE 

October 1954 
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I 

THE OPTICAL IMAGE 


1. Geometrical theory 
1.1. Introduction 

In spite of its mathematical elegance, general ikonal theory does not 
provide a very satisfactory starting-point for a discussion of the images 
formed by optical instruments. In its general form, the theory does not 
show any natural tendency to centre round the special preoccupations 
of instrumental optics; when it is made to do this by appropriate mathe¬ 
matical restatement, the analysis loses most of its elegance and still does 
not give much insight into the actual working of optical systems. A more 
physical approach is therefore adopted in the present section, and ikonal 
theory only makes brief appearances as a convenient analytical tool. 

In instrumental optics, we usually have to deal with what is effectively 
a single infinity of pencils of rays issuing from the separate points of a 
symmetrical object surface, passing through a centred optical system, 
and emerging as bundles of rays each of which is approximately con¬ 
current. The points of approximate concurrence (in some agreed sense) 
orm a thin shell or image-layer in the image-space and the receiving 
surface or ‘image surface’ may be supposed to be anywhere in this layer 
though of course some positions will be preferable to others. 

The first problem is evidently the determination of the image-layer 
corresponding to a prescribed object surface for a given optical system, 
and the choice within this layer of the best receiving surface according 
a prescribed method of assessing image quality 
It is easy to show that the Petzval surface lies in the image-layer and 

rclrZ r y T ° Ut ’ ifc fornis a convenient and natural field 

rp „ p surface. But a comparison of the relative merits of the different 

for T 8 SU . rfa . CeS wlthm this la 3 ,er requires the setting up of analytical 

lltfZ 7? be ^ be '“ in **» "»«<Aver of the rlyl 

conJ ! US ® 688 f ° r th,S P ur P° se - oven in the investigation of two- 

compleTity 8 wftT 8 *** ^ f chmidt camera - because of their formidable 
tho ^ th m ° re e,aborat o systems such as a Taylor triplet lens 

m , uoh w r e - A 8enerai * 

problem be WH m “ at a “' should from the nature of the 

ItTT- t “ a " a PP r “P ria ‘o use of approxhnations. 

a tha * merC Equalities giving upper limits to the siae of 
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the geometrical images do not give enough information; they will not 
even prescribe the best choice of the receiving surface within the image- 
layer, still less indicate optimum values for the design-constants of the 
system. 

We need approximate formulae, valid in the image-layer, consisting 
of a leading term plus an error-term. Such formulae may allow the best 
receiving surface to be determined, with an error which is too small to 
affect seriously the performance of the system, and the structure of the 
image in this surface to be analysed. 

For the present, we suppose the light monochromatic; the effects of 
chromatism will be considered later. 

1.2. Notation 

Fig. 1 represents an axially symmetric system S which images the 
points of a spherical or flat object surface on to a receiving surface in the 
image-layer, both object surface and receiving surface being symmetrical 
about the optic axis of S. We suppose that S works over a field of angular 
diameter 0(/x) radians, where 0(/x) means ‘not exceeding a moderate mul¬ 
tiple of /x' and /x is the numerical aperture of S, suitably normalized. Then 
all the rays which pass through S make angles 0(/x) with the optic axis. 

Slightly different choices of /x-normalization are preferable in different 
applications. In a Schmidt camera, /x may be conveniently defined as 
H/R, where H is the semi-aperture and R the radius of curvature of the 
spherical mirror; this makes /x nearly equal to half the numerical aper¬ 
ture, whence /x 2 ~ a ' 4 in an f/2 Schmidt and our approximate formulae 
are accurate to a few per cent. In an f/I Schmidt, /x 2 ~ ^ and the 
accuracy of these formulae is correspondingly reduced. In a refracting 
system, a definition of /x which puts its value near to the numerical 
aperture improves the verisimilitude of the picture given by the error- 
term assessments. In a general discussion, it seems better to leave the 
/x-normalization arbitrary to the extent of a factor comparable with 
unity, and this will be done here. 

By Gauss imaging of its aperture stop, the entry and exit pupils of S 
are obtained. We set up Cartesian coordinates (x, y, z) in the image-space 
of S, taking the origin O' at the centre of the exit pupil and the axis 0 z 
along the optic axis (see Fig. 1). The exit pupil then fills a circle 
x 2 -f-y 2 ^ ll' 2 in the plane xO'z, where//' = 0(//x)and/isthe focal length. 

In this plane, and in the space near it, we introduce scale-normalized 
lateral coordinates u, v by means of the equations 

x = H'u, y = H'v. 


( 1 . 1 ) 
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The scale-normalized polar coordinates r, <f> in the space surrounding 
the exit pupil are connected with u, v by the equations 

u — r cos <f>, v = rsm<f>, r = -f J(u 2 +v 2 ). (1.2) 

The exit pupil occupies the region u 2 -\-v i ^ 1 of the plane xO’y. 


l 



From the off-axis object point P a pencil of rays passes through the 
system S to form an image-patch on the receiving surface. We call the 
ray through O' the principal ray of the emerging pencil and its inter¬ 
section P' with the receiving surface the principal point of the imaa e . 
Because of the axial symmetry of S, there is no loss of generality°in 
supposing the off -axis displacement of P' to be in the positive y-direction 
T/ , By an 9 ular ***** of the image we mean the angle 

. “ P t ° ** , As P runs over the ob i ect field, V ranges over a certain 

interval (0 I „). We define 0 = F'/FJ. so that the field is defined by 
the inequalities 0 ^ 0 ^ I. J 

Because of the aberrations of the system the mvo 

in the ^ ^ 

coincide with the exit pupil; their boundaries may differ by Ol fu 3 ) * 

thft m fi°J aH 0f . the ° ptical surfaces of S may be figured; we suppose 
useful” fi B P eXCe 0</f,,) ■ ThiS COnditio '' is »a‘»«ed by all 

ri&v; xr for " hich anguiar —^ 
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Such receiving surfaces can be specified by means of a displacement 
function/p 2 e(0)| which, for each value of the normalized off-axis dis¬ 
tance 0, measures to a sufficient approximation the focus shift of the 
receiving surface relative to a selected field-reference surface. 

As field-reference surface we choose the Petzval surface of S imaging 
from the given object surface, namely the spherical surface, of curva¬ 
ture 1 Ipj, given by the equation 


I 

Pp Po 



or 




which cuts the optic axis orthogonally at the paraxial focus. The quan¬ 
tities r on the right of (1.3) stand for the paraxial radii of curvature of the 
optical surfaces (including figurings); these radii, like p P , are taken 
positively when the surface is concave towards the incident light;J 
1 /p 0 is the curvature of the object surface. 

When the Seidel aberrations dominate the image, or, in particular, 
when S is an aplanat,§ the order of magnitude of the image-spreads at 
best focus is //x 3 and the thickness of the image-layer is 0(fp 2 ). In this 
case we could use the Gauss plane as field-reference surface, with some 
gain in simplicity in those cases where a flat field is aimed at in the design. 
But when S is an anastigmat, with image-spreads of order //a 5 at best 
focus, the image-layer lies everywhere within a distance 0(//x 4 ) of the 
Petzval surface, and the Gauss plane could only be used as field-reference 
surface in systems for which the Petzval curvature 1 /pp = 0(p.-/f). We 
call such systems flat-fielded anastigmats. 

When the Petzval surface and not the Gauss plane is chosen as field- 
reference surface, the approximation technique which is used for the 
aplanats and for general centred systems can be adapted without 


t Or //x'<(0) in an anastigmat; it is more convenient to have t(0) = 0(1) »n both 

coses. _ .. . - 

X We do not define the Petzval surface by applying (1.3) to the optical surfaces 

divested of their figurings, because it is desirable (e.g. in discussing the Schmidt camera 
and plate-mirror systems generally) to permit the presence of an r 1 -term, of coefficient 
not exceeding 0(/ # i‘), in the function which defines the figuring depths. Tho position 
of the Petzval surface would not then be determined uniquely by tho system and tho 
object surface. Conrady’s definition of the Petzval surface by means of tlun radial 
pencils’ has the practical inconvenience that tho surface so defined is not strictly 

SP $ e Bv a «n aplanut we mean a system in which the first two Seidel errors (spherical 
aberration an.l coma) are reduced to very small values and the biggest remaining 
aberration is the off-axis astigmatism used to flatten the field; the imoge-spreadsare 
0(Ju?). By an anastigmat we mean a system in which the image-spreads are 0(Jv . I m 
the selected receiving surface. This approximates to the present commercial use of tho 

terms. 
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essential change to the anastigmats. In the aplanats the displacement 
function //T 2 e(0) = 0(fn~); in the anastigmats the displacement func¬ 
tion //i 4 «(0) = 0(ffi 4 ). 


1.3. The aberration function 

With each pencil of rays is associated an orthogonal family of surfaces 
called the geometrical uave surfaces or wave-fronts. If the rays of a pencil 
all pass through a single point, the wave-fronts are evidently spheres. 
This is the case of an aberration-free geometrical image. In the more 
usual case where the raj's are not strictly concurrent, but pass within a 
distance 0(fp. 3 ) of each other, the wave-fronts are no longer strictly 
spherical, but are distorted by amounts 0(fp.*) from the spherical form. 
Near a focus, the wave-fronts may now develop singularities; to avoid 
this complication we exclude from the discussion wave-fronts whose 
distance from a focus is small compared with /. 

Each wave-front W is cut in a unique point Q by the ray through 
the point (m, v) in the exit pupil; we call (w, v) the coordinate numbers of 
the ray, and of the point Q on IK. In its passage through the system, the 
ray also defines coordinate numbers («, i>) on the optical surfaces and in 
the entry pupil. In the entry pupil u, v agree, to within O(p-), with the 
values of the corresponding scale-normalized Cartesian coordinates there. 

The principal point of IK is the point of coordinate numbers (0,0) on IK; 
when IK is in the image-space, this is the intersection with IK of the 
principal ray O'P'. 

The reference sphere of IK is defined in the image-space as the sphere, 
centred on P\ which passes through the principal point of IK. It can be 
defined in the intermediate image-spaces of the system as the sphere 
centred on the intersection of the ray (0, 0) with the corresponding inter¬ 
mediate Petzval surface and passing through the principal point of IK. 

In a general centred system, IK lies everywhere within a distance 

0(fr*) of its reference sphere; in the (final) image-space of an anastigmat, 
within a distance 0(fp 6 ).f 

The aberration function f>(u, v\ 0) is defined for each u, uas the distance, 
measured along the optical ray of coordinate numbers (w,t>), by which 
IK lags behind its reference sphere. Evidently <f>(0, 0; 0) = 0. As the 
wave surface progresses, <£(u,i>; 0) remains unchanged to within 0{/u 6 ) 

m a general centred system; in the image-space of an anastigmat it 
remains unchanged to within 0(fp 10 ). 

tj imago.™yor 0f ^ 8tat<,mCnfc d °P° nd9 on tho fttct the receiving surfuco lies in 
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In an aplanat or in a general centred system we can write 

<£(», v\ 0) = v; 0); 

in an anastigmat we can write 

v, 0) = //x 6 0(«, v ; 0), 

the function $ being 0(1) in both cases. 

We call <J> a ‘smooth' function when the order of magnitude of 8tf>/8u 
and 8<f>/8v is the same as that of <f> itself. If the optical surfaces of S are 
spherical, then <f> will be smooth. cf> will still be smooth if the surfaces 
of S carry figurings of the type represented by an equation of the form 


c 




+.V 2 , /* 2 +.v 

“T r 4 


h z 


where the coefficients c 2 , c 4 , r 6 are 0(1), h denotes the semi-diameter of 
the axial pencil at the surface under consideration, x is 0( 1) and a smooth 
function of its argument (x 2 -\-y 2 )/h 2 , and £ denotes the figuring depth, 
measured parallel to the z direction, at the surface-point of Cartesian 
coordinates x, y. When only the Seidel errors of the system are under 
discussion, the value of c 6 is irrelevant and (1.4) may be used in the 
simplified form 

x 2 +y 2 , „ (x 2 +y 2 ' 2 




=[' 


h 2 


+ c - 




(1.5) 


Useful surface deformations of more general type than (1.5) are 
possible, for example those of the form 




= fn*[ 


x 2 +y■ 




fi 2 ' ~*\ h 2 } ■ '°v h 2 

where the error-term is a smooth function of (x 2 -\-y 2 )/h 2 . Their effect is 
to introduce third-order aberrations of a different type from those 
occurring ‘naturally’ (that is to say, in centred sj'stems with spherical 
surfaces); the latter are of the third order and the third degree.! When 
the object of introducing figurings is the better control of the classical 
aberration coefficients, it is appropriate to use figurings of the special 
form (1.4). We call these normal figurings. 

The quantities x/h, yjh are evidently scale-normalized Cartesian 
coordinates on the figured surface, which agree to within 0{y. 2 ) with the 
coordinate numbers u,v imprinted on this surface by the pencil from the 
axial object point. If the object point moves off axis in the negative 

t That is to say, of the form v, Q) + 0(Jf i 6 ), where P = 0(1) is n polynomial 

of maximum total degree 3 in u, v, 0 and the error-term is a smooth function of m, v. 
Compare p. 16, below. 
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y-direction, the new coordinate numbers u,v on the surface are con¬ 
nected with xjh, yjh by equations 


u = ?+0(^), r = | + ;0 + O(^), 


in which the value of the constant l is given to the necessary accuracy 
by Gauss theory. 

In a general centred system with normal figurings, imaging on the 
Petzval surface, the monochromatic aberration function 


where 


<£(?/, v;0) =/^ 4 <h*(u,v; 0) +0(//x 6 ), 


H 


®f(H,»;0) =^[io 1 (« 2 +^) 2 +fl 2 0y(« 2 +y 2 ) + ia 3 0 2 (3 u z +v n -)] 


( 1 . 6 ) 

(1.7) 


and the coefficients a,, o 2 , a 3 are 0( 1 ).f H stands for the semi-diameter 
of the entry pupil ,% so that the factor Hjfy. is comparable with unity.§ 
We call v, 0) the Seidel aberration function or the fourth-order 

aberration function of the system working on the Petzval surface. The 
corresponding aberration-deviations £ 0 , tj 0 are given by the equation 


or 

where 


U = tt+0(f h >), Vo = V * + 0(f^), 


( 1 . 8 ) 


(1.9) 


& = /m 3 [«i w(u 2 +u 2 )-f 2a 2 0«y-f 3u 3 0 2 m] \ 

Vo = //* 3 [ a i w(« 2 +w 2 )+a 2 0(tt 2 +3u 2 )4-a 3 0 2 y] )' 

If, introducing scale-normalized polar coordinates (r,<f>) in the exit 
pupil, we write 


u = rcos<f>, v = 7-sin <f>, (1.10) 

equations (1.9) can be given the more compact form 

fo + i’lS =/f* 3 [oi rV*+Mi 2 r 2 ©(2—e 2f *)+a 3 r0*(2e''*—e-*)]. ( 1 . 11 ) 

When the receiving surface is displaced forward from the Petzval 

surface by an amount /,u 2 €(0) + 0(//x 4 ), the main term <I>*(m,v; 0) is 
replaced by 

<!>*(«,y;0) = <hS(u,y;O)-|-i(«2 + y2)^ 2 e (0) (,. 12 ) 


tor t m S i rn°«r:r Pl ° A - S- 80 < 1910 )- 320-8. Tho presence of the error- 

1 m (1.6) allows a certain freedom of choico in tho values assigned to a t a a • thov 

m .y bo changed by <,(„•) without tov.lid.ting tho ^ 

+ l\ot tho exit pupil. 

§ Hjf is equal to the numorical aperture of tho emerging pencil. 
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and approximate aberration displacements tj% by £*, 7?*, where 
£*+*V = m,r 2 0(2 —e 2, '^)-f o 3 r0 2 (2e'^—e-*)-|-^e(0)re'*j, 

, (1.13) 

the approximation error being 0(fp. 5 ). 

The equations 

Z = t*-rO(fii 5 ), v = V*+0(f^) (1.14) 

give an evaluation in the desired form (viz. a leading term of manageable 
complexity plus an error-term) of the monochromatic aberrations in an}- 
axially symmetric receiving surface lying in the image-layer. Inside the 
square bracket of (1.13) the term a x rV* represents the primary spherical 
aberration, ia 2 r 2 Q(2-e Si *) the Seidel coma, [^2a 3 Q 2 -\-(H|f^M)e{Q)]e < ^f• the 
focus shift relative to the reference surface, and —a 3 r 0 2 e-'* the off-axis 
astigmatism, the deviations being measured from the principal point 
of the image-patch. It makes no difference to the form of (1.13) and 
(1.14) if £, 7 ? be measured perpendicular to the normal drawn from the 
receiving surface at some point P" of the image-patch (the ^-direction 
being taken, as before, in the meridional plane through P"). For this 
alters the values of £, 77 only by 0 (//i 5 ). 

(1.13), (1.14) allow the determination, to a sufficient accuracy, of the 
best field surface corresponding to a given definition of image quality. 
A procedure which is both analytically convenient and physically 
acceptable in many practical applications is to define the effective 
radius of a single monochromatic image-patch as the square root of the 
expression , 

P 2 = ~ If (P+T?)dudv (1.15) 

u* + v*^ 1 

and the effective monochromatic image radius over the working field 
V < J T o on a given receiving surface as the square root of 


(1.16) 


E = ^QdQ fj (£ 2 +t f)dudv. 

0 u s + c*€l 

This amounts to defining the effective radius of each image-patch as 
the radius of gyration of its ray-densitv distribution about its principal 
point| an d the effective monochromatic image radius over the working 
field as the root mean square average of these effective radii over the 
field area 0 < 1 . 


t The alternative (an<i in some ways more natural) definition by means of the radius 
of gyration about the centre of gravity of the image-patch will be considered later. 
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1.4. Best field surface 

When £, r) are replaced by £*, 17 * in (1.15) and (1.1 G), the resulting 
changes in value of p and E J are 0(fp. 5 ), and so are negligible in the 
present approximation. Therefore we may define the best field surface 
as that for which e( 0 ) minimizes the quantity 



©rf 0 JJ (£* 2 +r]* 2 ) dudv. 


1 


(1.17) 


We proceed to determine this surface, and to evaluate the effective 
image radius there, in terms of the coefficients Oj, a,, and a 3 . 

By (1.13), (1.11), 


where 


(• = «+//**£ ‘t 0 )"' l* = 

JP Jt 1 

ft — fp 3 (a l ur 2 -\-2a. 2 Quv+3a 3 O z u) \ 
Vo = fp. 3 (a l vr 2 -\-a 2 0(u 2 + 3y 2 )d-a 3 0 2 y) j’ 


and therefore 


(1.18) 


^ = / V[a? r 6 +6a x a, 0yr* + 2 ai « 3 0 2 r 2 (3u 2 + v 2 ) + 

+a| 0 2 (u«+10u 2 y 2 -f9y 4 ) +a 2 a 3 0 3 ( 14« 2 v+Gy 3 ) +a 2 0«(9 m*+»*)]j 

P* 2 = ~ JJ (£ 0 + *?<)) dudv 

= /V[i«!+K«3 0 2 +|«! 0 2 +|a§ 0 4 ]. (1.19) 

Thus the quantity 
1 

E * = lj QdQ jj (ff+vDdudv 

0 

= / V 8 [i°f+l a i ® 3 +« a i+l a |]* ( 1 . 20 ) 

(The square root of E* is the effective image radius over the region 
0 ^ 1 on the Petzval surface.) 

By (1.13) 




thus 
E* = 


*- •®o*+//x 3 ^j2 c (0)^(0)0d0 + /2 /i 8^ 2 J e 2 (0)0 <£0, (1.21) 



10 


THE OPTICAL IMAGE 


where 



= - 11 (i^+^)« y =MK+2 b, ©*]. 

77 


1.5 1 


( 1 . 22 ) 


An infinitesimal variation Se(0) in the function e(0) changes E* by 
an amount 

i i 

J 8e(0)^(0)20 rf0+/V^ 2 J 2e(0)8e(0)0 dO 


= J 8e(0) ^(0)+//x 3 ^ C (0) 20 dO. (1.23) 


//* 


0 


When tlie choice of c(0) minimizes E*, this expression vanishes for every 
choice of 8e(0). Therefore, in the best field surface, 


|U 0) = -^3^( 0 ) = -[|« 1 +2b,0*1 > 


(1.24) 


and the value of E* there is 


A 

E* = E*- \[&(Q)] 2 QdO 


= /V 6 [(J«l+l a l«3 + 6 a i+^ a 3) —(0«l + 3 a i a 3 + 3 a 3)] 
= s , s/V(«f+30o|+6al). 


(1.25) 


(1.24) shows that the best field surface is spherical (to within 0(fn*)) 
and lies at a distance 


/A(0) = i+2«. 0i ] 


(1.26) 


in front of the Petzval surface. 

If the deviations are measured from a reference point other than P', 
namely one which itself possesses deviations a, fi relative to P', the 
quantities £*, r j* are replaced by £*—ol, respectively, and the 

expression 

p* 2 = - J j (Z* 2 +V* 2 ) dudv (1.27) 


bv 


♦ 2 


— T" f f duffa — — |*J fj* dudv + (a 2 +/? 2 ). 
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a-f iP = ^ Jj (£*+»V) dudv 

= - JJ / M 3 ^a 1 r 3 e^+ia 2 r 2 0(2-e 2 ^)+a 3 r0 2 (2e^-c-^)+ 

+ *? e (0)re*lr drdd> 

fa J 


A 

= 2//x 3 J 2 ia 2 r 2 0 r dr 


0 


= ifa^z 0 

and its value is then 


(1.28) 


P * 2 -(* 2 +p 2 ) = p* 2 -/V« 2 0 2 . 

That is, the centre of gravity of the image-patch has coordinates 
fa 3 (0,a 2 0)-f 0{/p 5 ) relative to its principal point and the r.m.s. effective 
radius of the image-patch about its centre of gravity is the square root 

° f p«-/Vfl^0 2 . (1.29) 

The quantity E* is therefore reduced by the amount 

i 

2 J 0 <*0/y*al 02 = §/V 6 <zi, 

0 

which is independent of the choice of c(0). It follows that the best field 
surface has the same position on the new definition of effective image 
radius as on the old, and that the minimized value of E* is now 

E* = E'-lfr'a 2 = &/V[«!+12a5+6a5]. (1.30) 

(1.25) and (1.30) give some idea of the relative harmfulness of spherical 
aberration, coma, and astigmatism in a monochromat. The coefficients 
a i> a 2 > a 3 are of course not free variables, but are determined by the free 
parameters of the system (spacings, radii of curvature and figurings of 
the optical surfaces), and the design of the monochromat may be said to 
be optimized for given f and p when the free parameters are chosen to 
minimize (af-f 30a| + 6a2) or (af-f 12a|_(-6a|), according to the definition 
of effective image radius adopted. 

It appears that, on either definition of effective image radius, spherical 
aberration is relatively harmless and that coma is the aberration which 
has the worst effect on image quality. Besides increasing the effective 
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radii of the image patches about their centre of gravity, coma destroys 
their symmetry and thereby increases the uncertainty of position 
measurements in the image-field. The use of the first definition provides 
a simple means of penalizing this property. 


1.5. Chromatism 

The effect of a variation of refractive indices by an amount 0(p 2 ) as 
the wavelength A varies in the effective spectral range is to introduce 
variations of size 0(/p 2 ) in the focal position of the image and in the focal 
length (plate scale), and variations 0(p 2 ) in the coefficients of the third- 
order monochromatic aberrations on a given receiving surface. 

Thus the chromatism may be expressed, to the Seidel order of accuracy, 
by adding to $+irj the expression 


fti 3 [A l re«+iA 2 0] + 0(//x 5 ), (1.31) 

where the coefficients A v A 2 are smooth functions of A which are 0(1) 
over the effective wavelength range and vanish at the wavelength A 0 in 
which the monochromatic aberrations were calculated. The displace¬ 
ments, measured from the principal point of the A 0 -image-patch, are 
then £ A , tj a , where 


and 


h = Zf+OW), r, x = -nt+OW) 

t* x +ir,l = ^ + ^J+/^[(^e(0)+^ 1 )re^ + ^ 2 0] 

= re?*+iA t 0]; 


(1.32) 


(1.33) 


the symbol A\ stands for A X + (H/fn)e{Q). Then 


= (tf+ V ?)dudv 

= p* 2 +/^Mi^(0)+/V 6 [^i 2 +( 2a 2^2+^i)0 2 J» 


and 


E* = j P f 20 dO = E*+fr 3 f Ai &(0) 20 d0 + 


+/V 6 [ / \A'*'20d0+a 2 A 2 +\A*\. 
0 


Here 
i 


| \A'i 20 dO = lAl+jt J c(0)20 dO + lJ^j 2 J € 2 (0) dO. 
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Therefore the weighted A-mean of E* y 

e * = ^+/V[M!+MI+«*^'*+(* a i+ a 3)^»3 + 

1 

+//x 3 ^ J dQ + 

M ° 2 1 

+ /V 4(^) 2 J e2(0)20rf0 ’ (L34) 

0 

where A v A\ y ... denote the weighted A-means of A l9 A\ y .... When the 
weighting corresponds to the effective spectral density distribution of 
the light, E * is the mean square effective radius of the polychromatic 
images over the given angular field. Arguing as before, we see that E* 
is e-minimized when 


/^*(0) = = -M(la 1 + ^ a ) + 2a 3 0 2 ] (1.35) 

JP _ 

and that the e-minimized value E* which E* assumes in the corre¬ 
sponding best field surface is given by the equation 

Et = ^+/VCM + i^l + «2'^2+^i(IOl + «3)]- 


-* J [^(0)+/ / 4M 1 ]*20 d0; 


1 


/a , E* = 3 ’ 8 (af+12a 3 +6 a |)+^[^f- 


(A 1 y-]+i[Ai-(A 2 )*]+ 

-H(a 2 +T 2 )2. (1.36) 


The expressions A\— (^.j) 2 = (^4 X —-Ai) 2 and A\—(A 2 ) 2 — (A 2 —A 2 ) 2 
are the mean square deviations d\ and d\ of the coefficients A lt A 2 from 
their mean values A x , A s and we can write (1.36) in the form 


*2 =/V 6 [ S , 8 («! + 12a| + 6aI)-fJd?+idi + i(« 2 + ^ S! )2]. (1.37) 

The values of A l3 A 2 , d lf d % depend on the spectral distribution of the 
light passing through the system, since a change in this distribution 
alters the weighting which is appropriate in the mean values. 

If the deviations, instead of being measured relative to P', the principal 
point of the A 0 -image-patch, are measured relative to an origin which 
itself has deviations a, f3 from P', then p* 2 is replaced by 

JJ J*J r,*dudv + (««+jP) 

= />?-Wm , 0(«.+^ 1 )+<« , +/S‘>, (1.38) 
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by (1.33), and the weighted mean p*'~ by 

pj 2 - 2 pfn*0(a 2 +Al)+ (ct 2 +/3 2 ). (1.39) 

This is least when a = 0, = /^ 3 0(a 2 -)-A 2 ), and its value is then 

^-/V 6 0 2 (a 2 +T 2 ) 2 . (1.40) 

(1.40) gives the value of the mean square effective radius of each poly¬ 
chromatic image-patch about its centre of gravity. The corresponding 
value of the mean square effective radius over the working field is 

[ bP-/V 6 0 ! K+^) ! ] 2 © dQ = (141) 

o 

We have to minimize (1.41) by choice of e(0). Since only the term E * 
involves c(0), it follows that the minimizing choice of e(0) is still given 
by (1.35) and the best field surface is the same as before, namely spherical 
(to within an accuracy 0(fp.*)) with curvature ■Ui^fp.jHV'^ less than the 
Petzval curvature 1 lp r and with its axial point (fp-/H)f/i 2 (^a l +A 1 ) 
behind that of the Petzval surface. On this surface the mean square 
effective image radius over the working field is 

EX = E*-UV(a 2 +T 2 )* 

= /VW«f+12aI+6ai)-f-|df+id|]. (1-42) 

1.6. Aberration functions of anastigmats 

As already noted in § 1.3, the distortion function in the image space 
of an anastigmat working in monochromatic light can be written in the 
form fp. 6 <t>(u,v, 0), where <I> is a smooth function of u, v, and 0 which 
is 0( 1) for u 2 +v 2 ^ 1, 0 ^ 0 < 1 and which remains constant to within 
0(/x 4 ) as the wave advances, provided its distance from focus remains 
comparable with /. 

It follows in particular that any approximate representation of the 
aberration function by an equation 

//i°<I>(u, v\ 0) = / / i«<D*(tt,»;0)+0(/ft 8 ), (1-43) 

where O* is a smooth polynomial in u, v, and O of maximum total 
degree 6, remains valid without change of analytical form as the wave- 
front advances. 

In the final image-space of an anastigmat, with receiving surface in 
the image-layer of thickness 0(fp. 6 ), the aberration function can be given 
the form (1.43) and the aberration displacements -g in the receiving 
surface are given by the equation 


(1.44) 
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which is analogous to (1.8). In the intermediate image-spaces of the 
system, the aberration function takes the form 

=fr i <&t il (u,v;Q)+f^ 6) (u,v:0) + 0(f^) } (1.45) 

in which 0* 6) are polynomials in u, v, 0 of maximum total degrees 
4, 6 respectively, and are 0( 1) over the wave-fronts. As the wave-fronts 
move forward, the first term in (1.45) may change by 0(ffj. 6 ), and con¬ 
sequently (1.45) does not remain invariant in form: its second term as 
well as its error-term undergoes a transformation. Transformation 
formulae which make it possible to follow wave-fronts through anastig- 
mats, and so to evaluate their sixth-order aberration functions in the 
form (1.43), have been given by P. A. Wayman in an important thesis 
(Cambridge 1952) and applied by him to the aberration theory of the 
Schmidt camera and of Schmidb-Cassegrain systems. The present 
discussion makes extensive use of ideas contained in Wayman’s thesis. 

In the representations of a given aberration function by expressions 
of the form (1.43) or (1.45), there is a certain amount of freedom of 
choice in the values assigned to the coefficients in the polynomials 
< * > *> ^*4). ^*6)- For in (1.43) a change 0(/x 2 ) in the coefficients of causes 
a change of only O(f^) in the value of the leading term //x 6 <D*(u, v ; 0), 
and this change can be absorbed in the error-term. In (1.45), changes 
0(/x 2 ) in the coefficients assigned to <t> ( * 4) are permissible provided their 
effect is offset by corresponding changes 0(1) in the coefficients of 
„ while changes 0(^ 2 ) in the coefficients of <1>* 6) produce effects which 
can be absorbed in the error-term. 


When a normal anastigmat (i.e. one whose surface deformations are 

restricted to normal figurings) images monochromatic light on to the 

Petzval surface or, more generally, on to any spherical surface 5 lying 

m the nnage-layer.t the aberration function in the image-space takes 
the form , „. , ^ 

where ©) =/^(«, i>; 0) + O(/p°), (1.46) 


+i*> 4 -/ , 0yr 2 +c'0V+ld , 0 *r*-e'0*v- 
~S 2 0 4 r 2 — S 3 Q 5 v—S t 0V 4 —©3 W .2_ 
—S 6 Q 4 v*—S 7 r*—S s Qvr*-S„ 0W 2 — 
-S 10 0 3 i>*4 

t A flat surface S is regarded as a special case of a spherical surface 
t This notation is osaontially Schwarzschild’s. 


(1.47) 
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When the receiving surface lies in the image-layer at a distance//x 4 c(0) 
in front of the reference surface S, the monochromatic aberration func¬ 
tion can he written 

H 

fv 

= fn 6 <!)*(«, v;0) + 

and the aberration displacements £, rj relative to the principal point of 
the image-patch are given by the equations 

((,v) = »(».»; 0)+O(/(* 7 ) = (C.vV+0(/S), (1.49) 

where <£*,,♦) =■ ©>+(». t>)«<0)]- (1-50) 

In (1.47), the coefficients a ", m " measure fractional variations of order 
0(/x 4 ) in the focal position and magnification (‘Gaussian’ parameters of 
the system); b',f, c ', d ', c' measure traces of retained Seidel aberration, 
less by a factor 0(/i 2 ) than the amounts to be expected in an uncorrected 
system; S 2 , S 3 ,..., S 10 measure the aberrations called fifth-order by 
Schwarzschild and other writers. 

In the more detailed nomenclature used here, the aberration terms 
lfn)a"r 2 and —fp*(H/fn)m”Qv are of the sixth order and the second 
degree, the retained traces 

fn*^nb'r*-f'Qvr 2 +c'Q 2 v 2 +\d'Q 2 r 2 -e'Q*v] (l- 61 ) 

of Seidel aberration are of the sixth order and the fourth degree, while 
the remaining aberration terms contributed by are °f the sixth 

order and the sixth degree. The sixth-order term ffx 6 (H/fn)e(Q). Jr 2 in 
(1.48) does not possess a degree so long as e(0) remains arbitrary. But 
if c(0) has the form ad-/30 2 -|-y0 4 -}-0(/x 2 ), where a, /?, y are 0(1), then 
the effect of the change of receiving surface is merely to alter the values 
of the coefficients a", d’, S 2 in (1.47). 

(1.47) can be written in the form 

(falH)Q>*(u,v; 0) = 2 «„cr„ = I c Mm 0W-, (1.52) 

n = l turn 

where the non-negative integers k, I, m satisfy the conditions 

k—l even; k+l+2m = 2, 4 or 6; Z+2m > 0 (1.53) 

and the coefficients a n and c klm are all 0( 1). Table I gives the connexiont 

t In tho first column, those values of n for which l is odd are in italic. 


^ € (0).Jr 2 l+O(/ M 8 ) (1.48) 

fn- 


flL 6 <&{u,v,Q) = fn* <& 0 {u,v, 0)-f 


e (0)4r 2 l+O(/,x«) 
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between the notations (1.47) and (1.52) and Fig. 2 indicates the form of 
the aberration-figure corresponding to each term taken separately. The 
entries 0 2 , © 4 , 0 6 which appear in Fig. 2 do not represent aberrations 
in the geometrical theory, but acquire a meaning in the diffraction 
theory of the imaging of coherent or partially coherent objects; they 
can be included in (1.52) by dropping the condition > 0. 



Second-degree (Gauss) Fourth-degree (Seidel) Sixth-degree (Schwarzschild) 

aberration terms. aberration terms. aberration terms. 

Fia. 2. Aberration terms 0 i Vr ,m . 

In systems containing refracting surfaces, the values of the coefficients 
in (1.47) depend on the wavelength A. We suppose that the variation in 
refractive index ratio over the effective spectral range is 0(n 2 ) at each 
surface. At a reflecting surface it will of course be zero. 

In a general centred system with normal figurings, the coefficients of 
the ‘Gauss’ (or second-degree) terms in the aberration function vary by 
O(f^), those of the ‘Seidel’ (or fourth-degree) terms by 0(fa 6 ) and those 
of the ‘Schwarzschild’ (or sixth-degree) terms by 0(fa B ). Then the 
monochromatic aberration function at a selected wavelength A 0 in the 
effective spectrum has the form 

fa*®^ 11 * u '. ©) 

= fu* - [\Br*-FQvr 2 + C0V+ iZ)0 2 r 2 - EQ*v] + 0 (fa«), (1.54) 

fa 

the polychromatic aberration function (referred to the spherical surface aS 
as reference surface) has the form 

f^ x (u,v,Q) =fa* 4 \(u,v,Q)+fa*^[la\r*-m' x Qv]+ 0 (fa*) (1.55) 

and the Schwarzschild aberrations do not enter into the leading terms 
of this approximation. This is the case treated in §§ 1.3-1.5. If the 
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system happens to be anastigmatic in A 0 -light, so that 

v > ©) = W), 

equation (1.55) reduces to 

ffj 4< t>x(u,v;Q) = fa*tL[la' K r- — m’ x Qv] + 0(fix*) (1.56) 

and the colour-errors dominate the image. However, the thickness of 
the image-layer is still 0(fy 2 ), the Schwarzschild aberrations are still 
irrelevant to the practical problem of optimizing performance, and the 
analysis of §§ 1.3-1.5 is still appropriate. 

A more elaborate analysis is only called for in sj'stems where not only 
are the monochromatic Seidel aberrations reduced to mere traces, of 
order y 2 times the normal size, but also the Gauss terms in the poly¬ 
chromatic aberration function have been reduced to 0(fy 6 ) over the 
effective spectrum. It is convenient here to use the term anastigmat to 
denote a system of this kind.f Anastigmats are then characterized by 
polychromatic image-spreads as low as 0{fy & ) over the whole of their 
working field, and the leading term of their aberration functions takes 
t e form (1.47) or (1.52). The Schmidt camera, the field-flattened 

chmidt camera and the Schraidt-Cassegrain cameras are anastigmats 
in this sense. 


1.7. Image assessment and error-balancing in anastigmats 
1.71. Introduction. Suppose now that equation (1.52) gives the aberra- 
■ 10 , n ,[* ct ' on of an anastigmat imaging on the spherical surface S and that 
m light of wavelength A the aberration displacements, referred to the 
principal point of the A 0 -image-patch, are 

((■v) (1 . B7) 

Then 


- /v«[(! 2 0W ")''+(l 2 »)’] 

= /V° 2 ^ m c kTm - 0 fc +^[«'r*+2(rm+/m'+2mm')y a J X 

X^ r a».«'-i) ( 1>58 ) 

angular r„ diu . com . 

»do.« d . ystora .. But it helpful lo ™ it for tho 
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where k , /, m and kl\ m' are both subject to (1.53). And the quantity 


1 

= ~ J 20 <Z0 JJ (|*2 +7? * 2 ) dttdv 


u*+r s ^l 


= /V 10 2 <=«.««•»• j 20 fc+ft ' +1 <Z0 X 

0 

x 1 JJ [W'r 2 4-2(rm+?m'-j-2mm')» 2 ]» ,+, "V J<,n+m '" 1 > d?/<Zu 

= /-, 10 2 C «" C *™*fI-4-fc'4-2W/4-Z' + 2m + 2m') X 


rM *(lfc+&'+2)(Z+Z'+2m+2m') X 
X [ZZ'/ ;+r _ 2 +2(Z'm+Zm'+2mro') J l+r ],t ( 1 -59) 


2t r 

where /„ = - I sin pd dd = 2. 1 ^ —U (p even) 

‘ it J 2.4.0 ...p 


We can write this 


= 0 (p odd). 

7 T L To E * = 2 «n««'*nn' 
JP- n.n'-l 


(1.60) 

(1.61) 


where Table I gives the triad ( k,l,m ) corresponding to each value of n 
and 

t . =_--- f ll'Ii+r-t + 2(Z'wi + 2wm')/, +r l. 

a- + ^ + 2)(Z + Z , +2m + 2m') L ,+,2 ^ V T ^ M+,J 

(1.62) 

The values of t nn < are shown in Table Il.% As before, 


p *2 _ ;JJ U* 2 + r]* 2 ) dudv 


measures, with sufficient accuracy, the radius of gyration of the image- 
patch about the corresponding point (£, rj) = (0, 0) of the receiving 
surface and E* measures the mean value of p* 2 over the whole field. 

To each value of n corresponds a value of l in accordance with Table I, 
and similarly for «', Z'. We call those terms a n a n of (1.52) for which l is 
even ‘even’ terms, because t J r 2m is then an even function of ( u,v ); the 
others we call ‘odd’ terms. From Table II, or from (1.58), it is seen that 
cross products between odd and even terms contribute nothing to E* 
and that we can therefore write 

E* = E'*+E"*, (1-63) 

t The terra in Ii+r- t drops out if l or l' = 0 . 

+ Tttblo II hero corresponds to Table IV in \\ ayman s thesis. 
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E'* = 


E"* — 


fV° 2 «* «„• = /V" 2 ». 

odd r .s 

(r, 5 = 2, 4, 7, 9, 12, 13, 16) 
(r, 5 = 1, 3, 5, 6, 8, 10, 11, 14, 15) ) 


(1.64) 


Table II 

Non-zero Values of t nn . in (1.61) 

The other /„„■ in (1.61) are zero. 
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Coefficient notation 



Schwarztchild 


a 


i<** —fn* 


10 


li 


'U 


* -r'-g-z^z s . fg^f^ 


14 


r 15 


t ,iT appear thc distortion and plate-scale error coefficients m\ c' S 

S2Z IT coefflcien,s r - s * and the (PftiifehiS; 

n, 1 ™ E i* ai>pear tlle field-surface adjustment coefficients a" d' n, 

three spherical aberration coefficients 6' S S 

aocfficients C S.. and the ‘wings’ JZT^ " 

«, T e ' th : “ nts 

SET" coefficients rcniin' coi'tlntlo Z'X 5 £>£ 
wav^T 8y f em in monoc hromatie light of 
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E * with respect to m”, e', S 3 (i.e. with respect to a 2 , a 7 , a 16 ) treated as 
free variables. For a change Aw", Ac', A S 3 in m", e', S 3> without any 
change in the design parameters of the system, is equivalent to a shift 

—//x 5 (Awi". 0+Ae'. 0 3 +A<S 3 .0 5 ) (1.65) 

of the (£, 7j)-origin away from the optic axis. 

Since E "* is independent of a 2 , a 7 , a 16 by (1.64), it is sufficient to 
minimize E'*. The minimizing values of a 2 , a 7 , a, 6 satisfy the equations 


8E' 


= 0, 


8E'* 


= 0, 


8E'* 


da* ' da 7 ' da 16 


= 0 


( 1 . 66 ) 


or, by Table II, 

i«2+J a 4+3 a 7+2 fl 9 + i a 12+^ a l3+J a I6 = ® 
^ a 2'i'3 a 4 + i a 7+3 rt 9 + fe a 12"hl a l3"T^ a 16 = ® 
J a 4+i rt 7 + i a 9 + 26 a l2+^ a l3+J fl 16 = ® 

On writing 

X = a 2 +a 4 +a 9 , Y = <*7+i<*i2+ a i3> 

equations (1.67) take the form 

\X+\Y+\Z = 0] 

\x+\Y+IZ = 0 
\X+\Y+\Z = 0j 

Since 1 * * i 1 = nfe * 0. 

i i £ 

i i i 

the only solution of (1.69) is X = Y = Z = 0; that is, 


(1.67) 


2 = o ie , (1.68) 


(1.69) 


(1.70) 


a o — — # 9 

a i = 

«16 = 0 


13 


(1.71) 


(1.71) gives the values which a 2 , a 7 , o 16 must have in order that the 
(f, 7 j)-origins shall be at the centroids of the respective image-patches. 
Now if, writing the terms of E'*lf V 10 in a square arrayt 

I trs a r a s (r,5= 2,4,7,9,12,13,16) 


rs 


and giving a 2 , a 7 , Oj 6 the values (1.71), we subtract the rows 

2* n *r«. (r=2,7, 16) 

8 

t Wo could simply substitute the values (1.71) for a„ a,, a lt into E * and rearrange 
the terms; the procedure used saves a little labour. 
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with zero sum, and also the columns 

1t rs a r a s (s = 2, 7, 16) 

r 

with zero sum, we are left with the new expression 
2 t rs a, a 9 — J,t pq a p a rj (p,q = 2, 7, 16; r, 5 = 4, 9, 12, 13) 

= 1 *rs a r ®s — ^22( a 4 + a 9> 2 ^77( f a 12 + a l 3 ) 2 — 

rs 

— (^27 - h^72)( fl 4 _ f' a 9)(l a 12"l" a 13) (^i 5 = 4, 9, 12, 13) 

for the value of 


E? = 


/V 


10 


/v° 


min = (r, « = 4, 9, 12, 13). (1.72) 

a t .aj,a,« 


rtf 


The values of the coefficients are given in Table III a. The (a 2 , a 7 , a 16 )- 

minimized value of E*, namely 


E* = E'*-\-E **, (1.73) 

is the mean square effective image radius over the given field in the surface S ; 
the suffix 1 in E'* indicates that the r.m.s. effective radius of each image- 
patch is measured relative to its own centroid. 


Table Ilia 
Values of t™ in E'* 


* 

r 

4 

9 12 13 

4 

JL 

a 

xxx 

2 0 V 

9 

X 

2 

A X X 

0 4 3 

12 

X 

1 JL 


o 

4 04 A 

13 

i 

XXX 

3 0 0 


1.72. Best field surface. To obtain the best field surface, we have 
to minimize the E% of (1.73) with respect to the focus-shift coefficients 
a", d', S 2 (i.e. with respect to a t , a„, a 14 ) treated as free variables. For 
a change A a”, Ad', A S 2 in a ", d\ S 2 , without any change in the design 
parameters of the system, is the analytical expression of the effects of 
a forward displacement 

fp* (Aa* + 0 2 Ad' - 2 0 ‘ AS 2 ) 

of the receiving surface from the reference surface S. 


(1-74) 
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Since E\* is independent of a v a 6 , a u by Table III cr, it is sufficient to 
minimize E"*. The minimizing values of cq, a 6 , eq 4 are given by the 


equations 


8E”* 

da i 


= 0, 


8E" 
8a c 


= 0 , 


8E n * 


ca 


= 0, 


14 


or 


Set 


2ai+3a3+sa5+o 6 4-3a 8 +Ja 10 -f |a 11 +§a 14 -f|a 15 = O' 
fl l + 3 a 3 + 3 a 5 + l a 6 + i°8 + S flr i0 + « a ll + a a i4 + 4 a i5 = 0 
3 a i + 0 ff 3 + 4 a 5 + 2 O 6 + a 8 + 3 fl 10 + 8 a il + i a i4 + 5 a i5 = °J 

X = 2aj+|®3+3a 8 , Y = a5-f-2a 6 -f-£a 10 -f-ga n , 

Z' = 2 a„+a 15 ; 

then the equations to be satisfied are 

X’+\Y'+\Z' = 0^ 
\X'+\Y'+\Z' = 0 
$X'+}Y'+lZ' = 0) 

andsince 1 1 h 

h h i 
h i i 

the only solution is X ’ = Y' = Z' = 0, that is 

°l = 3 fl 3 l a s 
°6 = 3 a 5 3® 10 3°11 

a 


(1.75) 


(1.76) 


(1.77) 


(1.78) 


(1.79) 


14 — 3 a 15 

(1.79) gives the values which eq, a 6 , a 14 must have in the best field 
surface. Let a[ S} , a l 6 S) , be the value which they have on the reference 
surface S, and write 

A a r = a r —a l r S) (r = 1,6, 14). 


Then the best field surface is displaced forward from the reference 
surface S by /p 4 t(0), where 

c (0) (2Ao 1 + 202Aa 6 +20 4 Aa I4 ) 

11 

= — [K S> + 3«3 + 2 a s) + W + 3°5 + 3«10 + S«ll)' + 

+ 0 4 (oif+l«, 6 )]- (1-80) 

It is interesting to see, from the form of (1.80), that the axial focus 
shift of the best field surface relative to the surface S depends only on 
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the values of a", b' and S 7 in the latter, the field-curvature change 
depends only on the values of c', d', S 4 and S 9 in the reference surface S, 
and the secondary field curvature of the best field surface on^ on the 
values of S 2 and S 6 in the surface -S. 

In particular, the form of the term in © 4 shows that an aspheric 
receiving surface is of advantage if and only if the lateral field curvature 
coefficient S 2 on the reference surface S and the lateral astigmatism 
coefficient S 6 there satisfy the condition S 2 -|- i<S> 6 =£ 0. 

By using (1.79), the value E% of the mean square image radius over 
the best field surface is found to be where 

= 2/'J>a,a s (r,s = 3, 5, 8, 10, 11, 15) (1.81) 

J H* rs 

and the values of tff are given in Table III6. 

Table III 6 


Values of in E'^* 



1.73. Best spherical field surface. To obtain the best spherical field 

surface, we have to minimize E "* over a,, cr 6 instead of over a lt a 6 , a u . 

For now e(0) is restricted to the form a+£0 - + 0(p 2 ) and the coefficient 

a “ no lon ger varies perceptibly when the receiving surface is varied 
within the image-layer. 

The equations to be satisfied are consequently 

X'+hY'+lZ f = 0 , 

iz'+jr+jz' = 0, 

and their solution in X\ Y' is 

^ = \ Z = 3 a U+S ff i5» 

Y ' = ~ Z ' = —2a 14 -« 16 , (1.82) 
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which gives 


«i = -5 a 3-i«8+eai4+i2«i5 

fl 6 = \ a 5 a a !0 3 a n a l4 2 a '15 


(1.83) 


These equations specify the best spherical field surface, which is obtained 
on taking 

«(0) = -^[(«i S) +S a 3+:lo8-6(«i4+iai5)) + 

+ 0 2 (a6 S) +l a 5+S a io+i a ii+( a i4+£ a is))]; (i-84) 

as before, a^ S) , a^ S) denote the values of a v a 6 on the reference surface S. 

The value E* of the mean square image radius over the best spherical 
field surface is given by the equations 

E* = E’*+E' 2 *=fV°\ 2 t%a r a 8 + 2 t^a r al 

L 4.9,12, 13 3,5,8,10.11,14,15 J 

(1.85) 

where the values of tff are given in Tables Ilia, IV respectively. 


Table IV 


Values of t { r f in E 2 * 


\ 5 
r 

3 5 

8 10 11 14 15 

3 

i o 

% i i 0 0 

5 

o i 

0 0 i 0 i 

8 

i o 

o 

o 

** 

«> 

10 

l- o 

f A -h o 0 

11 

X X 

U 0 

i -*V -,¥c o i 

14 

0 0 

HS 

O 

o 

O 

15 

0 i 

0 0 i T»0 jfcV 


1.74. Aberration balancing in monochromats. (1.85) can be used to 
obtain an answer to the question: What amounts of residual Gauss and 
Seidel aberration will give the smallest r.m.s. image radius over the best 
spherical field surface of a monochromat with specified Schwarzschild 
aberration coefficients ? 

Stated in analytical terms, the problem is to minimize the E* of 
(1.85) by proper choice of the remaining fourth-degree coefficients 
a 3 , a 5 (i.e. \b', —c') treated as free variables. (Changes in a lf a 2 , 
a 6 , a 7 do not alter E*\ they merely change the position and curvature 
of the best spherical field surface and the distance of the (£, 7?)-origin 
from the centroid of each image-patch.) 
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By (1.85), this is equivalent to minimizing E'* with respect to a 4 and 
E '* with respect to a 3 , a s . Using the same method as before, we find 
that the minimizing values of a 3 , o 4 , a 5 are given by the equations 


«3 = —5«s—2 a io—i«u ' 
a i = 2 a l2 l°13 

a 5=-Ou-4«15 


( 1 . 86 ) 


and that the minimized value of E* is 


(r, 5 = 8, 9, 10, 11, 12, 13, 14, 15), (1.87) 

rs 

where the coefficients fj,®* are given in Table V. That is to say, 

Et = /V 10 [^5?+ s , 6'S|+ s 0 +&s*)+ 

^s-t-s^'S|)-4-(^l+s , o^ ss *S«-|-iJlo ^1)] (1-88) 

on the best spherical field surface, which is itself obtained on taking 

c (0) = -^[(a^-iX-faio-Ki—K4 -iV*i 5 )+ 

+ © 2 K S) + Ko+ i«n + «i4 + Ks)]- (1 -89) 




Table V 

Values of f < r * > in E* 


X 

10 

11 

X 

12 

13 

X 

14 

15 

10 

-27 

-1- 

12 

Ah 


14 

oV 

rh> 

11 

flT4 


13 

* 

* 

15 

jh> 

rlhs 


Tlio remaining fJJ* in Ef are zero. 


For the error-balanced monochromatic images on the best spherical 
field surface, with {£, t?)- origins taken at the centroids of the image- 
patches, we have from (1.71), (1.83) and (1.86) 

^ a 3~i a 8 + ^ a 14 + r2 a i5 = I5°8 + §®10+ i a ll + & a 14 + I2 a 15 ] 

= -«4-a 0 = i«9 + i«i a +K. 

°3 = -fOg-Ko— 

04 - a 9 i a 12 f a X3 

° 5 = -a n —Ja 15 

a e ^ a 5—fttio—S«11—«14—*«15 = —t«io—i«n—®14—i«is 


(1.90) 
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and the Schwarzschild coefficient « I6 = 0. In the more usual notation 
(.4 = fi 4 a", M = fj.hn", B = p-b', F = p 2 f, C = p 2 c', D = pH', 
E = p-e , a 8 — S~, (tg a 10 = — S t , a n = — S 9 , a 12 = —S 10 , 

13 1 S & , a u = — S 2 , a i5 = — S 6 , a i6 = — S 3 ) f° r the aberration 


a 


function 


//x 6 <I>(«, v; 0) = fp*[$Ar*+Mv&]+ 

+f f j. i [$Br*-F0vr*+CQ*v*+WQ 2 r 2 -E0 3 v]- 
-fr 6 [S 2 Wr'+Sg 0 s i >+S t Q*r*+S s Q 3 vr n -+S 6 0V+ 

+*V 6 +<S 8 0rH+S 9 OW-f-£ 10 Q 3 v 3 ]+0(fp*), (1.91) 

this result becomes 


A = -«+^+/A+^+|SJ' 

m = -p*[? 3 S 3 +lS 6 +i_S 10 ] 

b = /*m+js 7 +is 9 ] 

F = M 2 [5<S 5 +|5 8 +i5 10 ] 

O = r[S 9 +J5 6 ] 

D = /x 2 [-S 2 +55 4 +J5 6 +i5 0 ] 

E = /**[fl»+j5 10 ] 

63 = 0 

and the field surface is that obtained by setting 

H fJL Z 

where AA, A M are the amounts by which the optimum values (1 
A , M exceed their values on the reference surface S. 


(1.92) 


(1.93) 
92) of 


1.75. Aberration balancing in presence of chromatism. In a colour-cor¬ 
rected anastigmat containing refracting surfaces and imaging on the 
spherical reference surface S the aberration coefficients \a", —m", \b', 
—f, c', \d', —e' may vary by 0(1) as the wavelength A varies through 
the effective spectral range, while — S 2 , — S 3 ,..., — S l0 vary only by 0(p 2 ) 
and can therefore be treated as constant in the fifth-order theory. That 
is, a v a,,..., a- may vary, but a 8 , a 9 ,..., a 16 remain effectively constant. 

The variation of a lt a 2 ,..., a 7 expresses the chromatic aberrations of 
the system. 

The mean square image radius of the polychromatic image-patch is, 
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in the fifth-order approximation, the weighted mean of 

ff (ir+ir> 


(1.94) 


u 2 + r 2 '4 1 


with respect to A; we denote it by (p* 2 ). The mean square image radius 
over the whole field is then 


i _ i 

J (p?)20 dO = f p* 2 .20 dO = E* 

it 


to the same order of accuracy. Since 


E * = /V° 2 t rs a r a 


r,s=> 1 


where the t rs (given by Table II) are independent of A, we have 

£ *=/V 10 I CM). (1.95) 

r,$ = 1 

Because o 8 , a l0 are effectively independent of A, (1.95) can be 

written in the alternative form 

E * =/V°[l + 2 t„a r a s +2 2 f pr S p a r ] 

L P-1 r.s j>,r * J 

{p, 2=1, 2,..., 7; r,s = 8, 9,..., 1C). (1.96) 

If we define the chromatism factors 

d pi = ( a p— a p){ a Q—Oq) ( P, 2=1, 2,..., 7), (1.97) 

so that d p — + \'d ltp is the ‘scatter’ or r.m.s. deviation of a from its 
mean value, then it is easy to show that 

K a fl) = d rq+<^“~<, 

and (1.9G) can be written 

K =/V°[ r (1.98) 

The quantities <(„„ remain effectively constant (i.e. change by only 

»' ,nder ‘ he smnU variations of the design parameters of the system 
which are ordinarily called for in the process of balancing the fifth-degree 
monochromatic aberrations by means of eontroUed traces of lower- 
degree monochromatic aberrations. These variations, which can be 
expressed as changes 0(/ M «) in the spacings between surfaces, changes 

■vfcrnal ft. pt » cipoI 

weighted A- means throughout.° r ‘ 8m £ ’ ia tho corresponding value of E\ Bam denote 
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0(/p 6 ) in surface figurings of type ar 2 -j-)3r 4 , and changes 0(//x 4 ) in the 
radii of curvature of spherical surfaces, also leave the Schwarzschild 
coefficients unchanged to fifth-order accuracy. Thus the d pq provide 
a chromatic contribution 

K = /V° i t pq d pq (1.99) 

p.q^l 

to E\ which is left unchanged by the above process of aberration- 
balancing.f 

The remaining part of E*, namely the sum 

E* m = /V° I t ra a r a„ (1.100) 

r,8 = 1 

can be minimized by the procedure already used for monochromat 
anastigmats; it is only necessary to replace every a r by a r in the analysis 
of §§ 1.73 and 1.74. 

The conclusion is that the error-balancing should increase the A 0 -values 
of a", m ", b', c', d', t' on the surface S by 


Aa" = —^ 4 [J5 2 +§iS , 4 + i 1 2 S 6 + io , S '7 + ^ 9 ]— a (o) 
Am" = —p 4 [§‘S , 5 +^‘5 8 +J«S 10 ]—m^ 0) 

Ab' = /x 2 [|5 4 +|5 7 +i5,]-6j ) 

Af = /x 2 [!5 6 +|5 8 +^ 10 ]-7J, 

Ac' = 

Ad' = p 2 [5 2 +§5 4 +|5 6 +J.5 9 ]-^ 

Ae'= p 2 [S 5 +J5 10 ]-<;, 


( 1 . 101 ) 


respectively, whereof,, »i' 0) ,..., e\ 0) denote the weighted A-means of the 
initial values of a", m",..., e' on the surface S; S 3 = 0 since each (£, 77 )- 
origin is now at the centroid of the corresponding polychromatic image- 
patch. The best spherical field surface is obtained by setting 

€( 0) = ^(2Aa"+20 2 Ad'). (1.102) 

H 


The mean square effective radius over the best spherical field surface is 

-+- (iVa-Sfo+3^ 10 -srsH-*-sri)+(A^l -i- ( 1 - 103 ) 

where E* is the chromatic contribution (1.99). 

t ‘Finite’ changes in the design parameters of the system, such ns those considered 
in the more thoroughgoing optimization process of § 1.76 below, will of course alter the 
values of the d pQ . 
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1.76. Illustrative example. The general theory of §§ 1.71-1.75 can be 
used to find out what amount of axial undercorrection and what choice 
of neutral zone radius on the corrector plate of a Schmidt camera 
will minimize the r.m.s. effective radii of the polychromatic images 
over a given angular field. It is convenient here to use the refractive 
index n' of the plate to specify the wavelength A of the light, instead of 
conversely, because the fifth-order aberration coefficients of the system 
are linear in n'. 

We use the notation of Chapter III, §§ 2 and 3, except that here we 
write the sixth-order aberration function in the form /p 6 <b*(u, v, 0; n'), 
instead of in the form Rp 6 <t>*(u,v, V\n') which is more convenient in 
Chapter III, and that the roles of u, v are interchanged. Since 

V= 0[1 + O(p 2 )], 

it is permissible to write either V or 0 in the approximate formulae, 
and after allowing for the changes in notation we obtain from III 
(3.35), (3.36) the equation 

v, 0; n') = fp* [c 2 0 2 (l + V ^J + (H - 2r§ r 2 ) 

(1.104) 

for the aberration function on the ‘customary’ receiving surface. Here 
^nn> has been replaced by 


= = °<‘> ( 1 - 105 ) 

and R is no longer scale-normalized to unity, n' denotes the refractive 
index of the plate in the wavelength under consideration, n denotes the 
value of n' (whether or not it belongs to the effective spectral range) 
for which the system is axially stigmatic, and n 0 denotes an arbitrary 
fixed value of n'. It is assumed that n\ n and n 0 all differ by 0(u 2 ). 

m Y ep ' acement of *•»»> h y *»»»> is permissible since they differ by 
\ } : By , the <cus tomary’ receiving surface is meant the sphere, con- 
centnc w,th the mirror, which passes through the point of axial stigmatism 

surface ” aPP ^ 8 1 - 71 “ 1 * 75 we use this surface as the reference 

of Tablesince" ^ aberrati ° nS ° f the system > sefc out after the manner 

77 = i[I+0(/i 2 )], 

gtrbva “fT T be 8Ct eq ” al 40 one -l la K those of a, 

given by (1.104) without invalidating the approximate formulae. 
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Table VI 


Aberrations of the Schmidt camera 






Coefficient of 

Name of 



n 

k 

l 

m i 

©Vr*» in PI'* 

coejjicicnt 

0 l i J r im 

Name of aberration 

1 

0 

0 

1 

_ 9-a 1.(0) 

~'0 

la* 

r 2 

focus shift 

o 

1 

1 

0 

0 

— m w 

Qv 


3 

0 

0 

o 



r* 

primary spherical aberration 

4 

1 

1 

1 

0 

-r 

@W* 


5 

o 

*> 

0 

-2r* c* 

c' 

0*r* 

primary astigmatism 

G 

2 

0 

1 


K 

0*r* 

field curvature difference 

7 

3 

1 

0 

0 

— e' 

0^ 


8 

0 

0 

3 

0 

-s 7 

r* 


9 

1 

1 

2 

0 

-S t 

Qvr* 


10 

o 

*4 

0 

2 

c*/2r» 0 

-S t 

0*r* 

lateral spherical aberration 

11 

O 

** 

o 

+* 

1 

2c* 

-s. 

0H*r* 

wings (Flugelfehler) 

12 

3 

3 

0 

0 

—S.o 

0V 


13 

3 

1 

1 

0 

-<S s 

0*lT* 


14 

4 

0 

1 

0 


0‘r* 


15 

4 

o 

0 

0 

-5. 

©*f* 


16 

5 

1 

0 

0 

- s, 

0 s w 



Let p(n') be the effective spectral density distribution of the light, 
expressed in terms of n’ as parameter. In a photographic system, p will 
depend on the characteristics of the emulsion used, as well as on those 
of the entering light. As before, we use bars to denote weighted means 
over the effective spectrum: that is, we write 


( J = ^ J ?( n X n ') dn> > 


(1.106) 


where g(n') denotes any quantity which varies with n', L = J p(n') dn' 
and the integrations are over the effective spectral range. In particular, 
the weighted mean of n itself is the quantity 


ii' = J n'p(n') dn' 


and, b}’ (1.105), the weighted mean of is 


n—n 


i. _ /.<o> _ 

V(I« 0 -1) 


— z- ,0 2 


Then it is easy to show that 

= ^+(^>) 2 , 

= (Wlu-h 2 = (»'—»')*/16/i 4 (n 0 l) 2 . 


(1.107) 


(1.108) 


(1.109) 

( 1 . 110 ) 


where 
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From Table VI, 


a i =■■ -2**22*. 



rgc2 

«o 


a, = kl 0 l 


nn fi> 



a 5 = -2 r 2 c 2 , 

«n = 2c* (1.111) 


and the remaining a r are zero. It follows that 

®i — — 2r 2 £, d 3 = k, « 5 = — 2t%c, d 6 = — r ° ( L 

«o 

( 1 . 112 ) 

and that the values of the chromatism factors d n , d 13 , d 33 in (1.97) are 
here given by the equations 


k~, d 13 — 2r 3 Kp, d 33 — k *; (1.113) 

all the other d JtQ being equal to zero. 

Applying § 1.73 with a r in place of a r , we find that the best spherical 
field surface in presence of chromatism is obtained by choosing c(0) to 
make a v a 6 satisfy the equations 


= —i«5-|aio-|au— Oii-iais = c 2 ^ 2 — | - 2 - ”° +1 j 


(1.114) 


that is, by moving the receiving surface forward by an amount //x 4 e(0) 
from the customary receiving surface, where 


c(0) = ^(Ad 1 + 0 2 Ad 6 ) 


and Adi, Aa 8 denote the amounts which have to be added to the values 

(1.H2) °f ®ii a 6 on the customary field surface to bring them to the 
values (1.114). From (1.112), ( 1 . 114 ) 


Ad x = — 5 &-f- 2 rj; k = 2(r 2 -|)£ 

Ad 6 = c 2 (r 2 ^±i_-r^q±l^ 

\ n 0 3 n 0 ) J 

thus the best spherical field surface is given by taking 


3503.48 


<©> - ^{2M-|)[t+^0‘(i + iJ] _|C*0*}. (1 . I15) 
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The value of E* in this surface is the (a^a^-minimized value of 
(1.98), which by § 1.73 is 

/V°[ 2 l'rl'SrS.+ I 2 l„iJ 

l 4, 9,12.13 3.5.8.10.11.14.15 = l J 

= / V°[ 2 f rV «r « S + 2 tpa d ,j . 

L 3,5,10,11 1.3 J 

since the omitted terms are all zero, 


= / V , «{^h+c^ +i LJ]+^[4M-i)*+i]+ic i (i +1 L) 


+ 


+4«?[2(rg-f) 2 +S]}, (1.116) 

by (1.109), (1.110) and Tables II and IV. 

From (1.116) it follows that for given /, p, c (that is, for given focal 
length, focal ratio and angular field) the r.m.s. image radius over the 
best spherical field surface is least when 


(1.117) 


(1.118) 


and when r 0 is chosen to minimize the expression 

Jc 4 [4(r5—1)’+ l]+4K*[2(r§-i)*+J]. 

(1.117) gives n—ii' = 1 )( 2n o+ 1 )/ H o- 

i.e. the corrector plate should be designed to give axial stigmatism for 
a ‘fictitious’ refractive index 

n = n , +^5(»o- 1 )( 2 »o+ 1 )/"o- 

(1.118) is minimized by taking 

1 


(1.119) 


r 2 o = l + i 


3^3 1 12k*/ C 4 ’ 


( 1 . 120 ) 


( 1 . 121 ) 


where, by (1.110), = (n'—n) 2 l<f> o(» 0 —l) 2. 

When r% and n are given their optimum values (1.119) and (1.120) the 
mean square image radius (1.116) over the best spherical field surface 
becomes 

J * \27\ + 2nJ + 6 + 3 c*c*+12k 2 I 

It has been shown (Linfoot 1951) that no improvement on the value 
(1.122) for ~El can be obtained by dropping the restriction that a stig- 
matic index’ n should exist and allowing quite general smooth varia¬ 
tions in the plate profile, together with arbitrary smooth variations in 
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the receiving surface. Under these wider conditions, the design given 
by (1.115), (1.119), and (1.120) remains the best in the mean square sense. 

In a monochromat = 0 by (1.121) and r 0 = 1, i.e. the ‘neutral zone’ 
should come at the edge of the working aperture on the corrector plate. 
In the general case, the best value of r 0 always lies between v§ = 0-81 
and 1. It is interesting that the two parameters ii' and K p give all the 
information about the effective spectral distribution of the light which 
is relevant to the mean square optimization problem. 

2. Diffraction images 
2.1. The aberration-free diffraction image 

In Fig. 3,ABA'B' represents a circular aperture through which issues 
a train of spherical waves of wavelength A. 


Ii 



AA\ BB', of length 2a, are diameters of this aperture, C the pole of 

the wave-front S which momentarily fills it, O the centre of curvature 

of S. We call CO the axis of the wave-train and denote the distance 
CO by /. 

Ox, Oxj, Oz are axes of Cartesian coordinates (x,ij,z) in the space 
near O; Cf, C v , C£ axes of Cartesian coordinates (f, v , {) in the space 
near C. It is assumed throughout that ajf is small, that a 2 // 2 is negligible 

with°a 2 //“ ri80n With Unity that X/27Tf is ue o !i g‘ble in comparison 


By Huyghens’s principle, the complex displacement at P = ( x „ 
near C which results from waves of unit amplitude and zero phase on S is 

/WP, =r w J/ 


as, 


( 2 . 1 ) 
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where s denotes the distance of P from the element dS located at 
P' = (£, 77 , £) on the wave-front filling the aperture and k = 2 -jt/X. Set 



g = ar cos <f> rj = arsing, 

x = p cosi/r y = psim/i; 

( 2 . 2 ) 

then 

dS = a 2 rdrd<f> 

(2.3) 

(with an error which in the case of an f/5 pencil nowhere exceeds one 

part in 

200 ) and hence 

X> A (P) = “! J | ^ r dri*. 

n a 

(2.4) 

Now on the surface S 






a 2 r 2 a*r 4 

2 / + 8/ 3 ' ’ 

(2.5) 


Therefore 


fi2 = pp ’ 2 = (z-£)*+(«/-*?) 2 +(z -£+/) 2 

= (x2+y2+ 2 2)+(^+^+?2)-2(^+yi ? + 2 0+2/(2-0+/ 2 
= [(/+ 2 ) 2 +P 2 ]+[(/—£) 2 + a 2 ;- 2 ] — / 2 — 2arpcos(«f» — 0 ) 2 z£ 

= CP 2 -\-OP' 2 —f 2 —2arpcos(<f>—tp)—2z£ 


= R' 2 —2arpcos(<f>—ifj) — 2z£ 

( 2 . 6 ) 

(where R' is written for CP) 


/n 2 r 2 a*r* \ 

= R' 2 — 2arpcos(<f>- t f J )— 2 ^— + + •••)• 

(2.7) 


In an f/5 pencil, the error in replacing the last term of (2.7) by za 2 r 2 /f 
does not exceed 1/399 of za 2 r 2 /f. 

If P is only a ‘finite number’ 0( 1) of fringes away from focus laterally, t 
then arplf = 0(A). If P is only a ‘finite number’ 0(1) of fringes away 
from focus longitudinally, then 02 .ar/2/ 2 = 0(A). Both these conditions 
are satisfied in the region we wish to investigate. Therefore in this region 

^ _ 0(A), \ <f? = 0(A), (2.8) 

where O means ‘less than a moderate multiple of’, say 5 or 10. 

f That is to say, if the displacement of P from O would correspond to the appearance 
of only a ‘finite’ number 0(1) of fringes on the surface *S seen under test in an inter¬ 
ferometer. arjf = A/2 gives ‘one fringe of lateral displacement’; = 2A gives one 

fringe of defocusing’. 
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From (2.7), (2.8), 



(2.9) 


Both the error-terms here are negligible in comparison with A. (In an 
f/5 pencil with/ = 1 inch, Art 2 // 2 = A/100 and A 2 // = A/50,000.) There¬ 
fore in discussing (2.4) we may for present purposes set 



cos(^—l/r) 


zrt 2 r 2 

2fR” 


ks = k R'—(f/R')[qr cos(tf>—ip) + kpr 2 ], 
where the new variables p, q are defined by the equations 

ka 2 z kap 

P = -jT> q = -~. (2.10) 

In physical terms, p/4tt is the number of fringes of defocusing and q/ Ti¬ 
the number of fringes of lateral displacement of P relative to O. Substi¬ 
tuting for s from (2.9) and noting that R' = /[l + 0(A//2wa*)] in the 

region where pf 4rr, q/n are both 0(1), we now obtain the approximate 
formula 

1 2n 

D,{P) = 

0 0 



~TT e “ ( '- Jn J ^JoWr dr, 


( 2 . 11 ) 


where </ 0 is the Bessel function of order zero. 

fu “ egral ° n thG righfc of < 2 - H > can be'evaluated in terms of the 


( 2 . 12 ) 


C/ n(P,?)= m I o (-l r(p/q)^J n+im (q) 

introduced by Lommel for this purpose; in factf 

1 

2 J J o(q r ) eiipr * r dr = C( P> q) + iS(p,q), (2>13) 

ZoLike ** A dia °™ at evaluation. duo to 
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where 


C(p,<l) = 


cos \p r , . , sin in r . , . ^ 

" ’J trVp -' I) + }; r typ - 5) 


c , sin ?,/)„ . cos}» r7/ . 

5 (P.?) = U i(P> <l) - U 2 (p, q) 


(2.14) 


Equation (2.11) therefore gives 


—a 


D X (P) = ^c z +S 2 ), 

AJ 

where C, S are written for C(p,q), S(j),q) respectively, 

C . S 


(2.15) 


cos x = 


j(c-+s-y 


sm x = 


V(C 2 +s 2 ) 


(2.16) 


and 


yl(C 2 +S 2 ) = -^mp,q) + Vl(p,q)}. 


(2.17) 


The intensity I\(z,p) = I(p,q) at P is then given by the equation 

/ a ( 2 ,p)= ia*(P)| 2 


77*0 ‘ 


= ^ 2 (C 2 +5 2) 

A — 2 n 4 1 

= J^j 2 lU 2 Ap,<l)+UUp,q)]. (2-18) 

(2.18) is valid, subject to the limitations already imposed by our approxi¬ 
mations, for all p, q ; but it is only convenient when \q/p\ > 1. When 
\q/p\ < 1 it may, as Lommel showed, be replaced with advantage by 
the equivalent formula^ 

J x(z,p) = p[l + VUp,q) + VHp,q)- 

— 2V 0 (p,q)cos{h(p+q 2 /p)}-2V 1 (p,q)sin{l(p+q 2 lp)}], (2.19) 

V n (p,q) = 2 (-1 ) m (q/p) n+2m J n + 2m (q)- ( 2 - 20 ) 


where 


m = o 


Lommel, to whom this investigation is originally due,J used slightly 
different approximations in his argument from those made in the above 
modernized version ;§ his parameters specifying the position of P 


■f When |< 7 /p| = 1, (2.18) and (2.19) reduce to 

j a(z, p) = JjVoiP)— 2-/ 0 (p)cosp+l]. 

J E. v. Lommel (1885). A very similar investigation was published almost simul¬ 
taneously by H. Struve (1886). 

§ Taken from Linfoot and Wolf (1953a). 
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are not strictly identical with ours, and his handling of the error-terms 
is not quite precise enough for the purposes of the present section. His 
formulae have therefore been rederived here by a more accurate dis¬ 
cussion. 

In the geometrical focal plane, p = 0 and (2.18) reduces to Airy’s 
well-known result 


A(°» P) — 


47T i a i (2J 1 (q)\ 2 

A 2 / 2 l q )‘ 


( 2 . 21 ) 


On the axis, q = 0 and (2.19) gives 


< 222 > 

Lommel’s equations (2.18), (2.19) for the intensity distribution in 
space near focus formed the starting-point for the derivation by E. Wolf 
(1951a) of expressions for the fraction of the total illumination which 
falls inside a given small circle about the (x, i/)-origin in the receiving 
plane p = constant. We define 


Po 2 7T 


L x( z > Po) = ^ 2 J J J(z, p)p dpd<f>. 


(2.23) 


0 0 


To the order of accuracy here in quest ion, L x (z , Po ) measures the fraction 
of the total illumination issuing from the aperture which reaches the 
inside of the circle p = p 0 in the given receiving plane. Then Wolf 
showed that 


^a(z.p) = (q/p) 2 [ 1+2 - 


4rx, 


--P r i^.(7)cos{I(p+ 9 2/p)} + y 2 ( iJ>9 )sin{^(p +? 2/^)}] 

(1 9lp\ < 1) (2.24) 


where 


=2 i > >), 

5-1 ' 

Y n (p,q) = 2(-mn+2s)(q/p)n^J n+Zs{q)> 


Qziiq) ( 2 o ( 1 )‘[^f(9')>4,- < (g , )+«/t +1 (g)«/ 2s+1 _ f (g-)]. 

When p = 0, (2.25) reduces to Rayleigh’s formula 

L x (0, p ) = 1 Qoiq) = l-Jl(q)-Jftq). 


(2.25) 


(2.26) 


(2.27) 


(2.28) 
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Figs. 4 and 5 show the distribution of / A (z,p) and L x (z, p) near focus in 
each meridional plane.f In Fig. 5 the curves L x (z, p) = const., or 
Mp,<]) = const., can be regarded as analogues in a certain sense of the 



Fig. 4. Isophotcs near focus of an aborrat ion-free pencil. Tho intensity at the focus (0. 0) 
is normalized to unity. The scale-normalized coordinates (/>, q) possess physical inter¬ 
pretations; p/4ir is the number of fringes of defocusing, q/rr tho number of fringes of 
lateral displacement of tho point (z t p) from the geometrical focus O. The bisymmetrical 
diagram obtained by reflecting the figure in both the p - and q-axes shows tho light 
distribution in any meridional section of the pencil; the p-axis is along the principal ray. 
The shaded area shows the region of the geometrical cone of rays. After Linfoot and 

Wolf (1953). 



Fig. 5. Contour lines for tho fraction L A (z 9 p) = L(p , q) of total illumination in a circle 
of radius p about the origin in the piano z = const. After Wolf (1951a). 


rays of the geometrical theory. Their form near the geometrical focus 
(p,q) = (0, 0) agrees well with that postulated by Dennis Taylor (1894) 
on experimental grounds for the cone of light near focus. The comparison 

f Fig. 4, constructed from tables given in Lommel's paper (1885), is substantially 
identical w ith tho figure of Zernike and Nijboer (1949), reproduced as Fig. 10 below, 
which was obtained from the expansion (2.64). 
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is rather rough and ready, since Taylor’s observations were made in 
polychromatic light. Nevertheless, his value of just below ±0-2 mm. 
for the permissible focal tolerance of an f/15 pencil is in good accordance 
with Figs. 4 and 5. It is the tubular elongation of the bright central 
nucleus of the diffraction image, visible in Fig. 4 and exceeding what we 
could expect on the basis of more elementary considerations, which 
explains the excellent performance of G- or 8-inch refracting telescopes 
in spite of their considerable secondary spectrum. 

2.2. Effect of central obstruction 

To allow for the effect of a central obstruction of radius a' = ea, we 
subtract from D^(P) in (2.11) the complex quantity 

1 

D' X (P) = J el ipr *J 0 (q'r)r dr, (2.29) 


in which 


V = 


V 

ka'H 


= t 2 p 


, ka'p 
Q = = eq 


p » - j 

The intensity at P is then the squared modulus of the quantity 

D xW = D x (P)-D' x (P) 

= j e* ipr *J 0 (qr)r dr — c 2 j* e"» ''J 0 (q'r)r dr 

^0 0 

Now, by (2.13), (2.14), 

J ei^j o{qr)r dr = 2 e^ p [C^(2>, q) iU z (p, <7)], 

0 x* 


(2.30) 


(2.31) 


1 

h ,ll,VJ ^'r)r ir = ~e'<nU t {p\q' ) ~iU,lp\ q ’)l (2.32) 

where U x , U 2 are Lommel functions. Therefore (2.31) can be written in 
the lorm 

D ? {P) = (2 33) 

in which U lt U 2> Ul U' 2 stand for U x {p t q) t U 2 (p,q), l\{p\q'), UJp' q'\ 

equation 6 y a ” d ‘ nten8ity ^ {P) = W P )I’ *> given by ’the 

= ^{^ 2 (l»,g)“2€W(p, 9 r; / ,', g r') + e 43 / a(p» tJ . ) ^ ( <j g 4) 
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where 


•>\ 2 


MHp,q) = (Ul + Ul) 

M*(p\q') = *+U?) 

Wp,q;p'.q’) = Y-.[(U l Ui+u t U' a )co*ni-*)p+ 

PP +(l\ u\-l\ U' t ) Sini(l-6^] J 


L (2.35) 



Fio. 6. Meridional section of centrally obstructed pencil. 


On the axis of the converging pencil, q = 0 and (2.34) gives for the 
intensity the expression 


I^(z, 0 ) 


47T 2 a 4 /sin Jp(l— c 2 )\ 2 

a *r\ Ip r 


(2.36) 


Thus the central obstruction increases the distance between the zeros 
along the axis of the pencil by a factor 1/(1—c 2 ) but they remain equally 
spaced—at least in the range where our approximations are valid, namely 
the part of the axis where pl-lrr does not become large compared with 
unity. 

In the geometrical focal plane p — 0 and the expression (2.34) for the 
intensity reduces to 

= (2 - 37) 


The zeros of this function give, in 0 -units, the radii of the ‘Airy dark rings’ 
corresponding to a centrally obstructed aperture. The expressions 
(2.36) and (2.37) were given (with a different normalization) many years 
ago by Steward (1925). 

Figs. 7 and 8 show the light distribution near focus for the two selected 
values 0*25 and 0*707 of the linear obstruction ratio e; Fig. 4 shows the 
corresponding distribution for the unobstructed aperture. To interpret 
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these three figures, we note that each of them represents one-quarter of 
a bisymmetrical pattern, obtained by reflecting it in the p and q axes. 
This bisymmetrical pattern shows the isophotes (lines of equal intensity) 


002 IlflOS 


(5ai 








t 


Fia. 7. Isophotes near focus of an aberration-free pencil with central obstruction ratio 
c = 0-25. The intensity at the geometrical focus is normalized to unity. Reflection of 
the figure in both coordinate axes gives a diagram of the isophotes in any meridional 
section. The shaded area gives the posit ion of tho hollow cone of rays. AJter Linfoot and 

Wolf (1953). 
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f 

Fl °‘ noar focus of an aberration-fre© pencil with central obstruction ratio 
* r: ‘° 7 '. T V° lntonsit y at tho geometrical focus is normalized to unity. Reflection of 

v°‘ c , oor,lin(Uo nxos g' VM diagram of tho isophotes in any meridional 
section. Tho shaded area gives tho position of tho hollow cono of rays. After Linfootand 

Wolf (1953). 

near focus in any meridional section of the pencil. The use of {p, q)- 

coordinates in the diagrams is equivalent to scale-normalizing the 

cylindrical Cartesian coordinates ( p , z) in accordance with equations 

(2.10). The intensity at the geometrical focal point (0,0) is normalized 
to unity in each figure. 
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The shaded areas in the Asymmetrical patterns show where the 
geometrical light-cones meet the meridional (p,g)-plane in each case. 
In the unobstructed case (Fig. 4) the rays fill a solid cone, with axis lying 
along t hep-axis, and the lines \q/p\ = 1 lie in its surface. In the centrally 
obstructed cases the cone is hollow; its axis lies along the p-axis and its 
'body' lies between the two conical surfaces traced out when the lines 
\q/p I = e an( l I <1 P\ = 1 (see Fig. 6 ) are rotated about the p-axis. 

In Fig. 7, e = 0-25. This value is of special interest because it corre¬ 
sponds to the greatest central obstruction which is regarded as tolerable 
by users of visual reflecting telescopes. A comparison of Figs. 4 and 7 
shows how small is the effect of this obstruction on the relative intensities 
in different parts of the image. An increase in the intensity of the first 
Airy bright ring is the most important change. 

In Fig. 8 , e = 0-707 and half the area of the aperture is obstructed. 
The central nucleus of the image is drawn out to approximately twice 
its former length along the axis and its cross-section is correspondingly 
reduced. The difference between the diffraction image and the ray 
theoretic image near focus is very striking; no trace of a hollow-cone 
structure appears in the former. 

From Fig. 8 it can be inferred that a large central stop on the objective 
of a refracting telescope not only increases resolving power by decreasing 
the lateral diameter of the bright central nucleus of the image but also, 
by elongating the nucleus in the axial direction, reduces the disturbing 
effects of chromatism on its colour composition at best focus. 


2.21. Boivin 's series. In a paper on diffraction by concentric arrays of 
ring-shaped apertures, A. Boivin (1952) gave the following ‘multiplica¬ 
tion formulae’ for the Lommel functions: 




m = 0 

CO 


771 «=0 


(2.38) 


here a may be any real number. Taken together with Lommel's recur¬ 
rence relations 


U n (p,q) + U n+2 (p,q) = (p/q) n J„(q) j 
V n (p><i)+V n + 2 (p,q) = ( q/p) n JJq) I’ 


these formulae can be used for the computation of U n , V n in ranges of the 
arguments which fall outside Lommel’s tables. 
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They can be applied, as Boivin showed, to discuss the three-dimensional 
diffraction images formed by a zone plate. 

2.3. Diffraction theory of aberrations 

2.31. The diffraction integral. Fig. 9 represents an oblique pencil 
of light emerging from the exit pupil of an optical system and coming 
to an approximate focus on the smooth receiving surface S in the 
image-layer. O' is the axial point of the exit pupil of radius H', O'P' 
the principal ray of the emerging pencil, P' its intersection with the 
receiving surface. 



(*', y\ z') and (f, rj , 0 are two sets of rectangular Cartesian coordinates, 
both with origin at O'; in the first set O'z' lies along the optic axis and 
O'y' in the meridional plane containing P'\ in the second set 0'£ lies 
along the principal ray and O'g in the meridional plane containing P'\ 
the axes O'x' and 0'£ coincide. 

We denote by W the wave-front which cuts all the rays of the pencil 
orthogonally and which passes through O'. Thus, in the notation of 
§ 1.3, O' is itself the principal point of W and the sphere centred on P’ 
and passing through 0' is the reference sphere W 0 of W. 

As in § 1, the rays of the pencil imprint on W and on W 0 two systems 
of coordinate numbers u, v and if (as is here supposed) the angular field 
radius of the system is 0( M ), the scale-normalized Cartesian coordinates 
X-x/H ,Y = y'/H' of a point on W or on IF 0 satisfy the relation 

X = u+Ofa*), Y = v+0(y. 2 ); 


(2.40) 
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the error-terms 0(/P) are smooth functions of u, v and the off-axis angle 
parameter 0. We also have on W and 


£///' = u+Ofa*), tj/H' = v+Ofa 2 ). (2.41) 

In the case where the distance between IV' and If' may amount to 
several wavelengths, we can calculate the intensity distribution in the 
space near P' (that is, the diffraction image) in the following way. 
With P’ as origin we set up a system (*, y, z) of rectangular Cartesian 
coordinates, taking the positive 2-axis along the principal ray O'P' 
produced and the positive //-axis pointing away from the optic axis O'z' 
in the meridional plane P'O'z '. 

We apply Huyghens’s principle, integrating over the reference sphere 
U 0 . Because of the distortion of the wave-fronts, the phase of the wave 
displacements is not the same at all points of H„; it is the same at all 
points of 11 ', on which we take the amplitude to be equal to 1. If the 
retardation of 11 ' behind HJ, is measured by the smooth aberration 
function <J>(u,v,Q), the wave displacement at the point of coordinate 
numbers (u,v) on I1J, is represented with sufficient accuracy by the 

complex numberf exp|— v\ 0)j. 

A PPlyi n g Huyghens’s principle, we obtain in place of (2.1) the equation 

D \(P) = { e<kr j j e- ik 4* u ‘ vie) dS (2.42) 

for the complex displacement at the point P = (x,y,z) near P', where 
k = 2v/\ as usual,/' = O'P', and snow denotes the distance of P from 
the element fZ<S’ located at the point of coordinate numbers ( u,v) on TJq. 

When P is within 0(1) fringes of P' both laterally and longitudinally 
we obtain, by repeating the reasoning of § 2.1, 



*Z+u-n _ ztf 2 +y 2 ) , n (, H' 2 \ 

R' 2f'R' + \ f' 2 ) 


+ om'i 


(2.43) 


where R' now stands for O'P. Assuming as before that H' 2 lf 2 and A//27t//' 2 
are both negligible in comparison with unity, we obtain the approximate 
formula 


Dx{P) = dS - 

(2.44) 


f The approximation here consists in supposing that the change in amplitude between 
\Y' and H' 0 may bo neglected. This is evidently true when H" and \V 0 lie everywhere 
within a few wavelengths of each other. 
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In systems of moderate aperture and field, further approximations 

can be made without too great a loss of accuracy. R' — O'P differs 

from/' = O'P' by an amount which, when P is within 0(1) fringes of 

P', is negligible in comparison with Further, the error in replacing 

f ("...«?£ by IT ... dtjdr j is negligible in the present order of 
n{ **+,*<»•* 

approximation. We therefore define 

D*(P) 

JJ exp{«*pg±gg + Z ^lp - ] -*(»,»; 0)1} d&r, 

g‘ + if<H-* 

(2.45) 

and can then say that |D*(P)J 2 gives an approximate value for the 
intensity at the point P = ( x,y,z ) of the diffraction image in terms of 
the aberration function <f>(u,v ; 0), the oblique focal distance /', the 
radius H' of the exit pupil and the wavelength A. On setting 

£ = H'r sin x, rj = H’r cosy, 


_ 1 piK\OP'-OP) 


and 

(2.45) becomes 


x = p sin ojy 

p = kH'Hff* 


y = p cosoj, 
q = kH'plf 


(2.46) 

(2.47) 


D*(P) = 

1 2 7T 


X JJ exp{iipr 2 +tgr cos(x— w)—ik<f>(u, v\ 0)}r drd\- (2.48) 


0 0 


The parameters p and q have here the same meaning ns in the special 
case (0 = 0, f =/, H' = a) of § 2.1; namely, p/ 4tt is the number of 
fringes of defocusing and q/n the number of fringes of lateral displacement 
of P relative to P'. 

In discussing the images of point sources, it is convenient to omit the 


ikH ' 2 


factor ~j-. e WOP--<yp) in (2 . 48)> and to get 


1 2rr 

d * (P > = ~ f J exP&P^+iqrcosix-ajl-ikMu, v; 0)}r drd x . (2.49) 
0 0 

Then |d*(P) |« expresses the intensity as a fraction of that at the centre 
of the aberration-free image. We call it the normalized intensity at P. 
Its maximum under the condition p = 0 is the so-called Strehl definition 
of the image in the receiving surface S. 
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2.32. Xijboer's classification of the aberrations. The usual classifica¬ 
tion of the aberrations is obtained by writing the aberration function 
as a sum of terms of the form Q k i J r 2m (compare equation (1.91)), that 
is, terms of the form 0*> 2 "'+'cos ? x , "here x is the ‘azimuthal angle’ of 
the point (f, v ) with respect to the meridional plane. 

A considerable improvement in the formalism of aberration theory 
was made by B. R. A. Nijboer (1942) when he proposed classifying the 
aberrations on the basis of a different expansion 

<f>(u, v; 0) = 2 b inm 0 2/ + m r"cosm x (2.50) 

of the aberration function, where the integers l, m,n ^ 0 and n—m > 0 

is even.f The degree 2/-f/n-b/i of the single term b lnm 0 2/+m r”cosm x 

is always e\en, the degree A = 2/-J-wi-f-n — 1 of the corresponding 

aberration is odd. The number of aberrations of (odd) degree N is 

JUV-f-l)(A r +7), since this is the number of integers n, 1, m satisfying 
the conditions 

2l+m+n— 1 = N; l, m, n ^ 0; 

1-j-tn-j-n > 0; n—m ^ 0 even; 

the case n = m = 0 does not represent an aberration in the accepted 
sense of the term and is therefore excluded. 

Table \ II displays the aberration terms of the second, fourth, sixth, 
and eighth degrees. I hose of the second degree represent only a ‘mis¬ 
placement of the image; they are the ‘Gauss’ errors of § 1. Those of the 
fourth degree correspond to the Seidel errors, except that the Seidel 
astigmatism corresponding to (022) is now referred to the best-focus 
setting instead of appearing as a sagittal focal line. The classification of 
the sixth-degree terms (which give rise to the fifth-degree errors) differs 
from Schwarzschild’s in three cases, namely (122), (042), and (033), each 
of which is a linear combination of two Schwarzschild aberrations. 

An inspection of Table VII shows that the terms with n = 1, in = 1 
all represent bodily displacements of the image away from the axis; their 
sum represents a bodily displacement of the image of amount propor¬ 
tional to , _ 

b oii 0+^m 0 3 +&2ii Q 5 +b 3 ,i © 7 +..., 

that is to say a distortion. The aberrations resulting from the individual 
terms may be called first-degree distortion (plate-scale error), third- 
degree distortion (Seidel distortion), fifth-degree distortion and so on. 

t In tho present account of Xijboer’s work there are some minor changes in notation; 
in particular Xijboer’s p is here replaced by Jp and r is scale-normalized. 
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Table VII 

Aberration terms (Nijboer) 


n 


0 

1 

2 

3 

4 


■ 

0r cos x (OH) 




Second- 
• degree 
(A 7 = 1) 

0*r* (120) 

r 4 (040) 

0 5 r cos x (HI) 

G^cos x (031) 

0V s cos 2x (022) 



1 

Fourth- 
. degreo 

(A 7 = 3) 

©‘r 1 (220) 

0*r* (140) 

r* (060) 

0 5 r cos x ( 211 ) 

GVcos x (131) 

©f^cos x (051) 

0 4 r 2 cos 2 X (122) 

O 2 r*cos 2x (042) 

©Vcos 3* (033) 


Sixth- 

* degreo 
(N = 5) 

• 

©‘r* (320) 

0'r* (240) 

©V (160) 

r* (080) 

© 7 rcos* (311) 

0 s r*cos x (231) 

GVcos x (151) 

0r 7 cos x (071) 

0®r s cos 2 X (222) 

©‘^cos 2 X (142) 

0*r*cos 2* (062) 

0Vcos 3x (133) 

0*r*cos 3* (053) 

G^cos 4^ (044) 

Eighth- 
* degree 
(xV = 7) 


(The numbora in brackets indicate the values of tho three indices I, n, m.) 


The terms with n = 2, m = 0 all represent malfocusing; their sum 
represents a misplacement of the receiving surface by an amount pro¬ 


portional to 


6 020 + ^ 20 Q2 + &220 0 4 + .... 


The individual terms may be called focus error, primary field-curvature 
error, secondary field-curvature error and so on. 

In the remaining cases, the shape of the geometrical image corre¬ 
sponding to a single aberration term depends only on the values of n, m, 
while the value of l determines the manner in which its size varies as 0 
increases, i.e. as the object point moves away from the axis. Thus the 
sum of the terms with m = 0, n = 4 represents primary spherical 
aberration of amount proportional to 


6010+6140 0 2 +6 21l) 0*+...; 

we may call the aberrations corresponding to the individual terms 
primary spherical aberration of the third, fifth, seventh,... degrees. 
Ihe second of these is Schwarzschild’s ‘lateral spherical aberration’. 


E 



















50 


THE OPTICAL IMAGE 


I. §2 


The aberrations corresponding to the terms r 6 , 0 2 r 6 ,... we call secondary 
spherical aberration of the fifth, seventh,... degree respectively, and so on. 

To discuss the geometrical or the diffraction image of a particular 
object point, we collect together for each pair of values of n, m the terms 
of different degrees and write (2.50) in the form 

0) = 2/ nm (0)r"cos7«x, (2.51) 

nm 

where n ^ m ^ 0, n — m is even, and the coefficients 

/n m (0) — O m 2*>, nm 0«; (2.52) 

i 

in (2.52), l satisfies the inequalities 1^0, > 0. The result, 

together with the names assigned to the aberrations, is shown in 
Table VIII. 

It will be seen that field-surface error and distortion may be regarded 
as degenerate cases of spherical aberration and coma respectively. 

Scliwarzschild’s ‘wings’ (Fliigelfehler) 0 2 r*cos 2 x here appear as a 
linear combination of fifth-degree primary spherical aberration and 
fifth-degree secondary astigmatism; his ‘arrows’ (Pfeilfehler) as a linear 


Table VIII 

Names of the Aberrations 



0 

1 

2 

3t 

1 


distortion 
(r cos x ) 



2 

field surface 
error (r a ) 


primary 
astigmatism 
(r*cos 2*) 


3 


primary coma 
(r 3 cos x ) 


primary 

trefoil 

(rJcos 3x) 

4 

primary spherical 
aberration (r 4 ) 


secondary 
astigmatism 
(r*cos 2x) 


5 


secondary coma 
(r^cos X ) 


secondary 
trefoil 
(r*cos 3*) 

6 

secondary spherical 
aberration (r 6 ) 


tertiary 

astigmatism 

(r«cos2x) 




etc. 




t Tho names trefoil, tetrafoil,... seem to provide a convenient means of referring to 
the nberration-forms r n cos 3^. r n cos 4^,..., respectively. 
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combination of fifth-degree primary trefoil and fifth-degree primary 
coma. 

By restricting the discussion to receiving surfaces lying in the image- 
layer of an optical system and bj' retaining only leading terms in the 
aberration function, we avoid the complications which can otherwise 
arise through interaction in certain cases between the coefficients of 
aberration terms of different orders of magnitude. 

Nijboer went on to show that in the diffraction theory of aberrations 
the formalism is further improved if the set of functions >•’* cos my, in 
terms of which <£(w,v;0) is to be expanded, is ‘orthogonalized’ by 
introducing in place of the simple powers r n the polynomials 


i(n — m) 


R” n '(r) = \ (-1)*_ 


first used by F. Zernike (1934) in his classic paper on the knife-edge test 
and the phase-contrast method. The effect of the change, as will be seen 
in more detail in § 2.33, is to add to each aberration r n cos my certain 
balancing’ amounts of the lower aberrations r n-2 cosmy, r' 1-4 cos 
of the same type. ^(rjcosm* j s a polynomial in v and r 2 (see Table X), 
while R™(r) itself is a polynomial in r of degree n (see Table IX), 
possessing the further representations 


W(r) = 


1 


and 


/ d 




^ | 1 n+m n—m , \ 

X * ^ 2 ^ 1 ’- 2 ’- 2~ ,m + 1,r ) (2,55) 

m the second of which F is a hypergeometric function. 

lllZT’' 8 , m = °, in < 2 M) Rnd reca,lin « Rodrigues’ formula for the 
kegendre polynomials P n , we observe that 

■^ 2 n( r ) = P„(2r 2 —1). (2.56) 

The R% possess the orthogonality property 


1 0 
/ K(r)R?(r)r dr = 1 

2n+2 


(n # ?i'), 
(» = n'). 


(2.57) 



Table IX 

The Zernike polynomials R%(r) for in, n 8 


52 



16w a —20i> s r* + 5w‘ 
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which we state here without proof, f From this it follows at once that 
the set of polynomials 




(n ^ m ^ 0, n—m even)J 


(2.58) 


is orthogonal over the unit circle, i.e. that the integral 

;/f ^Z m x- B ™Z m x ri ' d * 

0 0 




1 f cos cos , T f ^ 

= sin m X S in mxd X- I *S(')XX'(r)rdr 
0 0 

vanishes unless m = rn' and n = n'; in the last case its value is l/(n-fl). 
It can also be shown that the set is complete , so that any smooth aber¬ 
ration function can be expanded as a series of functions of the set. 
Because the optical wave distortions are symmetrical about- the meri¬ 
dional plane, the aberration function is an even function of y and only 

terms B"‘(r) cos m x occur in its expansion, which accordingly takes the 
form 

tiu, V, 0) = i I<h, im &R%(r) cos m x (n ^ m > 0, n-m even). (2.59) 
Of importance later is the evaluation 

i 

j K%(r)J m {qr)r dr 
0 

— V (~l) g (k ) m+23 f J d \Un-m) 

6, (S+*)!.!{4(»-»)}l J r \d?l [(r 2 )i(»+«>)(,s_j dr 

= (- !)«»-”> y (-!)«•( jq) n+sk + i 

q fa, ~ kl (»+*+!)!' 

= (_ 1 )l(w— m) ^n+l(q) 

q ’ (2.60) 

where J n are Bessel functions. 

fr “cI7= ^ " «» “» ““ -»««- 

1 

^(P) = / e iipr 'J 0 (qr)r dr. (2.61) 

«q««lon satisfied 

geometric function. { ~ do) the kno "’ n Properties of the hyper- 

t When m = 0 the cosino terms only are included. 
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From Bauer's formula*!* 

e izcos 0 = J(^\ 2 (2n+1 )i n J„ +i ( 2 )P n (cos 0) 

** ' n = 0 


(2.62) 


we find, using (2.56), 

ell -pr« = e Hp e lip( 2 r>-l) = e lip 2 (2n+l)i"J n+l (Jp)i?»„(r). 


n = 0 


(2.63) 

Substituting in (2.61) and using (2.60), we obtain for d*(P) the expansion 

*^2n+l(9) 


d* x (P) = e itp Jl^\ 2 (2n+l)(-t)"J n+l (ii>) 

' 71 = 0 


. (2.64) 


On setting p = 0 or q = 0 in (2.64), we obtain once more the well-known 
expressions ^ (2 . 65) 

for the (normalized) intensity distribution along the principal ray and 
in the geometrical focal plane respectively. 


2.321. Physical interpretation of the classification by circle polynomials. 
The expansion in terms of circle polynomials corresponds in an interest¬ 
ing way with the balancing of small aberrations of the same generic 
type against each other to obtain maximum Strelil definition.:}: We can 
write the expansion (2.59) in the form 

<f>(u,v,Q) = '7nm(0)^( r ) cos, ”X. ( 2 - 66 ) 

nm 

where [7nm( 0 ) = a i„m Qt > ( 2 - 67 ) 

where the dash indicates that the terms for which m = 0 are provided 
with a factor i, and where l, m, n are subject to the restrictions 

l,m,n^z 0; l+m+n > 0; n—tn ^ 0 even. (2.68) 


Then in the first place it is evident§ that 

1 277 


^ J J 0 ) — 0o°(©)] rdrrf x = °| 


(2.69) 


0 0 


t Watson, l.c., p. 368. 

§ (2.57) gives, in particular. 


t See § 2.31 for the meaning of this term. 


M 

\ R° n (r)r dr = 0 (n > 1). 
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so that the term with m = n = 0 represents the mean retardation of 
the wave-front behind the reference sphere. Writing 

V{u,v\Q) = 4>{u,v > Q)-g ao (Q) (2.70) 

and using the orthogonality relations 

1 2 rr 

”IJ i? "'( r ) cos m x ■ ^C-’( r ) cos m'x 


( n 1) 


0 0 


2 / i -}-2 
= 1 (n = 0) 


1 277 


we obtain 


~ j j v ( u > v > ®) r drd X = 0 
o o 


(2.71) 

(2.72) 


1 277 


and 


0 o ».m ' 

n> 0 


(2.73) 


(2.73) is the ‘Parseval equation’ for the orthogonal set of functions 

^(r)cosm x . 

By (2.49), the normalized intensity at the point P' (i.e. p = q = 0) in 
the diffraction image is 

1 2tt 

|dJ(P')| 2 =-L J j e -ikV(u.v.Q) r drd x 


0 0 


When the aberrations are so small that V(u,v ; 0) is small compared 
with A/27T, this yields the approximate equation 

l 2n j 2;r 

|<fJ(P')l 2 = -i J j [1-1&V*(u,v,Q)]rdrd x -ik f f V(u,v, Q)r drd x 

00 o { 

( k 2 1 2rr 2 

1 2^2 J / [V{^-Q)frdrdj\ , by (2.72), 

0 0 / 

= /l_^! V , gnm(Q ) \ 2 

\ 277 en 2 ^+ 2 / , 


(2.74) 


or 


1 2n 

\d*(P')\* = 1-^J J [V{u,v\ 0)] 2 r<frtf x 


(2.75) 


0 0 

= V'?nm(0) 

A 2 ^ 


v.m 
n> 0 


2n4-2 


(2.70) 
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By (2.46), (2.47) 


ip»-*4-grcos(x—w)—i-[iy oo (0)+y 11 (0)w+s r 2O (0)(y*—J)] 

= iO-2^2o(0)]r 2 - p(x£+y v )-kg n (Q)[ v /H'+0(p*)]- 


2 ^‘[j7oo( © ) 020 ( © )] 


= }{ z - 2 {w) g ^ Q) ] ^+/H»-£»u<e>},]- 


-i%oo(O)-M0)]+O(^i 1 (0)). (2.77) 

From (2.49) and (2.77) it follows that, whatever other aberration terms 
may be present, the effect of the terms in g n (0) and £7 2O (0) is merely a 
bodily displacement of the normalized intensity distribution |d*(P')| 2 
relative to the (x, y, 2)-coordinate system, namely a shift 2(/' /H') 2 g 2O {0) 
along the principal ray towards the exit pupil together with a shift 
(f/H')g ll (0) in the positive y-direction. (2.74) shows that if g n , g 20 are 
varied, the other g nm remaining fixed, the intensity at P' is greatest 
when g n , g 20 are both zero. In other words, when the aberrations are 
small the physical meaning of the equations g n = g 20 = 0 is that the 
three-dimensional diffraction image has its point of maximum intensity 
at the (:r, y, s)-origin P'\ (2.74) or (2.76) then measures the Strehl defini¬ 
tion at the most favourable focal setting. 

By Table VIII, the introduction of the circle polynomials leaves the 
term in r cos x unchanged and merely adds a phase-shifting constant to 
the term in r 2 . 

We now consider the effect of the introduction of circle polynomials 
on the aberrations which represent changes in the image itself and not 
merely changes in its position. We consider the aberrations separately, 
supposing in each case that v; 0) is represented by a single term in 
the expansion (2.66). 


Spherical aberration. Primary spherical aberration, represented 
according to (2.51) by the aberration term f io {0)r*, corresponds in the 
new classification to the aberration function 


k4o(©)*2(r) = ‘74o(0)(3r 4 -3r 2 +I). (2.78) 

It follows from (2.74) that when y 4O (0) is small the added term in r 2 
provides the amount of focal adjustment needed to make P' coincide 
with the brightest point of the diffraction image, namely the point 
midway between the paraxial and marginal focal points.f For any 

t The term i has no effect on the intensities, and a middle term —6r> on the right 
of (2.80) would correspond to the marginal focal setting, since it would give d<j>/dr = 0 
for r = 1. 
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departure from this focal setting would express itself by the appearance 
of a non-zero term is' 20 (®)-^ 2 ( r ) in the expansion of the aberration 
function, and this would reduce the Strehl definition (2.74). 

Secondary spherical aberration, formerly represented by f eo (Q)r 6 , now 
appears as 

= 06o(G)(lOr«-15H+6r 2 -£), (2.79) 

and here it follows from (2.74), in the same way as before, that the added 
terms in r* and r 2 provide primary spherical aberration and focus sliift 
in the amounts which (provided j 7 60 is small) make the Strehl definition 
a maximum.! 

Coma. Primary coma, represented according to (2.51) by/ 31 (0)ur 2 , 
now corresponds to the aberration function 


(JziiQ)Rl(r) cos x = <7 3 i(0)(3vr 2 —2y). (2.80) 

The added term in v represents a lateral shift of the image which, 
when < 7 3 i( 0 ) is small, is of the amount needed to bring its brightest point 
to the origin P' of (x, y, z)-coordinates. Any small change in the amount 
of shift or of the focal setting, or of both together, would introduce terms 
!7n-^i( r )cosy or or both into the aberration function, and 

this by (2.74) would decrease the Strehl definition |tf£(P')| 2 . 

Secondary coma appears, in the new classification, already offset by 
that amount of primary coma which (for small aberrations) maximizes 
the intensity at the brightest point of the image, and with that brightest 
point at the origin of (x y y, z)-coordinates. 

Astigmatism. Primary astigmatism, customarily represented by a 

term / 22 (0)i> 2 corresponding to a sagittal focal line, is represented in the 
new classification by the function 


022(O)-ffi(r)cos2 x = <7 22 (0)(i> 2 -tt 2 ). (2.81) 

This means that the receiving surface now passes through the midpoint 
o astigmatic separation, which for small amounts of astigmatism is the 
nghtest point of the image, and it is no longer necessary to consider 
astigmatism and field curvature together, as in the classical Seidel theory. 
. 6 production of circle polynomials causes no change in this case! 
since if 2 (r) = r 2 . Secondary astigmatism appears accompanied by the 
optimum amount of ‘balancing* primary astigmatism. 


H Jt balancin 8 of spherical aberration of different 

aetmition was first worked out by Richter (1925). 


degrees so as to 


maximize Strehl 
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Finally, consider the case where 

<f>(u,v; 0) = g nm (Q)R%(r) cos 7n x , (2.82) 

that is to say is represented by a single term of the expansion (2.66), and 
where (2 tt/A )<£(«, v, 0) is small. Using (2.74) in the same way as before, 
we see that this term represents the aberration of type r n cos m x accom¬ 
panied by those amounts of the lower aberrations 

r n_as cos m x (s = 0, 1,..., i(n—m)) (2.83) 

which raise the intensity at the brightest point of the diffraction image 
to its greatest possible value and also bring that point to the origin of 
coordinates; in a word, which maximize the Strehl definition of the 
three-dimensional image. It is also interesting to see, from the same 
application of (2.74), that the aberrations (2.83) are the only ones which 
can be effective in raising the Strehl definition of an image suffering 
from r n cos m X ', for example, that a reduction of Strehl definition caused 
by ‘trefoil’ cannot be alleviated by the introduction of any type of 
spherical aberration or of astigmatism. 

2.33. The diffraction patterns associated with a single aberration. In 
the presence of a single aberration, we can write 

<f>{u,v; 0) = £-p lnm RZ(r)cosm x , 

ITT 


where, according to (2.66) and (2.67), 




(2.84) 


Equation (2.49) then becomes 

1 2 77 


d*(P) = 1 j j expQipr*-\-iqrcos(x-w)-ifi, nm R%(r)cosin x }rdrd x - 

(2.85) 


0 0 


(2.85) can be evaluated as an infinite series by expanding both 
exp{t<zr cos( x — oj)} and exp{— ip lnm R%(r) costn*} 
according to the well-known formula! 

e «co3^ = J J^z)t v e ,v ^. (2.86) 


yea —CO 


Multiplying the two expansions and integrating the product term by 
term, we find 

d*(P) = 4 f' V cos ynvuj f B^(r)) J mv (q r ) r dr > ( 2 - 87 ) 

V=-0 J 


t Watson (1922) p. 14. 



Fig. 10. Isophotes in a meridional plane near focus of aberration-free image. The 
intensity at focus is normalized to 100. Tho straight linos indicate the boundary of the 
geometrical shadow. Axial maximu and minima are indicated by short strokes, others 

by small circles. After Zerniko and Nijboer (1949). 



K oS’ah, '°L I 0 PrCS f. nC ° ° f r imnry s P hcricnl 'Serration of amount 

PUo * (9 o 48AH). Tho thick lino indicates tho geometrical caustic. Strehl definition 

0 05. After Zerniko and Nijboer (1940). 

where tho dash denotes that the term in * = 0 is to be taken with a 

ac or *. Replacing J n by its power series expansion and rearranging 
according to powers of {3 lnm , we obtain b 


1 

*?(**) = 2 j eVJ"'J 0 (qr)r dr - 


1 

- 2 *Aam* m cos mio f e' i ‘»*R™(r)J m (qr)r dr -f 

6 

+ 5 2(*A nnl ) 2 — B 3( l Pi n m) 3 +B 4 (ifi lnm ) 1 —..., (2.88) 







2500 Paraxial focus 


Marginal focus 2300 

Fig. 12. Isophotes in a meridional piano in presence of primary spherical aberration of 
amount p li0 = n (<f> = 3Ar 4 ). The thick lino indicates the geometrical caustic. ^4//er 

ManSchal. 



Marginal focus 1800 1800 Paraxial focus 

Fig. 13. Isophotes in a meridional plane in presence of primary spherical aberration of 

amount p li0 = (<f> = 4Ar 4 ). After Marecliul. 
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Fio. 14. Isophotes in a meridional piano in presonro of primary spherical nberrntion of 

amount p Uo = 2rr ( <f> ~ OAr 1 ). After Marechul. 
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where each B v is a linear sumf of terms 

1 

cos mv Oi | e iiprt (R%(r)) v J mv (qr)r dr (v = v, v— 2,... ^ 0). (2.89) 
6 

Nijboer found that when both ip and f3, nm are 0(1), about four terms 
of the expansion (2.88) give the intensity distributions in the diffraction 



Fig. 16. Spherical aberration /? /60 = £ (secondary spherical aberration 1-GAr* balanced 
aguinst primary spherical aberration 2-4Ar 4 ). After Zerniko and Nijboer (1949). 


images with sufficient accuracy for the drawing of isophotes. The in¬ 
tensity distribution along the principal ray may be found by setting 
q = 0 in (2.87), which then becomes 

i 

it(P) = 2/ i?”(r))r dr. (2.90) 

6 

The intensity in the plane p = 0, which for a small aberration is the plane 
of maximum Strehl definition, can be found from the equation 

d* x (P) = 4 f ;*• cos mvu> f J v (P lnm RZ(r))J mv (qr)r dr, (2.91) 
*'=° 6 

obtained on setting p = 0 in (2.87). 

Figs. 11-15 show the isophotes in meridional sections of images 
suffering from amounts up to 10A of primary spherical aberration; those 
for the aberration-free image are reproduced in Fig. 10 for comparison. 
Figs. 12-15 were obtained with the help of M. Marshal's ingenious 

f The actunl sums may be found in Nijboer's thesis or in Wolf (19516), p. 103; 
Nijboer's p becomes in the present notation. 
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mechanical integrator,f a photograph of which is reproduced as Plate I; 
to obtain the isophotes from the expansion (2.88) for such large values 
of Am would involve very heavy computations. Fig. 16, constructed 
from (2.88), shows the effect of a fairly small amount of ‘balanced’ 
secondary spherical aberrat ion. In Plate II are reproduced photographs, 
due to Nienhuis, illustrating the appearance in selected focal planes of 



curves are lines of zero intensity. After Nijboor. 


2“ SUffering fr0m am0UntS "P t0 17 ' 5A of primary spherical aber- 

u D T to B 17 ° P > h0 r eS ^ the P ' nn ° P = ° corres PO" di "g to various amounts 
P oA of primary coma are shown in Figs. 17-21.1 The last two 

^Zbi ke r e obtained by a “ (‘-“ri 

applicable only in the plane p = 0) which is equivalent to the use 
I 'g. 17, previously unpublished, was kindly supplied by Dr. Nijboor. 
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of the equation 

1 2rr 


~ f f exp{i*pr 2 +igr cos( x —aj)—iph(r) cos x }r drd x 


o o 


l 

= j e* lpr2 J 0 [y/{fi 2 h 2 (r)—2qprk(r)cosw+q 2 r 2 }].2r dr. (2.92) 


o 



80 < 3 * 


oj-rr 


Fig. 18. Primary coma (/3 /3l = 1; <f> = 0-48A(r 3 —§r)cosx); isophotos in the plane p = 0. 
Strehl definition 0-879. The dotted curve is a lino of zero intensity. The boundary of tho 
geometrical coma flare is also shown. After Nijboer (1947). 


Plate III shows photographs (after Kingslake (1948)) in the plane 
p = 0 of images suffering from primary coma Fr 3 cos \ °f amounts 
F =0, 0-G4A, 1-4A, 2-3A, 3-2A, 4-3A, 5-3A, 6-4A, 7-7A, respectively. Plate 
IV shows photographs of primary coma —<f> = 2A(r 3 —§r)cosx at focal 
settings corresponding approximately to the values p = 0, 10, 20, 30, 
40, 50. j" 

Figs. 22—24 show the isophotes in the mean focal plane for amounts 

f In Dr. Kingslake's paper, tho focal settings are given as 01 mm. apart in an f/5-6 
pencil, which for A = 5x 10 -s cm. would give the p-values 0, 10, 20, 30, 40, 50 for 1 10 
six focal settings shown. 


DIFFRACTION" IMAGES 


65 


I, §2 

;t0'08A, iO-16A, = tO-64A respectively of primary astigmatism; Fig. 25 
shows the isophotes in the second case when the focal setting is shifted 
to the plane through the horizontal focal line. Plate V shows primary 



££b!'deS„7 0 °3°oT & 7 ,Vt = ' X) : isophotes in the piano p =. 0. 

the ™ n CUrVeS Ure lincs of Mro int «nsity. Tho boundary of 

the geometrical coma flaro is also shown. After Nienhuis (1948). Y 


ri!S na * iSm n 0fSm0UntS ±1-4A - ± 2 ' 7A ' ± 3 ' 5A ’ ±8-SA, in the mean focal 
Plane in each case. 

J^. 2 . 6 8 , hoW8 ! 80 P hotes from a diffraction image combining primary 
phcr ca, aberratton (2A), primary coma (±U) and nrimarv asLmnti J 


(±1A). 


3695.48 
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From (2.8S) may be deduced an interesting property, first noticed by 
Jsijboer, of small aberrations in the plane p = 0 through the point of 
maximum intensity. When m is even, (2.88) gives 


l<(W = 


(*/ 
' n 


) 


J 0 (qr)rdr] +0(ffi nm ), 



Fig. 20. Primary coma (<f> = 3-2Ar*cos *); isophotes in the piano p = 0. 

AJler Kingslake (1948). 

while, when m is odd, it gives 

K(P)|* = (2 f Uqr)r drY+0(f),„ m ). 

' b ' 

Thus the presence of a first-order amount of coma causes a first-order 
disturbance in the intensity distribution of the ideal image, while the 
presence of a first-order amount of astigmat ism only causes a second- 
order disturbance of the intensities. In particular, the Strehl definition 
is much more seriously impaired by small amounts of coma than by small 
amounts of astigmatism. This provides a further reason, in addition to 
the asymmetry of the comatic image, why the practical tolerance for 
off-axis coma is so much tighter than that for astigmatism in highly 
corrected systems such as microscope objectives. 
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3. Images of coherent or partially coherent object surfaces 
3.1. Relevance of the ikonal function 

In the imaging of point sources and of self-luminous object surfaces 
by an optical system, no phase relationships exist between wave-fronts 
belonging to pencils of rays originating in different object points. The 



Fio. 21. Primary coma = 6-4Ar*co 9 x ); isophotes in the piano p = 0. 

After Kingslake { 1 948). 


aberration function defined in § 1.3 then provides a sufficient basis for 
investigation of the structure of the diffraction images 

arenh,L?? ° f , Coherentl > r or P artia % coherently lit objects, there 

objectTnU T P t betWee " WaTC fr0nts “"gating in different 

th' > “ We therefore need ‘» k « “ccount, for each value of 
ngth A, not only of the shapes of the wave-fronts W in the 
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The ikonal function e(u,v\ 0), which is very similar to one proposed 
by Wolf (1952), depends on the optical system, the object surface and 
the receiving surface: and the aberration function <£(?/, v; 0) is connected 
with it by the simple relation 

4>{u,v; 0) = e(u,v\ 0)—c(0,0; 0). (3.1) 


y 



Fio. 23. Primary astigmatism at mean focus (0, tI = 1, * = 0-I6Ar*cos 2v) 
Strel.l dehmt.on 0-840. After Nijbocr (1949). 


To prove (3.1) it is sufficient to observe that, for fixed P, P' and IF 

“7“ 13 the °P tical along the 

•a'rv Thl r0nl | f ' VaVC ‘ fr ° nt W ’ and is theref » ra constant as u, v 

I y „ f ™. lue ° f 7 constaat ia seen to be e(0,0; 0) on setting 
u v — o and remembering that <£(0,0; 0) = o 

Inthesame way as the aberration function ftu.v; 0) of an anastimnat 
may be written in the form ff<t>(u, v; 0), where (see § 1.6) 

fr 6 ®(»,v;Q) = fr«<b*( Ui v-,Q)+ 0 (f h *) (3 9) 
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and (fn/H)<t>*(u,v;Q) is of the form (1.47), so the ikonal function 
e(u, v ; 0) of the system may be written in the form ffj. 6 E(u, v\ 0)-f const., 

where f^E{u, v\ 0) = v, Q) + 0(f^) (3.3) 



Fig. 24. Primary astigmatism at mean focus (0j ts = 4 , <f> = 0-64Ar 2 cos 2*). 

Strehl definition 0 066. After Nienhuis (1948). 

and the sixth-degree po^momial E*(u,v, 0) is given by an equation of 
t lie form 


E*(u,v,Q) = h"W+\a"r*-m”<dv+ 

+a' 0 *+lb'r*-f'Qvr*+c'Q 2 v n -+l<l' 0 -r*-e'Q 3 v- 

-S 4 Q g -S 2 0V 2 -5 3 Q 5 v-S 4 0V- 

-S s Q 3 vr 2 -S 6 Q*v 2 -S 7 r 6 — S s 0rH- 

-SiQW-r—S^QW, (3-4) 

analogous to (1.47). Fig. 2 shows the separate types of aberration. 
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Alternatively we may write, in agreement with the notation of (1.52). 

(3.5) 


teE^u, v; 0) = i = 2 c am 6W, 
£1 n = 1 


where the non-negative integers k , /, m now satisfy, in place of (1.53), the 
conditions 


/ < k\ k—l even; = 2, 4 or 6. 

y 

\ cu> o 


(3.6) 



•c 


Fia. 25. Primary astigmatism in tho focal piano through tho horizontal focal lino 

(<t> = 0-32Ar t sin 5 x). After Nijboer (1942). 

In the simpler case of an aplanat or of a general centred system 
e{u,v, 0) takes the form fn*E(u,v; 0) + O(/ M 6 ), where 

and v\ 0) = fn*E*(u, v\ 0)-f -O(f^) (3.7) 

j^E*(u,v;Q) = A*0*+iaV-m*0 v+ 

+a'0<+J6V4-/'0t,r2+c'02|;2+Id'02r 2 -e , Q3y. ( 3 8 ) 

The dominant term in (3.7) is now of the fourth order, and the sixth- 
degree expressions are aU absorbed into the error-term. 
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If we impose the condition that the coefficients li", a' in (3.8) shall be 
0(1), the position of the receiving surface within the image-layer of 
thickness 0(//x 2 ) is thereby fixed to within i.e. is uniquely deter¬ 

mined to the Seidel order of accuracy, except for a parallel bodily shift 



Fig. 26. Combined aberrations (primary spherical aberration 2A, primary coma :fcA, 

primary astigmatism ±A). After Mar6chal. 


along the axis (overall focal adjustment) of amount 0(//x 2 ). For, a change 
0(//x 2 ) in the focal setting of an off-axis point, due to a change in form 
or tilt of the receiving surface through a given axial point, would involve 
changes comparable with l//* 2 in the values of the coefficients h ", a 
of (3.8). 

For similar reasons, the coefficients h", a', S t in (3.4) cannot all be 0(1) 
for more than one position of the receiving surface within the image layer 
of an anastigmat, overall focal adjustments of amount 0(ffi 4 ) excepted. 
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Whether even one receiving surface exists for which h", a', 8 1 are all 0( 1) 
depends on the ikonal properties of the anastigmat under consideration. 

3.2. Partial coherence 

The theory of partial coherence, first investigated by van Cittert 
(1934), was greatly improved by Zernike (1938) and later by Hopkins 
(1951 a, b] 1953). The account which follows is largely based on Hopkins’s 
treatment. 

When discussing interference at a single point P, it is necessary to 
distinguish between disturbances at P which originate in the same 
element of the primary light source and those which originate in different 
elements of the source. 

In the first case, the phase relations are constant and the disturbances 

at P are said to be coherent. The disturbances are then combined by 

adding the complex displacements at P. In the second case the phase 

relations are random and the disturbances are said to be incoherent. 

The disturbances are then combined by adding the intensities at P. 

In general, the disturbances at two different points P, and P 2 will be 

neither coherent nor incoherent. Coherent light from any given element 

of the primary source may reach P, and P 2 . but these disturbances will 

be incoherent with light reaching P, and P, from any other element of 

the source. The disturbances at P, and P, are partially coherent and some 

means of measuring partial coherence is needed for their adequate 
description. 

A measure of partial coherence should make it possible, given the 

intensities /„ / 2 at two points P„ P 2 , to state how the disturbances 

propagated from these points to a third point P must be combined to 
calculate the intensity at P. 

Suppose light from an extended primary source L to reach two points 

„ P 2 , either directly or through an optical system, and let an emission 

element e m of the source give rise to complex displacements « mI , w m2 at 

i, 2 respectively. u ml , u m2 are then coherent, but not necessarilv in 
phase. 

Suppose further that P is a point reached, either directly or through 
an optical system S, by light from P x and P 2 (see Fig. 27). Let/, be the 
mplex displacement which would be produced at P by a complex 

° f Unit am P litude and zero phase at P„ and similarly for 
2 2 . I hen/,,/j express the imaging properties of the paths P, P,P 2 P. 

ince u and u m2 are coherent, the complex displacement produced 
’ Wa Pl and by the element c m of the source is equal to + u , n J 2 
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= l««il 2 l/il 2 +l« 1 Irt |*|/,| 2 + 2 R(tt inl tt m ,/ 1 / 2 ), 

where bars denote complex conjugates and R the real part. 
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(3.9) 





Fia. 27. 




Since the different emission elements e m of the source are mutually 
incoherent, we must sum the intensities (3.9) to obtain the intensity at P 
due to the whole source. Therefore this intensity 



= (I l“mll 2 )l/ll 2 +(Z I“mil*) 1/21 2 + 2R ((2 “m,“m 2 ) fl /s) 

= /.l/.l , +AI/.l*+2K((| te»i«„)/,/,}, (3.10) 


where 


A — 2 

m 


h = 2 Iw m8 | 2 

m 


are the total intensities at P lt P, due to the whole of L. The form of the 
result is the same whether L is one-, two-, or three-dimensional. 

The complex quantity 

— 2 U ml (3-11) 

m 

is called the mutual intensity of P x and P,\ when P x and P 2 coincide, it 
reduces to the ordinary intensity: 



If we now define 

712 


J, 


12 


V(*Ai A2) 


— It T T \ ^ U ml ^m2> 


(3.12) 

(3.13) 


equation (3.10) can be written in the form 


I P = / 1 l/ x | 2 +/ 2 l/ 2 | 2 + 2 N /(/ 1 / 2 )R(y,2/1/2)- 


( 3 . 14 ) 
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We call y 12 the phase coherence factor between P t and P 2 .f If f x and / 2 
are known for the paths P t P and P 2 P (that is, if the properties of the 
system S are known), a knowledge of I x , I. 2 and y 12 is sufficient to enable 
/pt-o be calculated bj'(3.14). The modulus |y, 2 | will be shown to measure 
the degree of coherence of the vibrations and its argument their ‘effective 
phase difference’. From (3.12), (3.13) and the inequalities}: 


2 U ml “»i2 


m 




we obtain 


' in ' m m 

Will < 1. (3-15) 


Physical interpretation of y 12 . The physical meaning of different 
values which y 12 may take is easily seen by considering P x and P 2 to be 



two pinholes in an opaque screen and S to be absent, as in Young’s 
experiment (Fig. 28). Let P 0 be a point on the receiving screen T equi¬ 
distant from P x and P 2 . Then when Pis at P 0 ,f x =/ 2 and (3.14) becomes 

= l/i! 2 {A+^*+2 N /(/,/2)R(y 12 )}. (3.16) 

If P is moved from P 0 , in a direction parallel to the line P, P„ through 
a small distance x, then the value of P x P—P 2 P changes from 0 to 
1 ~ (■ P\PitOP)x (with negligible error), / 2 = f x e ikt and 

I P= 1/ 1 1 2 { A+-4+2^/(/j / 2 )R (y 12 c )}. (3.17) 

If y I2 = o, it follows from (3.17) that I P remains effectively constant 

as < varies and no fringes are formed. This is the case of mutual in¬ 
coherence between P x and P 2 . 

coL S. nam ° W “ Pr0P ° 9ed by H ° pkins: Z6mik0 it the complex degree of 

t Hardy, Ingham and Polya, Inequalities, C.U.P. 1934, (1.3.1) and (1.3.2). 
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If y 12 zjL 0, (3.17) shows that, as t increases, I P varies sinusoidally 
between the values 


and 


is defined as 


^max 7 min 


I Vizl- 


(3.20) 


= !/il ! {A+4+2V(A4)ly, 2 l} (3.is) 

and ^min = l/il 2 {A"i"^2 2 V(A 7 2)lyi2l}- (3.19) 

These variations constitute the interference fringes; the ‘fringe visibility’ 
is defined as , , o hr T \ 

T ±r = tIt > »!• (3 - 2 °) 

-'max T-'min + 

When the intensities of illumination of the two pinholes are made equal, 
7j = / 2 and the fringe visibility (3.20) is simply |y 12 |. This shows that 
| y 12 | is identical with Zernike’s degree of coherence. Complete coherence 
is the case |y 12 | = 1. 

Returning to (3.17), we see that in the general case y 12 # 0, y 12 
complex, the values of t which maximize I P are 


f = — argy 12 +7jA (n = 0, ±1, ±2,...)- 

-77 


The interference bands are shifted sideways, so that the central maximum 
of the band n = 0 no longer agrees with P 0 , as it would if P v P 2 were lit 
coherently and cophasally. The amount of shift is the same as would 
result, in the coherent case, from a phase retardation arg y 12 of P 2 relative 
to P,. We may therefore call argy i2 the effective phase retardation of P 2 
relative to P v It reduces to an ordinary phase retardation when P v P 2 
are mutually coherent, i.e. when |y 12 | = 1. 

If the dimensions of the source are small compared with the wave¬ 
length A, the amplitude ratios |M,„i/w m2 | and the phase differences 
arg(u m i u m2 ) are approximately the same for all the emission elements e m ; 
hence we can write u ml = au m2 , /, = |a| 2 / 2 , where the complex number a 
is independent of m, and (3.13) gives 

Irial = T~TJ y au mi “m2 = 7 “]J l o/ 2 l = l - 

\a\Jo ^ \a\l z 

Thus light from a small primary source gives coherent illumination, 
although the source itself may consist of many independent emission 
elements. An easy extension of the above argument shows that the 
same result holds for small secondary sources. 

Partial coherence is of great importance in the theory of the micro¬ 
scope. Self-luminous objects are the only ones which are fully incoherent; 
in all other cases there is partial coherence between the light issuing from 
neighbouring points of the object surface. As a result, the resolving power 
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of an aberration-free objective, and the tolerance for aberrations of 
different tj-pes, are fundamentally dependent on the character of the 
illumination. We shall return to this topic in § 3.7. 


3.3. Calculation of y 12 from given illumination data 
Let u'^Q), w 2 (Q) be the complex displacements which would be caused 
at Pj, P 2 respectively by a point source of unit flux situated at the point 
Q occupied by the emission element e m and represented by a complex 
displacement of unit amplitude and zero phase. Then the flux of e m is 
|a ;n | 2 ( where 

(3-21) 


u 


a... = 


ml 


U 


m2 


«■’! (<?) v>%{QY 


and (3.13) can be written 



«JW<?K(<2). 


(3.22) 


where 


A = 2 l«J , |Wi(G)|\ 

m 


A = 2 Kl , l».(«)| # . 
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(3.23) 


If the source L is a self-luminous surface, with flux density l(Q) at the 
point Q, and if QP lt QP 2 make only small angles with the normal at Q 
to the surface, the sum of the quantities |a m | 2 over the emission element s 
contained in an clement of area do situated at Q is /(<?) do and (3.22), (3.23) 
take the form 


Vlz = 70 i /,) JJ AGMGWQ) d(T < 

where I x = JJ f(G)|ii*(e)|* do, L = JJ l{Q)\w t [Q) j 2 do 

L L 

are the intensities at P l and P 2 . 


(3.24) 

(3.25) 


Plane illuminated by an extended plane source. Suppose in particular 
that the primary source L is represented by a flux distribution l{£, *) 
occupying a finite region of a plane (£, r,) and directly illuminating a 
parallel plane (x,y), as shown in Fig. 29. The complex displacements 
w 2 (Q) at P lt P 2 in the (a-,i/)-plane are here given by the equations 

e~ ikn ‘ „ p-ikRt 

1 ^ _ = (3.26) 

where Q is the point (|, 


*i = QP\* 


= QP 2 


(3.27) 
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and k = 2tt/A. Whence, by (3.24), (3.25), 



Fio. 29. Plano illuminated by extended plane source. 


To obtain a picture of the way in which y 12 depends on the relative 
positions of P x and P 2 , consider the case where the angles subtended by 
QC at O (see Fig. 29) and by OP x , OP 2 at C are always small, and suppose 
the source L replaced by a transparent layer, filling the same region of 
the (£, TjJ-plane, which transmits a variable fraction r(£, rj) of the light 
falling on it. Let a point source and a lens of negligible aberrations be 
placed behind this layer in such a way that the geometric image of the 
source is formed at P 2 . The complex displacement D^(P X ) at a neigh¬ 
bouring point P x of the diffraction image centred at P 2 may then be 
calculated by applj'ing Huygliens’s principle to the absorbing surface. 
We obtain 

D*(P X ) = C JJ (3.30) 

L 

where C is a normalizing constant and the phase <£(£, rj) on the screen 
can be immediately determined by moving P x to the special position P 2 . 
As this is the geometric image, the waves all arrive there in the same 
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phase, so that <£(£, rj) — kP 2 is a constant. Therefore (3.30) can be written 
in the form 

(• C (.ikiRt-R i> 

Wi) = C' J J *?)}“ ^ d£dr). (3.31) 

This agrees with (3.28) for an appropriate choice of C' if s l{r(£, tj)} is a 
constant multiple of l(£ , 77 )/J ? 2 i.e. if (l/i? 2 ) N /{-(f, t?)} is a constant multiple 
of ( 77 ); in other words, if the amplitudes contributed at P 2 bj r the 
different parts of the transmitting screen are proportional to the in¬ 
tensities contributed at P 2 by the corresponding parts of the light source L. 
Thus the phase-coherence factor between any point P t and a given point 
Po is equal to the complex displacement at P x in the diffraction pattern 
associated with an aperture coincident with the source, the diffraction 
pattern being centred on P 2 and the complex displacement at P 2 being 
normalized to unity. 

In particular, a uniformly bright plane circular source of radius d tan a. 
small compared with d gives, near the origin in the (x, y)-plane, the 
complex coherence distribution 



277 nr, . 

z = — P,P 2 sin a, 
A 


(3.32) 


where is the Bessel function of order 1 . 

(3.24) and (3.25) were derived on the assumption that, for all positions 
of Q in the radiating surface L, the lines QP V QP 2 , make only small angles 
with the normal at Q to the surface. When this assumption is not satis¬ 
fied, account has to be taken of the effects of the obliquity between the 
joins QP 1} QP 2 and the normal at Q to the radiating surface. This can 
be done by introducing an obliquity factor N /(cos 6) on the Huyghens 
wavelets emitted by a surface element da, where # = 0 corresponds to the 
point of the wavelet on the normal from da. Further, if P v P 2 are points 
on a receiving surface S', we need to replace the complex displacements 

b y displacement densities w 1 (Q)J{cob0’ 1 ), w 2 (Q)J {cos ft) 

on S', where 0J, #; are the respective obliquities of QP V Qp with the 
normals to S' at P,, P 2 . 

The effect of the change on (3.29) is to replace these equations by 


h = JJ Ki> rj) 


COS 2 ^ 


didr), 


r 2 = JJ *(£>*?) 


cos 2 #. 

“PT 


didr), (3.33) 


in which # x , # 2 denote the angles of obliquity between QP V QP 2 and the 
normal to the (f, i?)-plane, and to insert a factor cos#, cos#., under the 
integral sign in (3.28). In a practical case, where l(£, v ) is smooth except 
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for a possible sharp cut-off at the edge of L, y 12 is effectively zero unless 
P, is near to P 2 , so that cos 0 2 cos 0 2 can be replaced by cos 2 9 1 and the 
modified form of (3.28) can be written 




■“1 


(3.34) 


(3.33) and (3.34) show that when P 2 is near to Pj the phase-coherence 
factor y 12 is the weighted mean of e ikiKt ~ K,) as Q ranges over the source L, 
the weighting being according to the luminosity contributions at P 1 from 
the different parts of Z-.j It follows that if the distance P 2 P 2 does not 
exceed A/ 8 , the real part of y 12 cannot fall below cos £77 and consequently 
|yi 2 1 ^ 0-707. Hence the (x, y)-plane can never be incoherently illumi¬ 
nated by L. 

In the case (3.32), corresponding to a circular source of radius dtana, 
the degree of coherence |y 12 | = 2J 1 (z)/z falls to 0-880 when 2 = 1 , i.e. 

when p D A 0-16A 

P, P, = — cosec a = —-; (3.35) 

277 sin a 

here a is the angular radius of the source seen from a point in the opposing 
region of the (x, y)-plane. Regarding this as a tolerable departure from 
perfect coherence, we can say that (he diameter of the coherence-patches 
corresponding to a source of angular radius a. is 0-32A/sina. This rule of 
thumb is useful in estimating the size of source needed in diffraction 
experiments. 

The degree of coherence |y 12 | = 2«/ 1 (z)/z decreases steadily to zero as z 
increases from 0 to 3-83; for this value of z, corresponding to 



0-61A 
sin a ’ 


there is mutual incoherence. A further increase of z reintroduces a small 
amount of partial coherence, which never exceeds 0-14 and vanishes 
again at the next root of </j(z), namely z = 7-02. Since y 12 changes sign 
as z passes through each root of -/j(z), the positions of bright and dark 
fringes are interchanged after each disappearance. 

In the present context, Michelson's method of measuring the small 
angular diameters of stars appears in a new light. The stellar source, of 
angular radius a, illuminates the plane of the outer mirrors J/j, iW 2 of the 
interferometer. The visibility of the fringes observed is determined by 
| y 12 1 in this plane, and the large interferometer attachment carried by 

t (3.11) and (3.13) give the same result more directly. 
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the 100-inch telescope of the Mt. Wilson observatory provided a means 
of determining those values of P x P 2 . up to 20 feet, for which y 12 = 0. 
Thus in the case of a Orionis (Betelgeusc) incoherence was found to occur 
first for a pair of points 121 incites apart. This corresponds to a circular 
diffraction pattern of which the first dark ring has a radius of 121 inches. 
Such a pattern would be formed by a circular aperture subtending an 
angle of 0-047 seconds. 


3.4. Small sources 

Suppose that P x is at O, the origin of the (x, y)-plane in Fig. 29. and 
that P 2 is the point (x,y), Q being the point (£, y) as before. Then 

R\-R\ = (*-£)*+<y-«|) 2 -*W 

= r2 ~-( x £~\-yv)i 

where r 2 = x 2 +y 2 . Whence 


S ‘~ B ' = 

For small values of x and y, such as make r 2 /2 d < A, 2tt, 
accurate to wTite (3.36) as 

b,-k. = - x J±n 

(l 

and (3.34) then becomes 


(3.36) 
it is sufficiently 

(3.37) 


where 


Y 12 


Lf 

= ^ JJ /(£, 7 l )e- i **C+yn'* d£dy, 
G = jf d£dy. 


(3.38) 

(3.39) 


n this case y 12 is, apart from a constant factor and a change of scale 
simply the Fourier transform of /(£, v ). 

, Whei \ Z ' ,S ver y smaU, however, y 12 may differ appreciably from zero 
T , f °<fu ° * n w *** c h r ~!-d is no longer small compared with XI'2tt. 
en e ermr /(i?j + i? 8 )i n ( 3 .36) must be retained,and (3.38) replaced 


y 12 - e*“■"/<* J_ JJ J d$dy. 


(3.40) 


S605.48 


Q 
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In the special case where L is a uniformly lit circular disk of radius 
a <^d, (3.38) may be used provided a % /(A d). For then 

/ A_ 3-83\ 2 1 X_ 

\2tt sin aj 2d < 2tt' 

where a is the angular radius of the source seen from O , and both the 
phase coherence factor y 12 and the function 

2jj^^rsinotjy^^rsinaj (3.41) 

which represents it when r 2 /2d < A/2tt are effectively zero outside this 
region. 

But if a = 0{yJ(Xd)}, y 12 is appreciably different from zero for points 
P 2 whose distance from P l is comparable with ^(Xd/n). We must then 
use (3.40), which gives the approximate equation 

Vl2 = e Hk*/d*£M ( 2 = Jcr sin a), (3.42) 

z 

valid in the domain r < d. The cruder approximation y 12 = 2J 1 (z)/z 
given by (3.38) would only remain valid in the domain r N /(Ad/7r). 
When the source is vanishingly small (a -> 0), (3.42) becomes 

y 12 = (3-43) 

i.e. the points P, and P 2 are coherently illuminated (|y 12 | = 1) and the 

illumination at P 2 is advanced in phase by lcr 2 /2d relative to that at P v 
This is obvious a priori, since P x and P 2 are now illuminated by a point 
source whose distance from P 2 exceeds by r 2 /2d its distance from P x . 

3.5. Propagation of y 12 

Suppose the phase-coherence factor yi 2 and the intensity distribution 
I(P) both to be known on a surface S, and suppose that the light from S 
illuminates a second surface S’, either directly or through an optical 
system. Then the phase-coherence factor y' 12 and the intensity distribu¬ 
tion Z(P') on S' can be calculated in the following way from those on S. 

First suppose that S' is directly illuminated by S and the line joining 
any point P of S to any point P' of S' makes only small angles with the 
surface normals at its ends. Let (dS) v ( dS) 2 be two elements of S 
situated at the movable points P lf P 2 respectively (see Fig. 30) and small 
compared with the wavelength A. Let « ml be the complex displacement 
at Pj due to the emission element e„, of the primary source, «„ l2 that at P 2 . 
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Then, by Huyghens’s principle, the disturbances at P[ and P' 2 on S' are 
respectively 



= £ j %**-***” (dS) t , 


(3.44) 


where Jt n = PjPi, i? 22 = P 2 Po- In the first integral, P l runs over the 
whole of the surface S] in the second, P 2 . 



Fio. 30. 


The phase coherence factor between P;, F 2 is by definition 

?12 = V ml Um2 ' 

Hence, by (3.44), 

Vdii;w, = ~ 2 J J (dSMdSh 


(3.45) 


8 S 


k z f f (v - 

P* C r i, r j \ 

~ 4t 7 2 J J V (7l/ 2)yi8- p p (dS^idS)^ 

s S 11 - a 


(3.40) 


mUtUal intensity Mr.W, on the surface S' in 
terms of the mutual intensity^/,7 l)y on S. When = PI = P' the 

mntna, intensity V(f; reduces to the ordinary intensity at' P' 
Therefore this intensity is obtained on taking P 2 = ^ = p- (3 46) 

li^Unethe" 0 * ° f “ d,aphra 8 m between S and S' can be allowed for by 
tog the integrations over S to those parts which can be seen from 

" 2 rCSpMt,Vely - P rovlded «><“ «» effects of diffraction at the edge 
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of the diaphragm are to be disregarded. To take account of this diffrac¬ 
tion. it is necessary to make the transition from S to S' in two stages, 
first from S to the plane of the diaphragm, then from the part of this 
plane occupied by the diaphragm aperture to S'. 





Fio. 31. 


Essentially the same method can be used in the more general case 
where the light from S reaches S' through an optical system S and the 
obliquities on S are not restricted to be small. Let d x (P, P')dS denote, 
for light of wavelength A, the complex displacement density at P' on S' 
which would be caused by a complex displacement density l throughout 
the surface element dS (<^ A) situated at P on S. d\(P, P')dS describes 
the optical properties of the system S with respect to the surface S. 

Then a coherent displacement density D(P) on £ causes a complex 
displacement density 

D'(P') = J d x (P, P')D(P) dS (3.47) 

at P'. (3.47) is equally valid for all positions of P' in or behind the exit 
pupil of S. To discuss the general case, suppose that the intensity and 
coherence distributions on S are described by the mutual intensity 
distribution J 12 .f 

Let D m (P) denote the complex displacement density at P on S due to 
the emission element e m of the primary source and D' m (P') that at P' on 
S ', the light in the second case having reached P' via S. Then by (3.11) the 
mutual intensity J 12 bet ween the points P v P 2 on S is given by the equation 

= I DJP,)TU%) < 3 - 48 > 

rn 

•f J x = J xx expresses the intensity distribution, y„ = Jit) phase-cohereneo 

distribution, in terms of the mutual intensity distribution J jt . 



Primary coma — A, ^ f . 

y a ricosx at focal sot 

)' = 0, JO. i*u. 30. 40. .lu. .. 


PL AT K I\ 




e«iwiMlinu' .1i4.10xinuH. ly i„ tk- vnliics 
Wlttkf (lt»4S) 



I, §3 IMAGES OF PARTIALLY COHERENT OBJECTS 
and the mutual intensity J\ 2 between P\, P 2 on S’ by the equations 


85 



I D' m (Pi)iUK) 



</ A (P„ P' 1 )DJP 1 ) (dS) x I d x (P 2 , P«)lUP 2 ) ( dS) t , 


S 


by (3.47), 

= f f 2 DjP l )Dji\)d x (P 1 , PMP* P 2 ) (dS^dSU 

S S m 


= f f JiMPv PfrxiPt. P’s) (dS)i(dS) 2 , (3.49) 

s s 


by (3.48). This is the generalization of (3.46). To express it in terms of 
phase-coherence factors we write it 

V( 7 i Wi* = I J Mh)Vi2dx(Pv P\)dlP^Pl) mWS) t . (3.50) 

S s 

where the intensities 

A = J n = 2 IA„(-Pi)| 2 . (3.51) 

m 

2 i = J n = J / JMP v P'MP 2 , P\) (dS)MS)« (3.52) 

S 8 

and similarly for / 2 . I' 2 . 

Equation (3.52) provides a means of evaluating the intensity distri¬ 
bution in the diffract ion image, by an optical system S of known d x { P,P’), 
of a partially coherent object surface S. In this case S' lies in the image- 
layer (in the sense of § 1) of S with respect to the system. 

The approximate evaluation of d x {P, P') takes an essentially different 
form according as P' is not or is near to the image of P in S. 

In the first case, it is permissible to ignore the aberrations of S and to 
suppose that the rays issuing from P and passing through S emerge as 
a stigmatic pencil whose vertex P* is the ideal image of P. Then if P' 
lies inside this pencil, we may take d x (P, P') to be a constant multiple of 

je-iMPP-i 

~P'P* v( c °s 0 ), 

where [PP'] denotes the optical distance along the ray from P through 
S to P and 6 the angle which this ray makes at P with the forward 
normal to the surface element dS. If P' is outside the pencil d A (P P') 
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is taken as zero. (3.49) then gives, for points P[, P 2 in the illuminated 
part of S', 

r r pittPtPiMP.P’.D 

J'12 = const, x J {dS) x J (dS) 2 J 12 - jp-jf - <J(cosd 1 cosd 2 ), (3.53) 


where 


E[ = P[P*, 


E' 2 = P' 2 P*. 


In the first integral, (dS) 1 runs over those parts of S which can send 
rays to P\ \ in the second, ( dS) 2 runs over those parts of S which can send 
rays to P 2 . From (3.53) and the definition of y 12 it follows that 


y ' 12 = jutt)) (rflS)l J ^ s w (/ ^^4rRr V(cos0iCOS02) ’ (3,54) 

where E n = [P x Pi], E 22 = [P 2 P' 2 \ (3.55) 

(3.54) reduces to (3.4G) in the special case where S is a ‘null’ system 
(giving P * = P 1( P 2 = P 2 ) and all the obliquities are small. 

In the second case, when P' is near to the image of P in S, a wave- 
front starting from P and passing through S emerges as a converging, 
near-spherical wave-front W with its approximate centre of curvature 
near P'. In this case, d x (P, P') may be evaluated by applying Huygliens’s 
principle to the wave-front W in the same way as in § 2, but taking 
account of the variat ion in amplitude resulting from the obliquity factor 
^/(cos 6). When all the obliquities are small, d x (P,P') agrees with the 
complex displacement at the point P' in the diffraction image by S of 
a unit source of zero phase situated at P. 


3.6. Coherence in the image of a light source 

Suppose the lens system S images the self-luminous surface S on to 
the receiving surface S' in the image-layer of S, all the obliquities being 
small. 

Let e m be an emission element, of flux / m , situated at P on S and let 
P' be the principal point of the image-patch of P on S'. The light from 
e,„ produces at the points P[, P 2 near P' the complex displacements 
u' u u ' m », where _ 

The mutual intensity J' 12 of the points P' lt P' 2 is then given by the 
equation J ' 12 = Z u ml *' m2 

m 

= < 3 - 57 > 

Tfl 

If there is a finite flux density 1{P) at every point P of the surface S, the 
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sum of the l m over sources lying in a surface element dS situated at P 
is l(P)dS and (3.57) becomes 

J' 12 = [ l(P)d x (P, P\)d x (P,P 2 ) dS. (3.58) 

i* 


From (3.58) and from the remark at the end of § 3.5 it is clear that 
r '\2 — J’izIWi can only differ appreciably from zero when the dis¬ 
tance P\ P 2 is comparable with the size of the diffraction images (in¬ 
cluding aberrations) by S of point sources on S. 

Therefore, in investigating phase coherence on S', it is sufficient to 
consider an arbitrary fixed point Q on S, together with the principal 
point Q' of its geometrical image patch on S', and to obtain an approxi¬ 
mate evaluation of J' 12 for any two points P\, P 2 near Q'. 

In (3.58), the only appreciable contributions to the integral on the 
right come from that part of the domain of integration which is near Q. 
For if P is not near Q, the distances P'P\ and P' P' on S' will be large 
compared with the siz e of the diffraction images of a point source and 
consequently d x ( P, P\)d x (P, P 2 ) will be negligibly small. Let S(<?) denote 
a neighbourhood of Q which images into a neighbourhood S'(Q') large 
compared with the diffraction spread at Q', but which is small enough 
to allow the use of the approximate equation 

H p ) = '«?) (3.59) 

for all P in 8(<?). The statement that l(Q) is slowly varying near Q is to 
be interpreted as meaning that such a neighbourhood exists. Then 
(3.58) can be replaced by the approximate equation 


J i2 — KQ) f d x (P, P[)d x (P, P‘ 2 ) dS. (3.60) 

8 ( 0 ) 

The aberrations of S, which evidently play a part in determining the 
va ues of d x (P, P,) and <^(^.^ 2 ). are most conveniently described in 
terms of an ikonal function e(u, v, P) similar to that in § 3.1 we define 
e(u, v; P) as the net optical distance along the (u,i;)-ray from P to a 
sphere of fixed radius, centred at the principal point P' of the 

dkZfr tCh ., 0D S - , F ° r the value of the fixed radiu3 "' e the 

distance from the ax.al point of tl,e exit pupil to the axial point of S' 

it is oZ ‘ir f 5 ' Varj ' ing fUnCtion of P in 11 Practical ease, so thai 
it is permissible to write 


for all P in 8(Q). 


e(u,v; P) = e(u,v; Q) 


(3.61 
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We obtain an explicit expression for <Z A (P, Pi) by supposing a unit 
source of zero phase to be situated at P and applying Huyghens’s 
principle to the surface Mp., on which the displacement due to the unit 
source is, apart from a constant factor, exp {—ik e(w, t>; P)} at the point P* 
where it is met by the (u, v)-ray from P. 



The application gives 

d x (P,P[) = C'^JJ ex V {-ik[e(u,v,Q) + P*P' 1 }} dudv, (3.62) 

A 

where the double integral is over the (u, u)-region A corresponding to 
the clear aperture of S (the circle ^ 1 if S is free from vignetting) 

and e(w, v; P) has been replaced by e(u, v ; Q) in accordance with (3.61); C' 
is a (complex) constant independent of P, P' x , and Q. 

In the space near Q' we introduce Cartesian coordinates ( x,y,z) with 
origin at Q' and positive z-direction along the normal at Q' to the surface 
S' pointing towards S (see Fig. 32). Let P', PJ, P' 2 have the respective 
coordinates (x, y, z), (x x , y v z,), (ar 2 , y 2 , z 2 ) in this system. Thus Pi has a 
displacement relative to P' of components (ar x — x,y x —y, z 1 —z) and it 
follows by a calculation similar to that at the beginning of § 2.1 that 

P*Pi = P-[(a: 1 -.T)u + (y 1 -y)v]sm a -J(z 1 -2)(«i+ff)8in 2 a, 

to a sufficient approximation, where sina<^ 1 denotes the numerical 
aperture of the pencils emerging from S and R the radius of the sphere 
M P : If, as is here supposed, S' has radii of curvature everywhere at least 
comparable with R in size, the last term on the right can be neglected, 
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j A (P,p;) = c '~— e - f * 


77 


R JJ exj){—ik-e{u v v 1 -,Q)}x 


X gik siD a((x,-x)ui +<yi-v)ci) ^ dv v (3.63) 

Substituting in (3.CO) from this and the corresponding equation for 
d\(P, P'z), we obtain 

J'u = |CT* 28in2< * 


77 ' 


/(<?) JJ du 1 dv 1 JJ du 2 dv 2 J dS X 


-4 a 8«?) 

X gik 6ino((xi-z)ui+<i/i“l/)ril c -iA:sinctKxi-x)fr3-f<i/i-i/)ri) ^ 

X exp{iA-[e(w 2 , y 2 ; Ql-eO^, ty, <?)]} 

= |C"| 2 fc a sin 2 oJ(@) JJ T Q {u z ,v 2 )e- ikaiaaiu ^- x ^+ v ^i-v,)) du 2 dv 2 x 

A 

X JJ dS JJ dM 1 dv 1 f <? (M 1 ,U 1 )e <fc8,n «l<*-*‘X' , *- u 'W»'-V.Xr»-ex)J > (3.64) 
5(0) A 

where r Q (u,v) is written for exp {ilce(u,v, @)}. 

The inner integrations over 8((?) and A can be replaced by 

in 2 JJ dxdy J J du 1 dy l f <3 (w 1 , y 1 )e' A:8in “ I < J -- r >'< u «- , ‘>)+<i'-viXuj-ui)) j (3.65) 

r a 

where T is the region of S' traced out by P' when P runs over 8(Q) and 
is large compared with the size of the diffraction image of a point source 
at Q, while m is the linear magnification from S to S’. Also the clear 
aperture A includes a circle round the point ( m 2 , y 2 ) of radius > A/(2 tt sin a) 
provided that (?< 2 , t> 2 ) is not very close to the edge of A. Thus we obtain, 
with the above proviso, the approximate evaluation 


CO 


m 2 J J* dxdy e ik Bin ^Ux-zdut+iv-vi)v%\^ 


— 00 


CO 


x JJ t q( w i> Vi)e -,fcsIna|<x - x '> , "-Hi/-yi)ci] du^dvy 


— CO 


CO ® 

= m 2 JJ dx'dy'e**W *> JJ f Q {u x > vje-****'«.+*'*,> d dv > 

— co ±y 


on introducing the new variables x' = x— aq, y' = y—y v 

477 2 m 2 _ 

~ k 2 sin 2 a T ° Uz ’ Va ’ 


(3.66) 
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by the two-dimensional form of Fourier’s inversion theorem.! Substi¬ 
tution from (3.66) into (3.64) now gives the approximate evaluation 

J\ 2 = \C"\V(Q) |'C \T Q {u 2 ,v 2 )\H- iksia « u «'*- x *+*’to t -vMdu 2 dv 2 , (3.67) 

'a 

where C" = 2mC. 

If the lens system S introduces ‘smooth’ changes of amplitude, as 
well as of phase, in the wave-fronts passing through it, the argument is 
unaffected; we have merely to redefine tq(u, v) as 

Qj)exp{ike(u,w, <?)}, 

where j(u, v\ Q) is the intensity transmission factor corresponding to the 
object point Q. Therefore (3.67) holds in this more general case also. 
From it we obtain the desired evaluation 


7 i 2 = „ r 12 T , . = 7 f f \r Q (u,v)\ n -e- iksia ^-^^-^dudv, 

VW 11 ^22/ 1 J J 


where 


1 = ff \r Q (u,v)\ z dvdv. 


(3.68) 

(3.69) 


Since t q (u, t’) enters here only through its squared modulus j{u, v;Q), 
we have the interesting result that y 12 is unaffected by the aberrations 
of S; in particular a small amount of defocusingj leaves y 12 unaltered. 

An even more striking result follows from the observation that the 
value of y 12 given by (3.68) is identical with that which would result if 
the clear aperture of S were self-luminous, with flux-density distribution 
|Tp(t/,r)l 2 . 

Such a flux-density distribution in the clear aperture is obtained on 
placing a source of uniform bright ness close to S on the side opposite to S . 
We infer that the coherence when S' is illuminated through S is the same 
whether a uniformly bright source is imaged on to S' or placed just behind S. 
This theorem, under slightly less general hypotheses, was first given by 
Zernike (1938). Since (3.68) is here established for sources of non- 
uniform brightness, provided l(Q) varies only slowly§ as Q ranges over S, 
we can deduce the physically more appropriate formulation: the coherence, 
when a source of non-uniform, slowly varying brightness is imaged on to S' 
is the same as that given by a uniformly bright source just behind S. 


t An accurate treatment of this and the next step involves analytical refinements 

which seem out of place in the present context. _ 

X i.e. a focus shift which is small compared with the effective focal length of S. 

§ In the sense explained above. 
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As will be seen in the next section, this result has important conse¬ 
quences in microscopy. In the arrangement known as critical illumina¬ 
tion, and represented in Fig. 33, the source is imaged on to the partly 
transparent object from behind by a condenser. The idea behind this 
method of transillumination was that different parts of the object should 
be illuminated by different parts of the source, and it was presumed that 
the use of a highly corrected condenser must be of advantage for the 
resolving power. Zernike's theorem proves on the contrary that this 
has no influence, for by (3.68) the presence of aberrations (including 
defocusing) in the condenser does not alter the coherence in the object 
surface and by (3.52) the resolution in the image surface depends only 
on this coherence and on the optical properties of the micro-objective. 
If the harmful effect of stray light is disregarded, the condenser may 
even be replaced by a diffusion disk subtending the same angle at the 
object surface; in most practical cases, however, the effect of stray light 
on resolution is appreciable. 


3.7. Transillumination in the microscope 

In the ordinary use of the microscope, the object or slide is not self- 
luminous but consists of a thin slice of more or less t ransparent subst ance 
mounted in Canada balsam between thin glass plates and lit from behind 
or transilluminated’. Its optical properties when set up for observation 
in the object plane S of the micro-objective M (see Fig. 33) can be 
represented, for light of wavelength A, by a complex function 

V) = I E{x, y )| exppp <j>(x, y)J (3.70) 

of the coordinates (x,y) in this plane. |£7(a;, 2/ )| then measures the 

amplitude factor and <f>{x, y) the phase retardation in wavelengths which 

the specimen imprints on the wave-fronts passing through it at the 
point ( x,y). 


The image of the point P = (x, y) in the object plane 5 of the micro¬ 
objective M is the point P' = in its image surface S'. (We leave 

the aberrations of M out of account for the moment.) O and O' are the 
axial points of S y S' respectively. 

The observer sees through the eyepiece (not shown in Fig. 33) a well- 

defined circular region of the image surface; the corre- 

spondmg region *>+.,■ < r* of the object plane is the field of the 
microscope. J 


the^doTiflr 7 f In thiS COmmonl y used form of transillumination 

the edge of the field-stop aperture L is imaged on to the object plane S 
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by a condenser C (see Fig. 33) and a uniformly bright source E is placed 
close behind L. The size of L is adjusted so that its image on S just 
covers the field. 



If £ is taken as actually filling the aperture L and obliquity factors 
are neglected, the phase-coherence factor between two neighbouring 
points P v P 2 of the field is, by (3.32) and Zernike’s theorem, 



(3.71) 


where z = (27r/A)P 1 i^sin/3 and sin/3 is the numerical aperture at which 
the condenser is working. This numerical aperture can be adjusted by 
means of an iris diaphragm (the condenser stop) built into the condenser 
mounting. 

To take account of the fact that E is behind and not in the aperture L, 
we should first calculate y 12 in the plane of the aperture L, directly 
illuminated by £, and then apply § 3.5 to deduce the value of y 12 * n 
Because the angle subtended by the condenser aperture at a point of L 
is small, the coherence patches on L are small compared with the Airy 
disks corresponding to this angle, and it is easy to deduce from this that 
the effect of the partial coherence in L on the values of y 12 in S is small. 

Kohler illumination. An arrangement which is photometrically an 
improvement on critical illumination is shown in Fig. 34. A condensing 
lens C' placed close behind the field-stop aperture L images the source S 
into the ‘back focal plane’ of the condenser C, so that the rays from each 
emission element e m of E emerge from C as a parallel beam. C images 
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the edge of L on to the object plane as before, but the condenser diaphragm 
is now transferred to the 2'-plane. Through every point P of the field 
passes a cone of rays, each ray of t he cone originating in a different point 
of 2. When the condenser diapliragm is fully opened, the cone of rays 
which can pass, via C, through a point P anywhere in the field should 
fill the aperture of the micro-objective M. The source 2 should be large 
enough for its image 2' by C' to fill the fully opened condenser diapliragm. 




An important practical advantage of Kohler’s arrangement is that 
irregularities in the brightness distribution on 2 do not cause irregulari¬ 
ties in the intensity of the field illumination. 

It remains to consider the coherence properties in the object plane. 
The wave-fronts after passing through L and C emerge approximately 
plane, but loaded with heavy aberrations.! 

The light from an emission element e m situated at (£, y) in the primary 
source 2 reaches two neighbouring points P 1 = (*„ y x \ P 2 = 1Jt ) in 
the field surface S with a phase difference 


S 12 = 

where (p m ,q m ) are the first two direction cosines of the small region of 

the near-flat wave-front which crosses the (ar,y)-plane near i>, J». The 

heavy aberrations on the wave-front only cause small changes in the 
values of p m and q m . 

From (3.11) and (3.13), the phase-coherence factor y 12 between neigh¬ 
bouring pomts P lt P 2 is simply the weighted mean, over the emission 


t Wavo-front curvaturo due to a small orror in tho 
among these aberrations. 


position of C 


may bo includod 
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elements e,„, of e' 5 *’, the weighting being according to the respective 
intensity contributions of the e m near P x and P,. 

Only those elements e m whose images by C' lie in the aperture of the 
iris diaphragm (Fig. 34) send light to P x and P 2 , and they may be specified 
by the inequality p ^ +< ^ ain% (3 .72) 

where /? is (to a sufficient approximation) the angular semi-aperture of 
the pencils of rays passing, via the condenser, through P x and P 2 . 

When the effective part of the source £ is uniformly bright, so that 
the iris diaphragm is filled by a uniformly bright area of the image £', 
we can replace sums by integrals and, neglecting obliquity factors, 
obtain the approximate equation 


712 


- JJ 


exp(tl-[^(x 2 -x 1 )+g(y 2 -yi)]} dpdq 


p* + 0* £ sin’fi 

2J,{z) 


(3.73) 


where 


2 = ^P x P 2 sin/?. 
A 


Thus t he coherence is. within the limits of accuracy of our approxima¬ 
tions, the same with Kohler illumination as with critical illumina¬ 
tion. In view of this result it seems unfortunate that critical and 
Kohler illumination are often designated as ‘incoherent’ and ‘coherent’ 
respectively. 


3.71. Condenser aperture and resolving power in the microscope. From 
(3.71) and (3.73) we can find an expression for the light intensity in the 
image by the micro-objective M of two pinholes a small distance apart 
in the object plane under critical or Kohler illumination. 

Let sin a be the numerical aperture of M and sin/? = 5 sin a that of 
the condenser. If the aberrations of M are negligible, we can introduce 
a system of coordinate numbers x ', y' to identify the points P in the 
image surface S' of ,1/ by assigning to the geometrical image of the 
point (.r, y) in the object plane S the coordinate numbers x = x, y y• 
A unit source at P l = (x v y x ) or at P 2 = (* 2 ,y 2 ) in the plane S gives 
at an arbitrary point P' of coordinate numbers x' = x, y' = y m S' an 
intensity proportional to 


(3.74) 
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respectively, where 

= Y shlCt ^ {x ~ Xl)2+{lJ ~ 1J ^ z * = y sin«V{(*-*,) 2 +(y-y 2 ) 8 } 

(3.75) 

and the factor of proportionality is the same in both cases. 

By (3.71) and (3.73), the phase-coherence factor between P l and P, 
in the object plane is 


Yl2 — 


2 Ji(** 18 ) 


sz 


12 


(3.76) 


where 


S2 12 = ~ sin p /> P 2 , z n = ysina P x P 2 , 


and if P lt P 2 are neighbouring points the illumination intensity may be 
taken to be the same for both. 

; U then follows from (3.14) that at the points P' of coordinate numbers 
* = x > V = V in S' the intensities are proportional to the quantity 

= 2J,( 2l ) 2dfe) 

\ Z 1 J \ Z 2 / <S2 12 Z t Z 2 " ' ' 

Some interesting conclusions follow from (3.77). If S2 , 2 is a zero of J. 
the product term vanishes and P v P 2 are incoherently illuminated. In 
particular, this will be so if * = 1 and P, P 2 is equal to the resolution 
hunt conventionally defined as the radius of the first dark ring in the 
Airy pattern of M. At this separation of P 1 P n 




(3.78) 


!!"mi!ou 8 intenSity distribution in S ' is same as if P„ P a were self- 
When the aperture of the condenser is very small (s 0), (3.77) gives 

= + (3.79) 

in this case the points are coherently and cophasally illuminated 
In the ease where each of the incoherently illuminated points P P 

po n?ST “ n ‘ Ted °" theflrSt Airy darkring “ the of’other 
P mt, (3.78) gives an intensity 0-73(1 at the point of S' midway between 

" compared until 1-000 at P; or P;. The corresponding separation 


P,P,= 


3-83A 0-61A 


277 sin a 


sin a 
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is the well-known Rayleigh limit of resolution for an objective of numeri¬ 
cal aperture sin a working in light of wavelength A. It is easy to calculate, 
for different values of s, the least separation p 12 of P v P 2 which gives the 
same intensity drop of 26-4 per cent, at the mid-point. The result is 
shown in Fig. 35, from which it will be seen that suitably arranged 
critical or Kohler illumination can give a slightly better resolution of 



Fig. 35. Effect of condenser aperture on the resolution 
of two luminous pinholes of equal brightness. After 
Hopkins and Barham (1950). 

two equal pinholes than that obtained by incoherent illumination, while 
axial illumination gives, in this case, only about three-quarters of the 
resolution obtainable with two equal self-luminous point sources. 

3.72. Images of transilluminated objects. In microscopy we usually 
have to deal with the more general case of a transilluminated extended 
object imaged by an objective S of small aberrations (see Fig. 36). 
By (3.52), the intensity distribution in the image surface S depends 
only on the values of the mutual intensities on the emitting side of 
the object plane S and on the distribution function d x (P v P' 2 ) of the 

micro-objective S. ... 

We set up in S a system of Cartesian coordinates (X, F) with origin 
at the axial point O of S, and in the exit pupil of S a set of scale-normalized 
coordinates (u,v), so that the positive u- and X-directions are paralle 
and likewise the positive v- and F-directions. The ray issuing from the 
point Q = (X 0 ,F 0 ) in S and passing through the point (u,v) of the exit 
pupil will be called the (u, v)-r&y through Q. Those (w, r)-rays, and on v 
those, for which u 2 +i; 2 < 1 pass through S, and their intersections with 
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the receiving surface S' form the geometrical image-patch of Q on S’. 
The intersection Q' of tlie principal ray (u = v = 0) through Q is called 
the principal point of the Q-image patch. 



We suppose the working field of S to be of small angular radius (its 
radius is less than 3° in most practical cases). Then for any point Q in 
the working field, the (u.v)-rays with u 2 -f- t 2 < 1 form, to a sufficient 
approximation, a right circular cone of semi-angle <x, where sinccf is the 
N.A. (numerical aperture) of the objective S. The principal ray through 
Q is the axis of this cone and the («, u)-ray through Q makes with the 
principal ray an angle 9, where, to a sufficient approximation, 


sin 9 = / sin a. (r 2 = u 2 +y 2 ). (3.SO) 

Spherical wave-fronts issuing from Q and passing through S are 
converted into near-spherical wave-fronts centred approximately on Q’. 
We construct the two reference spheres M Q , M' Q , centred on Q, Q' and 
respectively passing through the axial points of the entry and exit 
pupils of S. 

We denote by 8(<?) a small circular patch of the object surface, lying 
in the working field and centred on Q.% The radius of S (Q) is small 
compared with that of the working field but large compared with the 
Airy disk diameter l-22A/sin« corresponding to the numerical aperture 
o S. In a microscope with a working-field diameter of 500 Airy disks 
we might take the diameter of S(<?) as about 30 Airy disk diameters. 

V is too close to the edge of the working field, it does not possess a 
neighbourhood 8(Q) with the above properties. 


t Or iVsino: in tho case of on immersion objectiv 
t>o supposed to have tho refractive index N. 

well. 8qUQro » wlth parallel to tho nxe.v 


In this ciiso tho object space may 
coordinates, would serve equally 


M8S.48 


u 
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The objective S is assumed to have the properties of a good micro¬ 
objective. Its aberration function 

4>(u,v; P) = e(u,v, P)—e( 0,0; P) 

(see equation (3.1)) is supposed (say) all over the working field. 
We further suppose that, for a proper choice of the receiving surface S' 
in the image-layer of S (see § 3.1) 

e(u,v;P)— e(u,v;QX A/2w (3.81) 

for all P in 8((?). Thus we may use throughout 8((?) the approximation 

exp{»&e(u,v; P)} = exp {ike(u,v, <?)}. (3.82) 

It will appear later from the analysis,! and is in any case a familiar 
fact of experience, that when critical or Kohler illumination is used the 
parts of S outside b(Q) do not contribute appreciably to the intensity 
distribution in the immediate vicinity of Q' in the image surface S'. 
It is therefore convenient, in a discussion of this distribution, to make 
use of the coordinates 


x = X-X 0 , y = Y-Y 0 , 


(3.83) 


obtained on moving the (X, T)-origin to the point Q. 

The principal ray through any point P = (x, y) in the field area, after 
passing through S, intersects the receiving surface S' in a point P' to 
which we assign the coordinate numbers x' = x, y' = y. 

The structure of the object can be represented by a complex trans¬ 
mission function E(X,Y) in the region X 2 -}-! 2 ^ « 2 which represents 
the working field; outside this circle we define E(X, Y) as zero. In terms 
of x, y the transmission function may be written as 



^(x-j-X 0 ,y-f-l 0 ) 
0 elsewhere. 


(x+X 0 ) 2 +(!/+lo ) 2 <« 2 


(3.84) 


The mutual intensity between the two points 

Pi = (*i. Vi) and Pt = (*t» ^2) 
on the emitting side of S is then 

E Q (x v y l )E Q (x i ,y 2 )J li , (3-85) 

where J 12 is the mutual intensity between P x and P 2 on the receiving side. 
In a practical case, the intensity J n of the illumination is usually arranged 
to be constant over the working field. Variation in this intensity can in 
any case be covered analytically by keeping J n constant and supple¬ 
menting E(X, Y) with an appropriate real multiplying factor CI n . 


t Sec (3.92) and (3.94). 
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Therefore it is permissible in the present discussion to assume J u — 1 
everywhere. The illumination is then sufficiently described by the 
phase-coherence factor r i2 — Ji 2 / x /(J n J r ,). 

With coherent or Kohler illumination the value of r i2 for any two 
points P v P z of the working field is given by the approximate equation 



(3.86) 


where sz — ( 27 t/X)P 1 P 2 sux^ and A is tlie wavelength in the object space 
of refractive index N. 

A uniformly bright source, filling a region S of a spherical surface M” 
of very large radius centred at 0, would provide uniform illumination 
with the same r i2 if the region £ is the inside of a circle centred on the 
optic axis and subtending an angular radius /3 at 0. We call it an equiva- 
leM primary sotirce for the given illumination; in the immersion case 
(iV > 1 ) the whole of the space between 5 and this fictitious source is 
supposed to be filled with material of refractive index N. 

The (u, w)-rays through 0, produced backwards, define a set of coordi¬ 
nate numbers (u,v) on M"; when sin/3 > sin a the coordinate numbers 
of a point corresponding to a ray which would meet the plane of the 
exit pupil of S in a point (u,v) with u 2 -f v* > 1 (and therefore cannot 
actually pass through S) are still defined as («, v). 2 is thus the region 

u ^ s ~ on Af ; the radius of the sphere M" is supposed large com¬ 
pared with the linear diameter of the working field of S. 

A surface element da at the point of coordinate numbers (u, v) on M" 
emits a flux y(u, v) da, where 


y{u, v) = 




(Zt‘- \-V‘ ^ 8*) 

0 (u 2 +u 2 > s 2 ) 


(3.87) 


is the normalized flux density. The wave-fronts issuing from da are 
sensibly plane when they pass through the small field area on S. The 
complex displacement which they create at a point (i^.tq) on M 0 can 
e regarded as due to a Fraunhofer diffraction by the field area It is 

wWe 0 t he a functb„ mately Pr ° POrti ° nal *•«««—•'h-MW-..)*.}, 


CO 

Q (u,v) = JJ E Q (x,y)e- ik ^<n U x+v V ) dxd y t 

— CO 


(3.88) 


defined for all u, v, represents sufficiently well in the region «*+»t < i 

whth a could the T° tmm ° f y) Under axial ilhimi "ation 

wnicb could pass through the objective. 
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From this we can calculate, approximately, the complex displacement 
at the point (« lf v x ) on M' Q \ it is proportional to 

exp{— ike(u x ,v x ‘, Q)}e Q (u 1 —u,v 1 —v)J{y(u,v)do} (3.89) 

since the optical distance along the (Wj.vJ-ray between M Q and M' Q 
differs from e(u x ,v x , Q) only by a constant. 

The displacement distribution (3.89) on M' Q produces at the point P' 
of coordinate numbers x' = x, y' = y on S' a complex displacement 
proportional to 

yj{y(u,v)da) J* | exp{—•&e(« 1 ,v 1 ;Q)}c Q (ic I — u,v x — v)x 

r?<l 

xe iks\na(u l x^v l v) ( lu l dv 1 (3.90) 

= <J{y(u,v)do}<t> Q (u,v,x,y), 

where v,x, y) denotes the value of the surface integral. The corre¬ 
sponding intensity is proportional to 

y(u,v)\<f> 0 (u,v,x,y)\ 2 da, (3.91) 

and here da is approximately proportional to dudv as (u, v) runs over £. 
Summing over all the elements of the equivalent source 2 and remem¬ 
bering that y(u, v) = 0 outside the circle u 2 +v 2 < s 2 , we obtain for the 
total intensity at P' near Q' the equation 

CO 

l\x,y) = JJ y(u,v)\<f> Q {u,v,x,y )\ 2 dudv, (3.92) 

— 00 


where 

<f> Q (u,v,x,y) = ff exp{—ike(u x ,v x ,Q)}c Q (u x —u,v x —v)x 

ti 4 + rl<l giksin a{uiX+viV) du l dv 1 . (3.93) 

Since k sin a > 1, we can apply Fourier’s integral inversion formula to 
the right-hand side of (3.93), treating it as though the domain of integra¬ 
tion were infinite, and obtain, with the use of (3.88), the approximate 

equation 

<t> Q (u,v,x,y) = k g ” a J j' E Q (x l ,y x )F(x—x l ,y—y x )x 

^ (<?) X e ik sin a(!ixi+ri/i) <£ x x dy v (3.94) 


where the complex function 

nx<y) = k ^ JJ cxp{— ike(u,, ^)Je ,fcHlnatx,,l+, ' t ’ l> du,dv, (3.95) 


u} + r{<l 

,, except for a constant factor, simply d x {Q, P')- 
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00 

The writing of f | instead of fj in (3.94) is justified as an approxima- 

6(0) - 3C 

tion because the circle 8 (<?) is large compared with an Airy disk, and the 
writing of rf A (Pj,P') in the form F(x—x v y—y l ) in (3.94) is possible 
because e{u, v; P) is effectively independent of P in the circle S(Q), which 
is small compared with the working field. 

To express these results in terms of the coordinates X , Y in S and the 
corresponding system of coordinate numbers X , Y in S', we first note 
that € 3 ( 1 /, v) is related to the spectral function 

e(u,v) = J J* E(X, y)e-‘ ks i n “ ( "- Y+ ri'> dXdY (3.96) 

by the equation 

e Q (u,v) = c( u, v)e ik 8in <X“-v.+r r#^ (3.97) 

which follows at once from (3.88) on changing variables under the integral 
sign. 

(3.92), (3.93), and (3.94) then give, after easy calculation, 

CO 

P{X,Y) = Jf y(u, v)\<f>(u, v; X, l ')| 2 dudv, (3.98) 

where 


<f>{u,v\X,Y) = e.fcsinaiu.Y.+ri-o \f> Q ( u ,v;x,y) 


and also 


= Jf exv{-ike(u l ,v l ,Q))e(n l -u,v l -v)x 

X e ik sin o.(u, A' +r, F) rfy 


(3.99) 


^(u, v;X,Y) = ?~ff E(X, Y)F(X-X lt Y-YJ x 

8 ( 0 ) 

x e ik sin a(u.V l+ rr,) ^ d y^ j Q()) 

where the function F{x, y) is defined by ( 3 . 95 ) as before. 

Equation (3.98), obtained in a slightly less general form by Hopkins 
(1953) t puts in evidence the parts played in image formation by the 
partially coherent illumination on the one hand (through v(w, a)) and by 
the combined effects of object structure and optical system on the other 

7, U A h f ( “’ X> Y)) ' E( * uations ( 3 - 96 ) and (3.99), or equations (3.100) 

?! e ,T eS3in tW ° different wa y s corresponding to the Abbe 
and Rayleigh theories respectively-the manner in which object struc- 

ture and ikonal function are combined in the formation of the function 

Y\ u > V, A. y I ). 

hi.Up.“ for " llowi " 8 - * - 
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The image near Q' of a self-luminous object can evidently be expressed 
by the equation 


I'(X,Y) = ff WX^YJflFiX-X^Y-YJFdX^Y,, (3.101) 

5(0) 


since E(X 1 ,Y l ) is the intensity distribution at in the object 

surface S and \F(X—X v Y—Y 1 )\ 2 dS is, by (3.95), the intensity at 
( X , Y) on S' of the image of a surface element dS of intensity density 1 
situated at (X x , Y t ) on S. This can be fitted into the formalism of the 
general theory as the case y(u,v) = 1 (all u, v) by applying Parseval’s 
theorem to (3.101), as though the limits of integration were infinite. 
Using (3.100) and disregarding the finiteness of the area 8(Q) as before, 
we then obtain the equation 


CO 

I'(X,Y) = If \<f>(u,v\ X,Y) | 2 dudv, (3.102) 

— 00 


which is (3.98) with y(u,v) replaced by 1. Since there is no equivalent 
source £ which can illuminate S incoherently, the self-luminous object 
is not physically a special case of the transilluminated one, and the 
formal analogy must be used with caution. From the formal point of 
view it is natural to refer to the self-luminous object as the case s = co.f 
At the other extreme is the case s -> 0, where the numerical aperture 
of the condenser is vanishingly small compared with that of the objective. 
Here the general argument breaks down because the coherence patches 
are larger than the whole of the field surface; we have the case of coherent 
illumination. This can be axial or oblique, and it is well known that the 
change from one to the other can alter profoundly the appearance of fine 
detail in the object. From the point of view of the general theory, 
coherent illumination is the special case where the equivalent source is 
reduced to a point, axial or non-axial, and y{u, v) is replaced by a Dirac 
8-function h(u—u 0 ,v—v 0 ). (3.98) then becomes 

I'(X,Y) = \tf>(u 0 ,v 0 \X, F)| 2 , (3.103) 

where now only the equation (3.99) for <f>(u,v,X, 1) is available in the 
general case. When the objective is such that e(u l ,v 1 ; P) is (to within a 
small fraction of A/27r) independent of the position of P in the working 
field ,% the alternative representation (3.100) becomes available in the 

t For a transilluminated object, 8 = sin /?/sin a. . . 

} This condition is more stringent than ordinary isoplanatism, which does not restrict 

ikonal terms independent of u, v. 
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approximate form 

CO 

*(«,»; x, Y) = J J F(X, y)F(Z-x l5 r-y,) x 

Xe ».In«(...Y 1 +r rddX^dYi. (3.104) 

In this case we can write e{u x ,v x \ P) = e(w 1 ,y 1 ), and (3.99) becomes 


<f>(u,v;X, Y) 


= fj exp{— ike(v v 

«}+t r l<i 


v i)}«( u i— u - v i—v)x 

x gffc siu o(u.-Y+c, 1) d Vi J t<i> 


(3.105) 


The complex displacement at the point P' of coordinate numbers ( X , } r ) 
in S' is now a constant multiple of <f>(u,v;X,Y). In the special case 
u — v = 0 of a coherently and cophasally illuminated object, this 
becomes 


<f>(0,0\X,Y) = |Y exp{— ike(u 1 ,v 1 )}e(u v v l )e ik * in ' x( ' , ' x+r ‘ V) du 1 dv l . 

u? + rj<l 

(3.106) 

A particular ‘elementary component’ or Fourier element 

€ ( u i> v 1 )e'* 8,D<x(, ' l - Y+r,K > du x dv x (3.107) 

in the spectral representation 

GO 

E(X,Y) = k ^ “ JJ €(« 1 ,y,)e asln “<“>- Y + l ' 1 '>dM 1 dy 1 (3.108) 

— «x> 

of the object function therefore appears in the image with a phase-shift 
—ke(u v v j) if wj-f v\ < 1; otherwise it is suppressed. The factor 

exp{—v t )} 

which expresses the phase-shift is the ‘transmission factor’ of Duffieuxf 
for the particular component considered. In the idealized case of an 
aberration-free objective, the image is the sum of those Fourier ele¬ 
ments (3.107) of the object for which the frequencies v x = ku x sin a, 
vy = Jcv x sin a satisfy the inequahty 


*'i+*'r < 


2 sin 2 *. 


A 2 


In terms of polar coordinates (r, 9) and (r t , Xl ), for which X+iY = re i0 , 
= r » e< **’ the elementary components of the object take the form 

€ ( r i> Xi (3.109) 

r.LV.pUq'SXfa iw6 rafc * “ *“ ' d. la 
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where c(/ j, Xl ) denotes «(m,, r,) expressed as a function of r v Xl . We call 
» x = kr t sin a the frequency and Xi the azimuth of the elementary com¬ 
ponent (3.109). Because of the symmetry of the system, the ikonal 
can be expressed as a function e(r,) of r x only. The complex 
displacement in the image surface is then the sum of those elementary 
components (3.109) in the object with frequency < A-sina, each com¬ 
ponent appearing in the image with a phase-shift — ke(r x ) which depends 
on its frequency but not on its azimuth. This result is expressed by the 
equation 

1 2rr 

<f>{0,0\X,Y) = | exp{ — ike(r 1 )}r 1 dr 1 | e(r,. Xl )e , '* :sln “ rr ' cos<tf -x 1 ) d x „ 

6 o 

(3.110) 

obtained on changing variables in the integral on the right of (3.106). 

With oblique coherent illumination, corresponding to an equivalent 
point source at (M 0 ,r 0 ) on 31", the frequencies (v x ,v r ) = ksin<x(u,v) 
passed by the system are those for which 

(u — u 0 ) 2 +(v—v 0 ) 2 < 1. 

WhenM5+v§ > 1 we ha vet he case of coherent dark-ground illumination. 
Only frequencies of the object between ksina.{ % l(ul-\-vl) — 1} and 
A sina{ N /(j/ 5 +f 5 ) 4 -l} can then contribute to the image; ‘smooth’ areas 
of low optical slope therefore appear dark with bright edges. Fine detail 
appears strongly metamorphosed, even when the objective is aberration 
free, for reasons which will become clearer in § 3.74. 

3.73. Resolution of transilhoninaied object structure. Provided the 
obliquities are not too large, oblique coherent illumination from the 
direction (it", t’") results in a complex displacement density 

EtX, Y)e ik s,n a<u "- Y +r " n 

on the emitting side of the object plane S. The Fourier element 
e(u, i')e ik * i "< xU,x+r} ' ) dudv , corresponding in the case of axial illumination 
to a diffracted beam of parallel light coming off in the (u,v) direction, 
is replaced by an element 

e(u, v)e ik 8 i»‘al(u+ , nA'4< r + p ")r] dudv, (3.111) 

corresponding to a similar beam coming off in the direction (u + u , t’+ v ). 
This beam will be transmitted by the objective S (assumed isoplanatic 
in the stricter sense e(u,v; P) = e(u,v) explained above) provided 

(u+w*) 2 +( v+v")* < 1. (3.112) 

The element (.3.111) then appears, with a phase-shift -Ae(H+«',f+tJ'), 
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in the complex displacement function on S', which (disregarding constant 
multipliers) we can write as 


CO 




u”, v”; X, Y) = JJ €(u,r)K(« + M-,i;+Ox 


— co 


X exp{— ik e(u+ it”, v + v")}e iksinal( " +u "* x +‘ p + V "' y 'dudv, (3.113) 

where the function K(-p,q) = 1 or 0 according as p 2 -\-q 2 $ 1. 

In the case of an extended equivalent source of luminosity distribu¬ 
tion y(u, v), connected with the coherence function 

r„ = r 

on S bj r the equations^ 


oo 


y(u,v) = -i- JJ T (x,y)e~ iluX+cr) dXdY 


— CO 
CO 


T(X, y) = J J y(u, v )e ,<Xu+I r) dudv 


— CO 


(3.114) 


the source element da = du"dv" situated at the point of coordinate 
numbers (u",v") on the spherical surface M" (Fig. 36) supplies oblique 
coherent illumination of intensity proportional to y(u", v^du'dv".% It 
follows that the total intensity at (X, F) in the image on S' is propor¬ 
tional to 


CO 


/'(X,F) = JJ y(u\v'')\<f>(u- y v'',X,Y)\ 2 du'dv 


(3.115) 


— CO 
CO 


CO 


— J l du 1 dv 1 J f dti 2 dv 2 t(u lt ty, u 2 , v s )c(it 1( i>,)e < * ,,n ®<“«-v+nr> >< 

-<*> -CO 

X c(m 2> v 2 )e-‘ ik sln r) 9 (3.116) 

where the real quantity 

00 

= Jj ytu", »")«(«• + **!,»'+w 1 )'f(u'-}-M 2 ,r' , + i? 2 )x 

— 00 

X exp{ti[c(u"-f u 2 , »"+w 2 )—€(«*-}-«,, v'-f-rj)]} du'dv'', (3.117) 
infinite® d ° mainS ° f inte S ration in (3-116), (3.117) are only formally 

of «*+©» ^ rMDor°Uv ( r' V> ’ 1 m “ y b ° sup P oscd identically zero for largo valuos 

Because JTfor ^ V ST" V) = ° ev "3 fwh « °^ ido -+- = 4. 

outside **jy* = 4 o*. + ’ lt 13 ° f "° con seq“°nco what values I>, y) takes 

t y(w'» V") is real bocauso T,, — f „. 
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The relationship of l(u lt ty, u 2 ,v 2 ) to Duffieux’s transmission function 
t( u , v) for coherent illumination is seen by writing (3.117) in the form 

00 

/(?/,, ty h 2 , i’ 2 ) = J | y(u", v")t(u''+u 1 ,v'' du”dv”. 

(3.118) 

Equation (3.116) can be regarded as expressing I'(X,Y) as a (Her- 
mitian) bilinear form in the Fourier elements 


f UiV (X,Y) = e(u,v)e iksiaaluX +^ dudv, (3.119) 

the ‘coefficients’ t(u 1 ,v l ]u 2 ,v 2 ) of this form express the transmission pro¬ 
perties of the isoplanatic objective S when used with the transillumina¬ 
tion y(u, v), that is to say the effects of finite aperture, aberrations and 
defocusing.t We may call them the transmission cross-coefficients 
of S working with the given transillumination. 

From the same point of view (essentially that of Abbe) it is possible 
to give a reasonable theoretical definition of resolution in terms of the 
Fourier elements 

e(u,v)e ikslD «(“-Y+» r ) dudv, (3.120) 

which together build up the object structure E(X, F). (See equation 
(3.108).) We can agree to say that one of these elements is resolved if it 
makes a non-zero contribution to I'(X, Y), i.e. if the transmission cross- 
coefficient/(u, v, u', v') does not vanish for all u', v' satisfying u' 2 -\-v' 2 < 1. 
The physical criterion for this is simply that some of the diffraction 
beams from an object of the special form 

E(X,Y) = c <fcslna(uA ' +rr) > (3.121) 

uniformly transilluminated with the given partial coherence r i2 , shall 
pass through S. 

It now appears that, generally speaking, neither aberrations of the 
isoplanatic objective nor the details of the flux distribution y(«, v) in the 
equivalent source will affect resolution in the above sense;]; pro\ ided 
the condenser is properly ‘filled’, the resolution is determined simply by 
the numerical apertures sin a, sin ^ of objective and condenser. Periodic 
detail in the object which is of too high a frequency is not transmitted 
by the system consisting of S together with the given transillumination; 
it simply disappears in the image. Aberrations of the objective cannot 


t Non-uniform transparency of the lenses can be taken account of by giving the 

ikonnl function e(u,v.Q) complex values. .. mav 

+ ‘Accidental’ vanishing of ««,. v,; «„ v t ) for .solated sets of values »„ « t , t„ t, may 

of courso occur at particular focal settings. 
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cause this disappearance, though they may cause the periodic detail to 
appear with diminished, or distorted, or even reversed contrast. From 
(3.117) it is evident that frequencies v = k sin oiyJ(u--\-v 2 ) higher than 
(l+s)£sina cannot be resolved, since then k(u"-\-u, u"+v) is zero for 
every (u”,v n ) in the circle u" 2 -\-v" 2 < s 2 , and the integral (3.117) is 
consequently zero. Frequencies just below this value, though ‘resolved’ 



Fio. 37. Effective domain of integration in (3.117). C' t is tho point 

—‘i), C, the point (-«„ — v t ). 

according to the above definition, have small transmission cross¬ 
coefficients, because the (u B , u")-region where y(u, i>)k(u"4-m, v" + v) ^ 0 
is of small area and (3.117) is consequently small. 

The general case is represented in Fig. 37. The product 

y(u", v'Xtt’+u,, u'+VjMm'+w,, t>*+r t ) 

can only differ from zero in the ( u\ v")-region common to three circles; 
the first of centre C, = (—u„ —v,) and radius 1, the second of centre 
C 2 = (— u 2 , — 1 > 2 ) and radius 1, the third of centre O = (0, 0) and radius 5 . 

This region, shaded in Fig. 37, represents the part of 2 from which 
flux y(u”,v') contributes to the integral (3.117) defining the cross- 
coefficient t(u 1 ,v 1 ;u 2 ,t> 2 ). In the special case where the objective is error 
free and where y(u,v) is 1 or 0 according as u°-+ u 2 $ s 2 , the value of 
i{u it vy,u 2 ,v z ) is equal to the area of the shaded region. In the case of 
transillumination with an annular equivalent source, the third circle in 
Fig. 37 is replaced by an annular region 

«? < u” 2 -\-v” 2 < 5 |. (3.122) 

The shaded area in Fig. 38 then represents the effective region of integra¬ 
tion in the integral expression (3.117) for tiu^v^u^v^). 
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The cross-coefficients for a self-luminous object are obtained on 
replacing y(u", v”) by 1 in (3.117). Then the effective region of integration 
is the area common to the first two circles in Fig. 37, and in the case 
e(u, v) = 0 of an aberration-free objective 


/( u 1 , v 1 ; u s , v s ) = |J k(u"-\-u v v"+v 1 )k{u 0 +u 2 ,v"-\-v 2 ) d^dv" 

— 00 

_ I 2 arc cos(ir 12 ) — r m /( 1 — Jrf 2 ) (0 < r 12 < 2) 

” i 0 (r 12 > 2), (3.123) 

where r 12 = C t C 2 = +J{(u 1 —u 2 ) 2 +(v 1 —v 2 ) 2 }. (3.124) 



Fig. 38. Transillumination with annular equivalent source. 
Effective domain of integration in (3.117). 


3.74. Periodic objects. When the object function E{X,Y) is doubly 
periodic inside the field circle X 2 -\-Y 2 <. a 2 and this circle contains a large 
number of period-cells, the function e(u,v) develops a lattice of sharp, 
regularly spaced peaks and is small in between these peaks. The Fourier 
integral representations (3.105) and (3.108), in which the function e(u,v) 
occurs under the integral sign, then begin to resemble double Fourier 

series. 

In such a case it is more convenient to work with double Fourier senes 
from the start. We assume 


E(X,Y) 


y a gik sin aimXlp+nV/q) (X 2 -\-Y 2 <. d 2 ) 

' - n i n 
m.n 

0 elsewhere, 


(3.125) 


where the integers in, n run from —cc to d-co and the coefficients a mn are 
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complex. The periods of E(X, Y) in X and Y are then pA/sin a and qXjsin a, 
i.e. p/1-22 and <7/1-22 Airy disk diameters respectively. 

The condition that E{X, Y) should be real for all X, Y is 


= « m . n (all m, «). 


(3.126) 


This follows easily from the vanishing of the imaginary parts of the mean 
values of the functions 

rvv- -.r. cos (mX . . \eos (nY , . \ 

E(X,Y) . (-tsina . —ksmtx . 

sin\ p /sin\ q ) 

Physically, a real function E(X,Y) corresponds to an object which 
absorbs without introducing appreciable phase differences. As special 
cases of (3.126) we have 


«m,0 = «— m.0> a 0.n = ®0,-n ( a11 >«. «)• 

(3.96) now gives 


(3.127) 


CO 


€ (U, v) = J J E(X, Y)e~ iks taa(u.Y+rn dXdY 


— CO 


= f f 2 a mn «'* sla a,(m ' p '" ) - Y dXdY 

Vt I 1/1 y inn 


a:*+ r*<«* 


= a 2 tsina a mn ^--'H n \ 

mn Z mn 


where 


mn 




(3.128) 


(3.129) 


Equation (3.128) puts in evidence the peaks of e(u,i>) at the points 
u = m/p, v = n/q. 

Substituting from (3.128) into (3.113), we obtain 


CO 


~ 7r J J *mn 


mn - ~ mn 

— co 


xexp{—tA-e(«4-“", v+v')}e a ' sl " «tt«+u")-v+(t+r"H'] dudv. (3.130) 

With a field diameter of 500 Airy disks, the value of at sin a is a little 
more than 1900 and we can use in (3.130) the approximation 


a 2 t 2 sin 2 a ^fe^ = hlu-™, y __”\ 
2 m„ \ V q)’ 


(3.131) 
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where S is a Dirac 8-function. This gives the approximate equation 

mn 'it 

X exp j—jfce^-j- u", - -f i)' , j|e' fcsina|<m 'i ,+u ") : ' : +(n/5+c")n j ( 3 . 132 ) 

and on substituting in (3.115) we obtain for the normalized intensity 
distribution 4ttI'(X,Y) in the image the approximate equation 

CO 

4tt I'(X,Y) = 4^7 IJ y(u", v")\<f>(u", v”; X, Y)| 2 du”dv" 

— CO 

= I (3-133) 

mnm'n' 

where the ‘transmission cross-coefficient’ 



x exp { a [ c (7+ 7 +” j - e (f+ i+ *')]} 

1 (m n m' n'\ 

TT \ p q p q) 

by (3.117). Since y(u",v") is real, 

Wmn ^mnm'n’’ 


du”dv” 

(3.134) 

(3.135) 


We note in passing that a substitution direct into (3.128) of the 
approximation (3.131), giving 


€(U,V) 



(3.136) 


would be equivalent to supposing that, with an object of the form 
(3.125), the diffraction spectrum breaks up into a discrete set of sharp 
parallel beams. This actually occurs if E(X, Y) is taken as given by the 
first of equations (3.125) for all values of X and Y. 

A comparison of (3.133) with the equation 


I{X,Y)= \E(X,Y)\*= I 


a mn (, m n 


, e ik sin aUm-m'iXIp-Hn-niriQ) (3.137) 


mnm n 


for the intensity distribution on the emitting side of the plane S shows 
that a ‘perfect’ image will be obtained only if c mnm ‘ n * = const, for all 
values of ?/?, n> m\ n' for which a mn a m ^ n * ^ 0. In all other cases, some 
information regarding the object is lost or falsified by the imaging 
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process. The influence on the of the coherence conditions in the 

object plane may be studied by giving, in (3.134), suitable forms to 
y(u”, v"), the flux distribution in the equivalent source. The influence 
of the aberrations (including defocusing) is expressed in (3.134) through 
the ikonal function e(u,v). Broadly speaking, it is the numerical aper¬ 
tures sin a, sin/3 of objective and condenser which between them deter¬ 
mine the resolution; aberrations and change of focus of the objective 
determine the ‘contrast’ (in a generalized sense) of the resolved frequen¬ 
cies as they appear in the image. 

More precisely, we have in the object 


I{X,Y) = |tf(X,y)|* = 2 a mn d m . n . e lk sin tftm-mlY/p-Hn-nJKM] 

mnm'n' 

= 2 A r8 e <ksiatxlrX,p +* y " 1) , (3.138) 

rs 

where A S =I«m n «m-r,n-,. (3.139) 

rnn 

and in the image 

I'(X,Y) = 2 c mnm . n .a mn S m . n .e^^-«'ixipMn-n'tyM 


where 


= ^ B rs c iksla <* rXI > ,+syi0) , 
rs 

Brs ICm,n,m-,,»-»« MI .“m-r,n-r 


mn 


(3.140) 

(3.141) 


Because I and 1' are real quantities, the A rs and B rs satisfy the relations 

= B_ r - S — B r ^ (3.142) 

(compare (3.126)). The absolute values \A rs \, |B r ,| may be regarded as 
specifying the ‘contrast’ with which the periodicities (A p/r sin a, A q/s sin a) 
appear in I(X y F) and I'(X, Y) respectively. 

In the case ‘s — co’ of a self-luminous object, it is easily seen with 
the help of Fig. 37 that c mnm . n , depends only on m-m', n—n', even 
when the isoplanatic system S suffers from aberrations or focus error. 
We express this by writing 


Then (3.141) gives 


mnm n 


n ' 


(3.143) 


^ r $ ^^^rB a mn^m-r,n-s — d rs A rs , (3.144) 

from which it appears that the d rs are transmission factors in the sense of 
-Duffieux. 

It is only in the two extreme cases of fully coherent and fully incoherent 
objects that transmission factors of this type exist. However, in the 
general case of a partially coherent object surface, the relation between 
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the intensity distributions I(X, }') and I'(X, Y) can still be expressed in 
terms of frequency-components by means of the transmission cross- 
coefficients c, 


inn m'n'* 


3.75. Imaging of periodic line structures {gratings). If a mn = 0 for all 
n # 0, we can define a m = a m0 and write 

E{X, Y) = 2 a m e ik6iDa mXIP , (3.145) 

7 n 

I(X,Y) = \E{X,Y)\* = Ia m 5 m .e , ‘ sla «' 1 " 1 -" lWf 

mm' 

_ s * n a,r xip j 

r 

l’(X, Y) = 2 C, M .a.w* 

mm’ 

— ^ jB g^sina .rXlp, 


(3.146) 


(3.147) 



where 


Fig. 39. Imaging of a self-luminous grating. Effective domain in 
the integral for the transmission coefficient d m _ m . = c m0m . 0 . Tho 
centre of the first circle is tho point C, = ( — rnlp,0), that of tho 
second circle the point C\ = (— m'IP» ff)* 

A r = 2 a m®m-r» = 2 c m. 0 ,m-r, 0 a m"m-r (3.148) 

7/1 m 

and A_,= A„ B^ = B r (*•“»> 

This is the case of a periodic transmission grating with lines parallel to 
the T-axis. When the object is self-luminous, we can write 

c m0m'0 = ^m-m',0 = ^‘m-mC 

(compare (3.143)) and obtain from (3.148) 

B, = d r A r . (3.150) 

The numbers d r are the Duffieux transmission factors for the imaging 
of a self-luminous line structure. In general, they are affected by 
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aberrations of S and by defocusing. When these are absent , we have 
from (3.123) and (3.124) 


life 0;=r.o\ 

TT \p P 


(2 

- arc cos 

7 T 


iHliM'-S) (• 


< 


r 

V 


< 2 


i° (l? >2 )- 


(3.151) 


The factor 1 /t t results from the normalization adopted in (3.133), which 
secures that the intensities are equal at corresponding points of an 
object and its ‘perfect’ image. 

3.76. Resolution of fine gratings. By the normalized frequency of the 
grating (3.145) is meant the quantity = |l/p|. By a ‘fine’ grating 
we here mean one in which the normalized frequency to is comparable 
with unity, i.e. in which the period Ap/sina is comparable with the Airy 
disk diameter l-22A/sina of the objective which images it. By an ampli¬ 
tude grating is meant one in which E{X,Y) is everywhere real- by a 
phase grating one in which \E(X,Y)\ = 1. The name phase-amplitude 

grating is sometimes applied to the general case, in which ElX, }’) is 
complex. 

By a sinusoidal phase-amplitude grating we mean one which can be 
represented by an equation of the form 

E{X,Y) = a_ 1 e- ik * l '>*xip+a 0 +a l e il ‘*'''*xip. (3.152) 

This is the special case of (3.145) in which a, are the only non- 

zero a m . It reduces to an amplitude grating if n„ = = ft. Setting 

in tins case a = a, = i(« 1+ ;ft), = *(«,_;/!,), where a,, ft 

are real, we obtain (3.152) in the form P 

E(X, Y) = « 0 +a 1 cos(tsina.A/p)+^ 1 8in(i( sinc*.A7^). 

If we suppose the grating placed symmetrically with respect to the 
field-centre, this equation reduces to 

E(X,Y) = ao+oq cos(Arsina.A7j3). (3.153) 

(3 U " d f aXial a sinusoidal grating 

norm, • a n. diffracted beams, all of which are passed by S if the 
normalized frequency a, = |I/p| is less than one. If > i only the 

cen ral beam ,s passed, and the grating is not resolved; in this ease 
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I'(X, Y) is constant and the image is completely featureless.f In terms 
of the definition of resolution made in § 3.73, we must say that all three 
of the Fourier elements 


« 0 , a I e«A:sina.A7p > a _^ e -ik sin a.Xlp (3.154) 

of the function E(X, Y) are resolved if o> < 1, but only the element a 0 
if to > 1. 

If 1 < uj < 2, two of the Fourier elements^ can be ‘resolved’ under 
suitable oblique coherent illumination (for example under that corre¬ 
sponding to w 0 = (l-f-o>)/2, v 0 = 0) and the image then shows a 
sinusoidal intensity variation corresponding in period to the structure 
of the object. The grating is ‘resolved’ in the ordinary sense of the word 
but the relation between image and object is much less simple than the 
appearance of the image suggests. 

The last point becomes more striking if we consider the effects of 
defocusing on the image in these two cases. 

To represent axial or oblique coherent illumination, we set 

y(u\v") = S(«"—v 0 ) 

in (3.117), obtaining 

c momo = -<(»uu,0;m'«,0) 

7T 

= K(i/ 0 +ma>,r 0 Mu 0 +mV v 0 )x 

X exp{iA-[e(u 0 +/na», t’ 0 )— e(u 0 +m'aj, i> 0 )]}. 

The factor K(u 0 +mw, u 0 )k(h 0 4- vi'w, v 0 ) is equal to 1 when the elements 
a m e ik8lnoi mXIP , a m .e ikBlna m ' xlp are both resolved and to zero otherwise. 
Thus, in the case o» < 1, u 0 = v 0 = 0, 

c mom'o = exp{iA‘[e(mcu, 0)—e(in'w, 0)]} = exp{?A-[e(»»<y)—e(/n'aj)]} 

for m, m' = —1,0, +1, 

= 0 otherwise. (3.155) 

Writing rj m for exp{iA - c(/na», 0)} we obtain, after calculation, 

I'(X,Y) = (|a-il*+|fl 0 | 8 4*l°il 2 )+ 

-|-2 ^{((/oa.j^o^.j+aort, 7] 0 ij l ) e ~ ikaiaa ‘ x,p }- (3.156) 

In the case of (3.153) of an amplitude grating symmetrically placed in 

t Tho complications which onsuo when w is very nearly equal to 1 need not bo 
discussed here. 

♦ a 0 and a, e itsl o” X/p or a<) an d a _, e~ ik *l n* 
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the field, and imaged by a symmetrical system (for which = Tjj) 
this becomes 

= (<Xo+Aa?)-j-2a 0 oq rj 1 )cos(A: sin a . X/p) + iaf cos(2& sin ot.X/p) 

(3.157) 

= ao+2a 0 a, cos{A-[c(a>)—c(0)]}cos(A- sin a .X/p)-\- 

+ af cos 2 (£ sin tx.X/p). (3.158) 

Comparing (3.158) with the intensity distribution in the object 
I(X,Y) = [a 0 -f-a t cos(£sina.X/p)] 2 

= <x%+2<x 0 a l cos(ksin<x.XIp)+a.l cos 2 (fcsin<x.X/p), (3.159) 

we see that there is perfect imaging at those focal settings for which 
e((x))— e(0) = mX (m = 0, ±1,...). At the focal settings (midway between 
consecutive members of the first series) for which e{w) — c( 0) = (?« + i)A, 
(3.155) gives 

I'(X,Y) = [a 0 —a, cos(Ar sin a . X/p)] 2 

and the lines in the grating appear with reversed contrast. At a third 
series of equidistant focal settings, those for which c(oj)-c( 0) = (m±l)A, 
(3.155) gives 

I'(X,Y) = ao”}“ a i cos 2 (£sin a.Xjp) 

= ( a o+Jai)4-|afcos(2tsina. X/p) 

and the image shows ‘spurious resolution’, its frequency appearing to 
be doubled. 

Fig. 40 shows, in the particular case <* 0 = a, = i, the appearance of 
tne image at these focal settings. 

The response of the image to change of focus is quite different when 

(as m the case 1 < u, < 2; « 0 = (l+a>)/2, » 0 = 0) only two of the 

Fourier elements (3.154) of the grating are resolved. We then have, in 
place of (3.155), the equations 

c momo - exp{ifc[e(mcu)—e(m'io)]} = r, m rj m . for in, m' = -1, o, 

= 0 otherwise; 

whence, by (3.147) and (3.148), 

1 (X, Y) = {3 16() j 

fielch th^becomes * " ^ ——Hf P^ced in the 

/'(Z,7) = (‘4+t‘*l)+<x 0 ot l cos{k[e{0)—e(u>)+sincc.Xlp]}. (3.161) 
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Here the image appears as a fairly good representation of the object, 
but the contrast is reduced; it is approximately halved when a 2 <« 0 . 
The most interesting feature is that focus-shift or aberrations of the 
isoplanatic objective cause no change in the appearance of the image 
structure; they merely give the image a small apparent lateral displace¬ 
ment when e(tu) — e(0) is not an integer multiple of A. 



Fio. 40. Images at selected focal settings of the grating 
E(X) = j[l+cos(Jfc sin a.tu.Y)] under axial illumination in 

the case w < 1. A//er Hopkins (1953).- e(tu) —e(0) = mA; 

- e(w) — e(0) = («i + i)A; -c(u>) — c(0) = (w± J)A. 

These results have a more general application than to gratings of the 
form(3.151). For.ifi < w < 1, any axially illuminated phase amplitude 
grating of the form (3.145) will ‘lose’ all its Fourier elements except 
(3.153) when imaged by S, and its image is therefore identical with that 
of a sinusoidal grating (3.152). 

Similarly if 1 < to < 2, any grating (3.145) gives under oblique 
coherent illumination (u 0 ,0) (with -1 < « 0 < 1) an image identical 
with that of (3.152). 

We conclude that gratings of frequency to > 1 show no structure 
under axial illumination and gratings of frequency to > 2 show no 
structure under oblique coherent illumination. The frequencies to = 1 
and to = 2 are therefore, in a certain sense, limits of resolution for these 
two types of transillumination. Further, the appearance of the image 
at ‘best focus' of a coherently illuminated amplitude grating of frequency 
near to the resolution limit is independent of the aberrations of the 
(isoplanatic) objective. It follows that a fine coherently illuminated 
amplitude grating is of little or no value as a visual test object for 
a micro-objective. 
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Incoherent illumination. When the grating is self-luminous, we sup¬ 
pose the intensity distribution given by (3.146), namely 

I {X,Y) = ZA r c ik *'»« rX: P (A_ r = A r ). (3.162) 

r 

That in the image is then 


I’(X,Y) = 2 B r e ik * iaarX! i\ 


(3.163) 


where B_ r = B r and, by (3.151), 


B r — d r A r = {-are cos 

TT 


2 P 




< \rlp\ < 2 ), 


= 0 (\r/p\ > 2) (3.164) 

if S is free from aberrations and defocusing. In any case, |rf r ] is less than 
or equal to the right-hand side of (3.151)f and d_ r = J r . 

It follows that frequencies |r|w = \r/p\ ^ 2 in the self-luminous 
object are not resolved, and the image is featureless if to ^ 2. This is 
therefore the resolution limit for a self-luminous grat ing. If 1 < w < 2, 
only terms with r = -1,0, 1 contribute to the image, which is therefore 
identical with the image of the self-luminous sinusoidal grating 

I’(X,Y) = ^ 0 +2tt(^ 1 e ,fc * i "«''>). (3.165) 

The image reproduces the structure of this latter grat ing with diminished 
contrast, and the contrast decreases monotonically to zero as -> 2 
from below, whereas in the image of a coherently and cophasally illumi¬ 
nated sinusoidal grating the contrast is unimpaired up to the limit of 
resolution though the finest resolvable structure is then twice as coarse 

oratl i in the «-* ° f amplitude 

® -l[l+cos(tsin«.a,A')] by an error-free objective 

in^;;t:x«“ ion ' w,,en the stn,oture is »>■ 

/(X,7) = l + icos(i-sina.wX)-f-|cos(2tsina.a>A r ), 

and under oblique coherent illumination, as in the case (3.161) It will 
be seen that when „ Ues between approximately 1-3 and 2 obUnue 
coherent nomination gives a 'correct' rendering of the strucUne Wth 

VOK "’ ° f th0 (3.134) is everywhere < . if 
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better contrast than could be got from a self-luminous object. If oj < 1 , 
a ‘perfect' image is obtained with axial illumination. 



Fig. 41. Images of the amplitude grating E(X ) = j[l+ cos(fc sin a.a>X)] 
at the geometrical focus of an aberration-free objective. After Hopkins 
(1953). -self-luminous,.oblique coherent illumination. 

Partially coherent illumination. The discussion is less simple in the 
case of critical or Kohler illumination, since it is now necessary to 
evaluate the transmission cross-coefficients c m0m - 0 . We shall not go 
beyond a few general remarks, supplemented by illustrative examples. 
In a fine grating with oj ^ i, c m0m0 vanishes whenever \m—m'\ > 1 , 
since «(mw-)-u’, v”)i<(m'uj+u ”, v”) is then zero everywhere (or every¬ 
where except at two isolated points). In the practically important case 
5 = sin^/sina <1, co ^ i, c m0m0 vanishes whenever |m| or \m'\ is 
greater than 2, as may be seen from Fig. 42. 

Suppose now that the objective S is free from aberrations and focus 
error. Then c m0m0 is I/77 times the area common to the dotted circle 
(of radius 3) and the two circles (of radius 1) centred on C m and C m >. 
We can use the above results to examine the influence of condenser 
aperture on the image of the sinusoidal grating 

E(X,Y) = E(X) = I[ 1 -f cos(k sin <x . wX )], (3.166) 

already used as an example in Fig. 40. The intensity distributions in 
the image for the values a > = 0-5, 1-0, and 1*5 and for selected values of 3 

in each case, are shown in Fig. 43. 

If oj = 2, the structure is not resolved; since c m0m 0 is then zero when¬ 
ever in ^ m', it follows from (3.148) that B r = 0 for 0. 

In the case w = 0-5, it is easy to show that for s < 0-50 the intensity 
distribution is the same as with axial illumination. For larger values 
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of 5 there is some decrease in contrast, but, as may be seen from the 
first diagram in Fig. 43, the change is not of much practical consequence. 




Fig. 43. Influence of coherence on imago of the grating E(X) 

After Hopkins (1953). 


J[l + cos(*sina.a,.Y)]. 


For finer structures the effect of a change in s is more marked. When 
l is already almost as low as with s = 1-00 or (see Fig. 41) with's = oo\ 
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When io = 1-5 the grating is not resolved for s ^ 0-5 (see Fig. 42); 
above this value resolution begins and the contrast increases until 5=1. 
A further increase in 5, up to s = 1-5, merely adds a constant to I'(X) 
and thereby decreases the contrast. 

In the general case, we see from Fig. 42 that when s < 2co—1, the 
dotted circle can only intersect the circles (of radius 1) centred at C_ v 
C 0 , and C v Therefore the image of a general periodic grating (3.145) by 
an isoplanatic objective will, if s < 2io — 1, appear identical with that 
of the corresponding sinusoidal grating (3.152) at the same focal setting. 


3.8. The phase-contrast microscope 

In the usual form of the phase-contrast microscope, f Kohler illumina¬ 
tion with an annular source or critical illumination with an annular 
condenser aperture is used. In both cases, the coherence properties in 
the object plane correspond to an equivalent source E of the form 

/I (5? < u" 2 +v' 2 < 5 2 ) 

y(u\ v") = j . _. 

I 0 elsewhere (3.167) 


lying in the distant sphere M" centred on 0 (see Fig. 36). 

A transmission lamina is placed in the plane Z of the Gauss image of 
the distant surface M" by the micro-objective S. A system of coordinate 
numbers (agreeing to a first approximation with scale-normalized 
Cartesian coordinates) can be set up in the lamina, just as was done in 
the reference spheres M Q and M' Q of Fig. 36, assigning to the intersection 
with Z of the (u,v )-ray through Q (see Fig. 44) the coordinate numbers 
u, v. To each different point Q in the field corresponds, strictly speaking, 
a different system of coordinate numbers (u Q , Vq) on Z, but because Z is 
(in Gaussian approximation) conjugate to the surface M”, it follows that 
the coordinate numbers u Q (P z ), v Q (P z ) assigned to a given point P z in Z 
are nearly independent of the choice of Q. 

The transmission lamina Z carries a ‘phase-ring’ filling the area 


5, 


(1 < m 2 + v 2 < s' 2 2 , (3.168) 

where u, v refer to the coordinate number system in Z obtained by taking 
Q at O. In the ring the transmission differs from that over the rest of Z 
by a complex factor c = |c|e^; that is to say by an amplitude factor |c| 
and a phase-advance 0. Values of |c| less than 1 are the most useful; 
they can be obtained by evaporating aluminium in vacuo on to the area 
(3.168) of the thin glass plate which carries the phase-ring. The phase- 


f Seo Zemiko (1942). 
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shift 9 can then be adjusted by evaporation of a suitable dielectric, such 
as cryolite, on to the aluminized area. 

The mean radius of the phase-ring often corresponds to about three- 
quarters of the full aperture of S: -i( 5 i+ s ’z) — 2- The width of the phase- 
ring is small compared with its mean radius, but large compared with 
the variations in u Q (T), v Q (T) as Q varies over the field. A commonly 
used value is s ' z —si = £. 



1 he phase-ring is made to cover, with a small margin to spare at either 

..... ^ s i < s i < $2 < s 2- The margin 

is desirable partly because it makes the practical adjustment of the 

system less critical, and partly because the image of E by S on to Z is 

slightly ‘spread’ by aberrations and by diffraction, f The values of 5,-s', 

and are small compared with s 2 - 5l . We denote by 8 the lesser of 

8 i S l> 8 2 — 

Using the notation, assumptions and arguments of § 3.72 we now 

obtain, as a generalization of (3.98), (3.99), (3.100), the approximate 
equation 

I'(X,Y) = JJ yiu.vM^v.X.YWdudv (3.169) 

for the intensity near Q' in S', where 


and 


Mu.v.x.r) = ^(X,r )F( x-x 1 ,y-y l)x 

X e ik 8,n ota-Tj+rr,, dXi d Y it (3 . 170) 


8 ( 0 ) 


F(X, Y) = 


k sin a 


277 


JJ R {u lt Vi, (?)exp{— ike{u v v x \ <?)} x 

^ mm 


«? + rf<i 


of 

P 


(3171) 

f S on to I is'p^rfonnod *by°tl^. ThmtTpart'of th ° systcm S »ho imaging 

• 084, Fig. 14. * ‘ r0nt part of th0 objective only. See Zemike (1942) 
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The function JR(u lt iy, Q), which represents the effect of the phase-ring, 
is defined as \c\e i0 or 1 according as the point P z of coordinate numbers 
u Q (P z ) = 7/j, v Q (P z ) = Pj in Z does or does not lie in the phase-ring. 
The (« y , Vq)- region corresponding to the phase-ring is a slight distortion 
of the annulus s'f < Wy+ty < Sf, the lateral displacement of the 
boundary being everywhere small compared with s' 2 — 



Fio. 45. Calculation of l*(u„ v,; u t , v t ) in a phase-contrast 
microscope. C, is the point ( — u,, — v,); C t the point 

(-«*. — V*)- 


From the last three equations it appears that the effect of the phase¬ 
ring is most conveniently expressed in the analysis as a change in the 
ikonal function e(u,v, Q), which is now replaced by the function 

e*{u,v,Q) = + ^log R(u,v\Q). 


The new ikonal function is complex-valued whenever Q)| ^ 1. 

Suppose now that |c| <C 1 and that the ikonal function c(u,v,Q) is 
effectively independent of Q, i.e. that we can write 

e[u, v\ Q) = e(u, v) (3.172) 


with an error which is small compared with A/2 n for all points Q m the 

working field. . 

Suppose also that the object structure causes only small changes ot 

phase and amplitude in the waves which pass through it; more precisely, 


that 



l+7,(X,y) ( X 2 +Y*<a 2 ) 

0 elsewhere, 


(3.173) 


where the complex function V (X,T) is small compared with A Then it 
is a permissible approximation, for phase-rings which cover the image 
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of 2 in the manner described above, to replace /?(«!, i^;#) by the 
function f c (s'* < wf+rf < s'*) 

7’(w 1 ,y 1 )=( i 


otherwise, 


(3.174) 


and to replace R{u lt v x \ <?)exp{— ike(u x , 9)} in (3.171) by 

exp{—t'A-e*(w 1 ,i; 1 )}, 

where e*(u, v) = e(u, u)-f ilog T(u, v). (3.175) 

2 K 


When c = 1, e*(u,v) reduces to e(u,v) and the system becomes an 
ordinary microscope with annular illumination. In the presence of the 
phase-ring, the equation (3.11G) for the intensity distribution I'(X, Y) 
in the image is replaced bj r 

eo 00 

du^dv^ J |" du 2 dv 2 v x \ u 2 ,v 2 )€(u lt v 1 )e ffc * Ina< “'* v+,, ‘ 1,) x 

X((« 2 ,v,)c- ik8i ““‘“» A '+ r - 1 'i, (3.176) 

where 

CO 

— a> 


r(x,Y) = fj 


xexp{iA'[e*(M'+ u s ,v K +v 2 )-et{u m +u l> v''+v l )]} du"do m . (3.177) 

The domains of integration in (3.176) and (3.177) are only formally 
infinite; the effective domain of integration in (3.177) is shown as a 
shaded area in Fig. 45, from which it is clear that /* = 0 whenever 
either v i) or V( u l+ 1 ’!) exceeds l+s 2 . 

When E(X,Y) has the form (3.173), its spectral function 

00 

«(«. v) = JJ E(X,Y)e-***“«*x+vY) d xdY 

— CO 

= a*k sin + //(«, v), (3.178) 

where 2 = afcsinaV(u*+t>®) and 


H (u, v) = JJ V (X, Y)e~ ik *‘ »«(«.Y+rr> dXdY. (3.179) 

— co 

Suppose now that H(u,v) only differs appreciably from zero when 
V(“ +v 2 ) > b say.t The physical meaning of this condition is that the 


t A smaller number than J can bo used if the phase ring is sufficiently narrow 
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object contains fine detail but no appreciable amount of coarse detail. 
Then, in the spectral representation 


CO 

E{X,Y) = - S ^ 01 JJ € (w, v)e iksin( * uX+vr > dudv (3.180) 

— CO 

(valid as an approximation in the region u 2 -\-v 2 < 1) of E(X,Y) as a 
sum of Fourier elements 


f uv (X,Y) = e(u,v)e ikBia ‘* uX +' >r 'dudv 

= a 2 k sin o^^e iks{a ^ x ^dudv + 
z 

+ H(u, v)e ik sin A + pr > dudv (3.181) 
= f,"(X,Y)+fft(X,Y), (3.182) 

say, only the first term can be appreciable for -J(u 2 +v 2 ) < J and only 
the second term for J(u 2 +v 2 ) > min(5j—si,So—s 2 ) = 8. Consequently, 
in the representation (3.176) of I'(X, F) as a bilinear form in the Fourier 
elements (3.182), the general ‘term’ 

'?(«,. «V, « 2 . »«)/„,,,(*, r)/„,. r ,(X, }') (3.183) 

is zero (to a sufficient approximation) except in the four cases 

(») V( w ?+ U i) < 8 ’ \K u l+ v D < 8 » 

(ii) V(u?+ v i) < 8, y/(ul+vl) > £, 

(iii) V(«x + t, i) > b V(»2+ v 2) < 8 . 

(iv) V( u i + V i) > b yj{ u l + v l) > i- 

From Fig. 45 and (3.177) we obtain, provided s 2 —is not too large, 
the approximate equations 

/?(«!,ty,«a,»t) = |c| f lf(tti,»i ,u it v 2 ) in case (i), 

= in case (ii), 

= c/f(u„ v x ,u 2 ,v t ) in ease (iii), 

= v x \ w 2 , V 2 ) in case (iv). 

(3.184) 

For, since |c| < 1, the contributions to the integral in (3.177) from the 
regions shown cross-hatched in Fig. 45 are small compared with that 
from the whole of the shaded region.t 

t Any values of e, for which />„ r,; « t , v t ) is •accidentally’ very small 

are exceptions to this statement, but not to (3.185). 
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Combining these results we obtain the approximate equation 
v x ; u 2 , v 2 )f UuVl (X, Y)J UtXt {X, Y) 

= t*{u v Vl ;u 2 ,v 2 )g Uurt (X,Y)g Uttlt (X,Y), (3.185) 

where 

g u , r {X,Y) = ca'-k sin cx J -lQe ik s'* dudv + 

z 

+ H(u,v)e ikBin ^ x ^ r ^ dudv. (3.186) 


But g UiV {X, Y) is simply the Fourier element of the object function 

c+v{X,Y) (X 2 -f Y 2 < a 2 ) 

elsewhere, (3.187) 


E ‘ (x - 7 > - { 0 


with the spectral function 


e c {u,v) = cork sin -f- H(u,v). 


(3.188) 


It follows that the intensity distribution 


I' C (X, Y) = ff d Ul dv x JJ du 2 dv 2 l*( Ul , ty iu,v 2 )f Ui ri (X, Y)f„ tXt {X, Y) 


= jjdu x d Vl f J du 2 dv 2 t*( Ul , ty u 2 ,v s )g UuVt (X, Y)y UtA . t (X, Y) 

in the phase-contrast image of the object (3.173), supposed free from 
coarse detail, agrees (after suitable renormalization) with that in the 
image of the object 


-E c [X,Y) 

c 


(l+^X.r) (* 2 + 7 2 <a 2 ) 
I 

l 0 elsewhere 


(3.189) 


by the same system, with the same illumination but with the phase ring 
removed. When coarse detail is present, or when V (X, Y) is no longer 
everywhere small compared with the wavelength, the relations between 
object and image become more complicated. In the first ease, fine detail 
is metamorphosed in much the same way as above, while the coarsest 
detail is reproduced very nearly as if the phase ring were absent. 

In the case (corresponding to a transparent object) where 


E(X,Y) = 


e ik4tx.Y) (X 2 +y2<a 2 ) 

0 elsewhere (3.190) 

and the real function 4>(X, Y) is small compared with A/2we can write, 
to a sufficient approximation, 


E(X, Y) = 


l+ik<f>{X,Y) (X 2 -f-F 2 < a 2 ) 
0 elsewhere. 


(3.191) 
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A ‘phase object' of this kind is difficult to observe with an ordinary 
microscope; the intensity distribution in its image at focus is practically 
uniform, and the appearances inside and outside focus bear no simple 
relation to the value distribution of the function <f>(X, Y). But if suitable 
annular illumination and a phase-ring with c = |c|e‘ l7T are used, the fine 
detail in the image of the phase object (3.191) appears similar to that in 
the image of the ‘amplitude object’ 


E(X, Y) 


1 +±k<t>(X,Y) (X'-+Y*<a*) 

|c| 

0 elsewhere (3.192) 


under the same illumination but without the phase-ring. Observation 
of the fine structure of a transparent object is therefore made possible 
at focus, where the image most resembles the object. By choosing |c| 
small ([c | = 0-35 is a practicable value) the contrast in the image is 
enhanced and smaller variations in optical thickness become observable. 

Phase contrast can also be of value in the microscopy of amplitude 
objects, such as stained specimens. For, when -q(X, Y) is purely real and 
small compared with unity, a real value of c < 1 in the phase-ring (then 
more properly described as an amplitude ring) increases the contrast of 
fine detail in the image. When coarse detail is absent, (3.189) shows that 
the effects of the phase-ring on the image is the same as would result 
from an increase of object contrast by a factor 1/c. 
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THE FOUCAULT TEST 


1. Introduction 

Although more than ninety years have passed since Leon Foucault 
published the first account of his knife-edge test, it is still by far the 
most widely used method of testing astronomical mirrors and other higli- 
quality optical systems of large aperture during the process of optical 
figuring. The test is too well known to need a description here; it is only 
necessary to note that it is of unsurpassed simplicity and delicacy when 
the stigmatism of a pencil is the property to be tested. For then the 
interpretation of the test is so easy as to be in a sense intuitive; the 
shadow contrasts, interpreted as if they arose from the illumination of 
a nearly flat disk by light coming in at grazing incidence from the side 
opposite to the knife-edge, depict to the eye the deviations of the wave 
surface from a sphere centred where the knife-edge meets the axis. And 
its sensitiveness is such that errors in the wave-front far too small to 
cause any observable change in the image at best focus can be clearly 
seen and accurately located. 

In his original description of the test Foucault (1859) gave a purely 
ray-theoretic explanation of its properties. Such an explanation serves 
well enough when large errors are present. Certain unexplained effects 
are seen, but they can be disregarded without impairing the practical 
usefulness of the test. As the errors are reduced, however, these effects 
become more disturbing, and one of them—a brilliant line of light round 
the rim of the disk—often causes trouble to the inexperienced mirror- 
maker through being taken (as on ray theory it must be taken) to 
indicate the presence of a steep, narrow-turned edge. Dark fringes 
appear on the brightly lit areas of the disk seen under the test, and if 
the knife-edge is kept at a fixed setting there is no satisfactory way of 
deciding whether or not these indicate a local reversal of the error-slope, 
such as might occur from rapid zonal error on the wave-front. Fortu¬ 
nately, their characteristic behaviour as the knife edge is moved from 
side to side makes it easy to distinguish these diffraction fringes, which 
evanesce and reform in different positions as the knife-edge is moved, 
from ‘true knife-edge shadows’, which change their form and intensity 
much more slowly. The usual practice is to advance the knife-edge 
laterally until no diffraction fringes remain on the zone under exanuna- 
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tion. It is far from evident, however, that the shape of the zone profile 
is thereby correctly inferred from its variations in brightness when the 
errors are comparable with the wavelength of light, j 

An adequate diffraction theory of the Foucault test is therefore 
desirable on practical as well as on theoretical grounds. Moreover, it is 
a necessary basis for any estimate of the theoretical limit to the sensitive¬ 
ness of the test. 

The first approach to such a theory was made by Rayleigh (1917). 
Using a simplified two-dimensional model, he explained, qualitatively 
at least, the bright rim shown by an error-free mirror under the test and 
the rather similar bright line which appears at a step-discontinuity on 
the mirror surface. 

Zemike (1934), in a remarkable paperj on the knife-edge test and the 
phase-contrast test, developed in 1934 a theory covering errors of arbi¬ 
trary form, but under the restriction that the optical retardations should 
be small compared with the wavelength of light. Gascoigne (1945), 
taking the Zernike theory as his starting-point, obtained expressions for 
the knife-edge intensities, valid for errors of arbitrary form and amount, 
in terms of definite integrals (Hilbert transforms) of a very simple type.’ 
He applied these to a discussion of the fringes which appear on the ‘ bright 
slopes’ when turned edge or zonal error amount to several wavelengths. 
Though derived, like Zemike’s for the simplified two-dimensional 
model,§ his formulae yield results of great practical value connecting 
the depths of errors of certain commonly occurring types with the 
number of fringes observed. 

In the present chapter the three-dimensional diffraction theory of the 

Foucault test is developed in a form which allows the prediction of the 

appearance under test of a mirror possessing smooth errors of figure of 

arbitrary shape, and is applied to discuss some questions of importance 
to the practical optician. 


2. General theory of the Foucault test 
2.1. Notation and basic ajiproxiynations 

All the cases where an aberration-free pencil is being tested can be 

rjnheHr J SUPP ° Sin 8‘ hat tha wave-front* originate at the surface of 
spherical mirror which is being tested at its centre of curvature The 
wave .caving the surface of the mirror at the point <*.,) bribed 

t We shall return to this point in § 8 below 

" 8) ““ <20) ° f ,hiS P “ P “ ™ -orreet by .» error in , ign in 

i. ° f Z< ™ ,k ' > ' a P “ P ‘- “ ""* h ■» ■>*»-« the phage-contrast teat. 


3505.48 


K 
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by an electric wave displacement 

E(x, y )e< *»«***, 

the real part of which measures the electric intensity at (x,y) at the 
time t. Here A denotes the wavelength, c the velocity of light. To express 
the fact that a wave surface of constant intensity and phase is leaving 
the surface of a circular mirror M of radius 1, we set 


E(x,y) = 1 (.r 2 + Z/ 2 <l) 

= 0 (x*+y'- > 1). (2.1) 

Of course, such a discontinuous distribution of electric displacement 


values cannot be strictly realized. 


y 



Fia. 46. 


The more general case where the 
pencil under test is not fully stigmatic 
can be covered by supposing that 
spherical wave-fronts, originating 
from a pinhole near its approximate 
centre of curvature, are reflected from 
the surface of a nearly spherical 
mirror M. The results of the knife- 
edge test are then interpreted in terms 
of errors of figure of the mirror M. We 
suppose that these errors of figure 
may amount to several reflection 


fringes,t but that the error slopes on the mirror, besides being free from 
discontinuities, are not so steep as to spread out the visible image to 
more than a moderate multiple, say 5 or 10, of the size of the Airy disk. 
Then it makes no appreciable difference if we suppose that the wave is 
leaving a true spherical surface il/ 0 , lying everywhere within a few wa\ e- 
lengths of the surface M, and that at the point (.r, y, z) on M 0 the complex 


displacement is 

E(x,y)= |£(.r,y)|exp[-^(*,y)). (2- 2 ) 

\E(x, y) | is then the amplitude at the point (x, y) on M 0 and !/) ^ ie 

phase there; the variation in the retardation function <f>(x,y) expresses 
the distortion of the wave-fronts. The approximation here consists in 
the assumption that the amplitude is unchanged in passing from t ie 


point (x,y) on M to the point (x, y) on M 0 . 

t Since errors of figure on the mirror are transferred with a factor 2 f *°^ r m 
wave-fronts, it is convenient to express them in terms of •reflection fr.nges , a term 
borrowed from interferometry; a reflection fringe is half a wa\elengtn. 




» ' » ' */ / -- — *-V V* vubCiUU I 

which corresponds to the boundary of the mirror 3/. Expf — ^ <£(x, y)J 
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The fact that a circular mirror of diameter 2 is illuminated with 
uniform intensity may be expressed by setting 

\E(x,y)\=l (x 2 +y n -^ 1 ), 

= 0 (*-+y~ < i); (2.3) 

that is, by defining E(x, y) as zero over the part of 3/ 0 outside the circle C 

277-1 

l A 

is the phase function which describes the errors of M. 

After leaving the mirror, the light comes to a more or less imperfect 
focus in the neighbourhood of O, the centre of curvature of 3/ 0 . See 
Fig. 46. By an application of Huyghens’s principle! the wave displace¬ 
ment is calculated in the ‘intermediate image surface’, namely the 
sphere S, centred at A, which passes through the focal point O. The 
knife-edge will later lie in the tangent plane to this sphere. It is supposed 
throughout that the pencil under test is of small angular aperture; that 
is to say, the focal distance AO = s is supposed large compared with 
the diameter of M. Then the distance between a point Q = [x^yj near 
O in the surface S and an arbitrary point P = (x, y) on the part of M 0 
enclosed by C is approximately given by the equation! 

PQ—-*b±m. (2 . 4) 

The contribution to the wave displacement at Q from the element dxdy 
of area situated at P on M 0 is thus a constant multiple of 

£tej,)e«"/Wexp[?p ixiy> 

by the space coordinates *„ J( 5 S » funilarly defined 

(1890) of the spherical interrogate th ° de . V ‘ C0 ' due Michelson 

correct to within a small fraction of a w^ele^th over an ( t 2-4) 8 ^. aU romain 

ttttjxssr with tho 

while if Q liea in the plane throughout O normal to the axis, then 
where r* « **+«/*, r* « 
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the fractional variation in the amplitude factor l/PQ as P ranges over 
M 0 and the fractional error committed in writing dxdy in place of the 
element of area on M 0 being both small enough to be disregarded.! The 
total wave displacement at Q is therefore 

M 

times a constant multiple of exp{(27ri/A)c<}. It is convenient to omit 
factors of this form and to use the term ‘complex displacements ’ for the 
expressions which remain when they are removed. Thus a complex 
displacement is indeterminate to the extent of a constant normalizing 
factor. 

On writing = U ' ~\s^ ~ V ^* 5 ^ 

and dropping a constant factor, we obtain for the complex displacement 
at Q the expression 

W (u, v) = J J E(x, y)e iux+icv dxdy 


CO CO 

= J- J J E{x, y)e iux+ivu dxdy , 


( 2 . 6 ) 


— CO —CO 


since E(x,y) is defined as zero for x 2 +y 2 > 1. 

It is easy to verify that, in the case (2.1) of a true mirror, (2.6) re¬ 
duces to the well-known expression 

W(“ 2 +* 2 )}/V(“ 2 + u2 >; 

the intensity in the surface S is then measured by the quantity 




(2.7) 


This agrees with the usual formula for the Airy disk and rmgs iu the 
plane through O perpendicular to the axis, wh.ch will be called the <*..».> 
plane. As fs weU known, it follows from (2.7) that *»“**»£$ 
nearly all the light crosses S in a small region surrounding the point U. 

t For a mirror working at f/10, the tailor i, equivalent to a variation in the intensity 

S.S'Irking at f,.0 and for A = 2X.0-. 
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2.2. Analytical representation of the test 

To carry out the knife-edge test, the part of the (x v y 1 )-plane defined 
by < 0 is covered by an opaque screen. Immediately behind O, a 
viewing system L receives the light and images M 0 on to the final image 
surface M' 0 (see Fig. 47). L may be the observer’s eye-lens and M' 0 his 
retina, but for testing a mirror of long focal ratio a viewing telescope 
immediately behind the knife-edge is desirable; L then consists of this 


V 



telescope together with the observer’s eye- or camera-lens. In any case, 

the effect of L is to give equality of optical path between pairs of 

conjugate points P, P’ on M 0 , M’ 0 . In particular the optical path-lengths 

(PQ...P' and PO...P') are equal for every position of Q. It follows that 
the optical path difference 


= -PQ+PO = 




i i 


S 


( 2 . 8 ) 

«> 

if it be supposed, as it may for sufficiently large s, that the approximation 
(2.4) is usable throughout the part of the intermediate image surface S 
from which light is passed by L.f A system of coordinate numbers lx', y’\ 
m the surface M' 0 is defined by assigning to the image P' of the point 
. ~ (f» y> z > 111 the coordinate numbers x' = x, y' = y. Thus the 
intensity at P' is the same thing as the ‘intensity seen under the test’ 
at P, and the path difference (2.8) can be written (*'* 1 +y'y 1 )/«. 

dgeneral run of the intensity 

parable (though not identical) with that whirh ^ T * * OSS ° f shar P noss com- 

self-luminous object lyiSgofM ^ Ob , S0rVod “ tho im “g° of « 

point would lead too far afield tho Drohlr,™ ; u * a ? 1 an ,. ad ® quato discussion of this 
system L is error-free. " ' Pr ° b, ° m * here idoalizod by supposing that the 
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The complex displacement D(x',y') at the point (x',y') of M' 0 is then 
obtained by integrating (2.6), multiplied by 



2- i x'xi+y'y x 


exp(— inx'—ivy') 


over that part T of the intermediate image surface S from which light 
is passed by the knife-edge and received by the lens system L. In saying 
this we make the usual assumption, which cannot be strictly true, that 
the effect of a screen is merely to stop those parts of the wave which 
impinge upon it, without influencing the neighbouring parts. The error 
involved is small provided that the Airy disk is large compared with 
the wavelength A, i.e. provided that the angular aperture of the pencil 
under test is small. Then 


D{x',y') = J'J' c-f,,x _I,I/ IH”. l ')sec 

r 

the factor sec{(A/27r)^/(?/ 2 -fr 2 )} allows for the fact that the element of area 
in the surface Sis not = (As/2t7) 2 dudv but this quantity multiplied 

by the secant of the angle between the (x v j/j)-plane and the tangent 
plane to S at the point (u, v). The constant factor (\s/2tt) 2 is omitted in 
accordance with our convention. 

To replace the factor sec{(A/277) N /(w 2 -f r 2 )} by 1 is equivalent to intro¬ 
ducing a small variation in the amplitude of the complex displacement 
XV(u , i>), which in the case of a 12-inch circular mirror M working at f/10 
and a viewing telescope of 1-inch aperture amounts to less than 1 part 
in 100,000 at the edge of T. In this case R, the value of J(u 2 -\-v 2 ) corre¬ 
sponding to the semicircular edge of T, is approximately 1300 (inch)- 1 . 
The effect of dropping the factor sec{(A/27 t) yl(u 2 +v 2 )} is therefore negli¬ 
gible and (2.9) can be replaced by the equation 




dudv, (2.9) 


D(x',y') 





g-iux'-ivu' W(U, l>) dudv. 


( 2 . 10 ) 


The next step is to replace R by oo in (2.10); this corresponds to 
disregarding the effects of the finite aperture of the viewing system. 
Now it is not true that the replacing of R by co in (2.10) causes only a 
small change in the value of D(x’,y') over the whole mirror, since (as 
may be shown without great difficulty) the effect of the change is to make 
D(x',y') tend in general to infinity as the point (x',y') approaches the 
boundary circle C' corresponding to the edge of the mirror. But if this 
circle be covered by a narrow annulus, then, provided R is sufficiently 
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large, the change in D(x',y') on replacing R by go is small throughout 
the remainder of the surface M Q.f It follows that, except in the immediate 
neighbourhood of C", the value of D(x', y') is given with sufficient accuracy 
for the purposes of visual knife-edge testing by the equation 


D(x’,y') 


1 

2rr 



*W{u,v) dv. 


( 2 . 11 ) 


provided that the test is carried out with a viewing system of sufficiently 
large aperture. It remains to examine whether the apertures ordinarily 
used in practice are sufficiently large in this sense. This can be done by 
fitting an iris diaphragm to the front of the viewing telescope. In an 
actual experiment by the writer the mirror, of 5 cm. diameter and 275 cm. 
radius of curvature, was illuminated by an artificial star (pinhole) of 
diameter 0-006 mm., J placed close to its centre of curvature. The aper¬ 
ture of the iris could be varied from 3 to 16 mm.; its plane was 2 cm. 
behind that of the knife-edge. An aperture of 3 mm. in the plane of the 
knife-edge would correspond to the value R = 43, one of 16 mm. to the 
value R = 230. The magnification of the viewing telescope was 6. 

The experiment was tried both with the true mirror and with small 


errors introduced into the pencil under test by placing pieces of annealed 
plate glass in front of the mirror. These errors appeared under the knife- 
edge test as flutings on the apparent surface of the mirror. They increased 
the overall size of the visible image at best focus to about three times its 
value for the true mirror. Several different settings of the knife-edge 
were used in each trial. 

When the effect of varying the aperture of the iris was examined, it 
was found that, over the whole range of variation, no change could be 
detected in the appearance of the interior of the disk or of the halo. 
The only visible changes, as the iris was closed down, were a softening 
m the outline of the brilliant outer rim of the disk, a decrease in its 
maximum intensity, and the appearance of a fine dark fringe, just inside 
the outer rim and separating it from the interior of the disk. At minimum 
aperture, traces of a second dark fringe could be detected inside the first 


- £1ZS - 


hr I dU S c -‘* U - icV IF(«,v)d t , 

A „ 


“mT r0m0V ” d - ‘ h ° n ‘ h ° displacement in i. „ Bai „ giv „„ by 

t 1 . 0 . about one-tonth of the diameter, 134A, of the Airy disk. 
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In the case of the true mirror a change in the appearance of the rim could 
first be distinctly seen when the iris aperture was reduced to about 6 mm. 
(90 Airy disks); this corresponds to the value R = 95 and to an exit-pupil 
diameter of 1 mm. In the case of a pencil with small errors, the aperture 
usually needed to be reduced a little below this value before the effect 
could be seen with certainty. 

With a mirror of shorter focal ratio, the same aperture of the viewing 
telescope would correspond to a larger value of R and to an exit pupil 
of the same size. We conclude that, except in the immediate vicinity of 
the edge contour C', the intensity I(x',y') in the final image surface is 
given, with accuracy more than sufficient for the purposes of visual 
knife-edge testing, by the equation 


I(x',y') = ±n 2 \D{x',y')\ 2 , (2.12) 


where 


D(x',y) = 



e-iu*-ir*W(u,v) dv. 


(2.13) 


2.3. The Reduction Theorem 

We suppose that E(x,y) is a differentiable function of x and y at all 
points (x,y) inside C. Outside C it is differentiable since its value is 
everywhere zero. On substituting from (2.6) into (2.13) and inverting 
the order of integration, we obtain 


CO CO CO CO 

D(x',y') = j e~ iux ' du J e ixu dx J dv j e irv E(x, y) dy. 

0 — <o — CO — co 

By Fourier's integral formula, the inner repeated integral 

CO 00 

| e-W dv | e icv E(x, y) dy = 2-rrE(x, y'), 

— 00 — co 

except at points (x, y') for which x 2 +y' 2 = 1. Thus 

00 co 

2t TD(x',y') = J e~ iuxr du j e ixu E(x, y') dx. (2.14) 

o 

It follows from (2.14) that the intensity seen under test at the point P 
on the mirror depends only on the values of E(x, y) along the horizontal 
line through P, and is correctly given by applying two-dimensional 
diffraction theory along this line. This result is sometimes referred to 
as the Reduction Theorem. 
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In (2.14) 


® ® U B 

J e~ iux ‘ du | e ixu E(x,y')dx = lim f e~ iux f e ixu E{x,y') dx, 
o -co l J B 

provided B is chosen greater than 1. The expression under the limit sign 

f b u 

J er iu * du j e ixu E{x,y')dz = j E(z,y')dz f e~ iu(x -*)du 

o -D o 

= _ i f 

J X —X 

n 


— B 


= i j E{X '+ t ’ y,) (l- e iV‘) dt 

r> _ • 


-B-X 
2 B 


= i j ~ {X '^ y, \ l- e M) dt, 

-2 B 


since E(z,y) = 0 whenever \z\ > 1, 

2 B 


= t J [E{x'+t,y')-E(x'-t,y'j\{ l_cos Ut)** 

n t 


+ 


2 B 


+ J [E(x'+t,y-)+EV-t,y')-]™p. <l t. (2.15) 

o 1 

“ W 1 °‘ P t'°°- By an “gument familiar in the classical convergence 
ry of Fourier sene., the second term tends to the limit irE{x',y') at 

ail pomts (*',£) at which *<*,„) is a differentiable function of/that 
IS to say, at all pomts (x\ y') not on C'. 

In the first term of (2.15) 

E(x'+t,y')-E(x' -t.v') d 

t -= 2 M E{x ''y' ) +0M 


Z: °' 11 f0U ° WS by an aPpUOation ° f the Riemann-Lehesgue theorem 

2 B 

j E (*'+t,y')—EW —t.u') 

o 


t 


cos Utdt-+Q 
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as U -> oc. Therefore 


2 n 




--tD(x',ij') = nE(x',y')+i [ E(x'+t,y') — E(x'—t,y ')]- 


CO 


= nE(x\ y’)+i J [E(x'+t,y’)-E(x'-t,y')]j, (2. 


16) 


provided (a:',?/') does not lie on C'. But 


X'-€ 


jWx-+l,y')-E^-l,y')]^ = l J - + J 

f '-00 x' + c 

for every e > 0; making e -> 0, we obtain from (2.16) 


2t rD(x’,y') 


CO 


77 


E(x\y')+i f ^pdl. 


— CO 



for all ( x',y') not on C', the integral being interpreted as a Cauchy 
principal value when (x',y') is inside C'. 

This equation, together with (2.12), gives the intensity distribution 
seen under the knife-edge test on a mirror whose wave-form is described 
by the arbitrary function E(x,y), subject only to the conditions: 

(1) the diameter of the mirror subtends only a small angle at the focal 
point; 

(2) the errors of figure of the mirror, though they may amount to 
many wavelengths, are small compared with the focal distance s; 

(3) the errors of slope on the mirror surface are small and, except at 
points on the boundary C, the function E(x,y) is a continuous function 
of (x, y), differentiable with respect to x and y. 

It will be seen from the proof of (2.17) that its validity is not confined 
to the circular mirrors of uniform reflecting power which are discussed 
in the present chapter. The equation is valid, in the same sense as above, 
for mirrors of arbitrary edge contour, including central piercings or 
irregularly shaped obstructions, and of variable reflecting power, when¬ 
ever the maximum angular diameter of the pencil is small and the 
circumstances are such as to justify disregarding the effect of the finite 
aperture of the viewing system. 


2.4. Tivo special cases 

Equation (2.17) reduces the problem of computing the knife-edge 
intensities to the carrying out of a pair of single integrations at each 
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point ( x\y '). In the general case of an arbitrarily given wave function 
E(x,y), these integrations must of course be carried out by numerical 
methods. There are some physically important special cases, however, 
in which they can be evaluated in terms of known functions. The 
simplest such case, that of a true mirror tested with the knife-edge 
centrally set, is obtained on setting 


E{x,y)= 1 (x*+y* < 1), 

= 0 (*2+y2>l), 

as in (2.1). (2.17) then yields at once the formulae 

2 7rD 0 (x',y') = Tr-tlog (*' 2 +y' 2 < 1) 

= - {log l^ -V(i-y 2 1 1 (y ' 2 < 1 < *' 2+y ' 2) 

= 0 (1 < y' 2 ); ( 2 . 18 ) 

/o(x '’»') = ff2 + lo « 2 | (*' 2 +y ' 2 < i) 

= log2 l ^V(I-y^) | (y ' 2 < 1 < x ' 2 +y' 2 ) 

= 0 (1 < y' 2 ), ( 2 .i 9 ) 

which predict the intensities on the mirror disk and in the halo. The 
halo is therefore confined to the horizontal band — 1 < y' < 1 of the 

surface Mj. Along a thin strip y' = constant lying in the band, the 
intensity function can be written 


J 0 = 7T 2 + log 2 (|X| < 1) 


= log 1 


1+* 

1-X 


( 1*1 > 1 ), 


y ~ runs between - 1 1 in that part of the strip 

the vert Z “ ° UOW8 that th ® is °P hotal >ines are ellipses with 

the vertical diameter BB' as a common axis (see Fig. 48) and since 


J-'Sf 


dX = 


i -is 1 

— CO 


dX = 2tt 2 , 


“ ^ co “ ta 7 of the total illumination. 

Along the vertical diameter BB' in Fie 48 the 

constant; there is therefore no logarithmie^infinity a 
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diameter. Taken together with the run of the isophotal lines in the 
interior of the disk, this leads one to expect that in practice the brilliance 
of the outer rim will not be uniform, but will decrease from a maximum 
at A, A' to a minimum at B. B'. A practical test confirms this expectation. 
The effect becomes much more conspicuous when the knife-edge is 
advanced beyond the central position.! 




Fig. 48. Above : Isophotal linos for a true mirror under tho Foucault test, with knife-edge 
central. Below: Intensity distribution along horizontal diameter. 


By applying Babinet’s principle, the intensity distribution for a true 
mirror with a pierced central hole can at once be derived from (2.18). The 
result, for a mirror of inner and outer radii a and 6 respectively, is 




+ 


+ 


T /•y , \i-J * , +V(fr 2 -.y ,2 ) l c ^V g K + N /(a2 ~ y ' 2) 


( 2 . 20 ) 


where c(<) is defined as 1 or 0 according as |/| < 1 or |f| > 1, and 
r ' = J(x' 2 +y' z ). The intensity along the horizontal diameter is shown 
in Fig. 49. It is of some interest that its value falls to zero at the centre 
of the hole when the knife-edge is centrally set. Very striking is the 
bright appearance of the hole and its accompanying band-halo when 

+ A photograph showing tho effect in this case will be found in an interesting paper 
on edge-diffraction effects by S. Banerji, Phil. Mag. 37, 144, pi. 3, fig. J. 
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the knife-edge is advanced beyond the central position; this can be 
predicted by applying Babinet’s principle to (2.21) below. 

To calculate the effects of small displacements of the knife-edge on 
the intensities, we may express them as ‘induced errors’ of figure on the 
mirror. Thus, to determine the effect of advancing c, E(x, y) is replaced 



Fio. 40. Pierced mirror tested with knife-edge central. Intensity along 

horizontal diameter. 


on the right of (2.17) by e^E(x y y) and D(x' y y') on its left by e**D(z' f y') 9 
where c' = 2ttcIXs. The resulting equation 

V<1-[/'*) 

f 

J t—x 


2tt D(x\y’) = irE(x\y')+i 


-VU-i,'*) 

x'+Vfl-y'*) 


jie'ti 


= 7 rE(x' t y')+i f E{x’+u,y')?—du ( 2 . 21 ) 

J It 

gives the new value of D(x\ y’). The effect of a change 8s in the focal 
setting can be calculated in a similar way by writing e'^’+i >')E(x y) for 
E(x, y) and ,/) for D(x\ y’) in (2.17). whore « = („/L«) Ss. 

2.5. The knife-edge teat ivith a slit source 

A practical difficulty in the knife-edge testing of unsilvered glass 
mirrors is that when, in order to obtain something near to maximum 
sensitivity, a very fine pinhole is used as light source, it is difficult to 

comfortahT® S’ 8h the Pinh0le t0 make the Fouca «l‘ shadows 

comfortably visible, even m a darkened room. The question is not merely 

one of convemence, since when the level of illumination is too low the 
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discriminating power of the eye is reduced, and with it the practical 
sensitiveness of the test. 


The shortage of light can be overcome in a very simple way by substi¬ 
tuting a fine slit for the pinhole and testing with the knife-edge set as 
accurately parallel as possible to the image of the slit. However, it is not 
obvious a priori what effect this change has on the properties of the test; 
it is only clear that they will be unaffected to the degree of approximation 
represented by ray theory. 

Equation (2.17) makes it possible to investigate this question in more 
detail and to show that the relative intensities seen under the test are 
unaltered by the substitution of a very narrow slit for the pinhole, 
provided only that the slit is too short for the aberrations of the system 
to varj- appreciably along its length. 

In the case of a slit of negligible width, each point of the slit can be 
regarded as a point source. If each point of the primary light source 
were sharply focused on to the plane of the slit by a wide-aperture 
condenser system of negligible aberrations, the different points of the 
slit could be treated as independent sources. In such a case, the observed 
intensity under the test would simply be the sum of the intensity con¬ 
tributions from the different point sources. If we suppose that the length 
of the slit is not great enough for off-axis aberrations of the system to 
make an appreciable contribution to the apparent errors of the surface 
under test, the intensity distributions contributed by any two points of 
the slit differ only by a constant factor. Therefore the intensity function 
I(x', y’) is still given by (2.17) and (2.12). 

However, in a practical case the aperture of the condenser system is 
often comparable with that of the system under test and it is not true 
that all points of the primary source are sharply focused on to the plane 
of the slit by the condenser. Each luminous particle w of the primary 
source contributes a wave displacement 


E w (x, y) = A w (x, y)E(x, y) 


( 2 . 22 ) 


on the surface M 0 , where E(x,y) = exp{—(277-i/A)<£(.r, y)} inside C and 
zero outside C, as before, while A w (x, y) expresses the characteristics of 
the wave emitted by the ie-particle when, after passing through the 
condenser system and the slit, it arrives at the point x, y on the nearly 
spherical mirror M. Because the width of the slit is negligible, A xc (x,y) 
does not vary appreciably with x and we may write, to a sufficient 
approximation, 


EJx.y) = A w (x,y)E{x,y). 


(2.23) 
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\E w (x, y)\ 2 measiires the intensity of the wave at this point, so that if 
the mirror is to appear uniformly lit in the absence of the knife-edge 

2 \K(*,y)\ 2 

w 

must be constant over its surface. By a suitable choice of units we can 
write this condition in the form 

2 \A w (y)\ 2 = 1 on M 0 . (2.24) 

W 

The complex displacement contribution from the ^-particle in the final 
image surface is then obtained on replacing E(x,y) by A w (y)E(x,y) in 
the previous analysis; it is given by the equation 

CO 

2 nD w (x\y') = 7rA w (y')E(x\y')+i f A w (tf)^Qdt 

J t—x 

— GO 

= A w (y '). 2ttD(x' , y'), 

where D(x',y') is given by (2.17). Since the waves from the different 
u>-particles are mutually incoherent, the total intensity seen on M 0 under 
the test is now ‘Itt 2 times 

to to 

= I D{x\y')\\ 

by (2.24). That is, the intensities seen on the mirror are still given 
(2.17) and (2.12). The same is true of the intensities in the halo, since 
these differ from zero only in the y-range where (2.24) holds. 

In most practical cases, the use of a slit in place of a pinhole allows 
60 or 100 times as much light to be passed without making the slit too 
long, and the test can be carried out with ease and comfort in a partially 
darkened room. Fine scratches ruled in a silver film deposited on a thin 
glass plate make excellent slits for the purpose; they are used with the 
silvered face towards the system under test. 


3. The true mirror under the Foucault test 

To determine the appearance of a true circular mirror, tested with 
he knife-edge in the focal planef but displaced laterally a distance c 
from the central setting, one must write in (2.17) 


E(x, y) = e** (x 2 +ya < 1), 

(x 2 +y 2 > 1 ), 


= 0 


WhiCh left-to-right .ynun.try i» tho 
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where c' = 2 t 7 C /A.?, and multiply D(x', y') on the left by the phase factor 
e lcx '. It follows that the complex displacement is given for \y'\ < 5 ; l by 
the equations 

V(1-!/-•) 

2 W e**D{x\ y') = ” e^+i j dt, 

-V(1 - v +) 
x'+V(l-],'*) 

i.e. 277 D(x',y') = 7Z -i f e-** 

O J u 

X'-VU-j,-*) 

according as x' 2 -fy ' 2 $ 1 , while for \y’\ > 1 , D(x',y’) = 0. 

When c' = 0, this reduces to (2.18) above; when c' ^ 0, the integral 
can be evaluated in terms of the functions 


(3.1) 


Si(*) = J ~dt, Ci(x) = _ J 


dt 


(3.2) 


to give the formulae 


2 TrD[x\y') = ^-Si{c'[x'+V(l-y' 2 )]}+Si{c'[x'-V(l-y' 2 )]}- 

-iCi{|c'[x'+V(l-Z/' 2 )]|}+tCi{|c'[a: , -V(l- 2 /' 2 )]|}, (3.3) 
n*\y') = [o-Si{c'[x'+V(l-y' 2 )]>+Si{c'[x'-V(l-y' 2 )]}] 2 + 

+[a{|c'[x'+V(i-y' 2 )]l)-ci{|c'[x'-V(i-y' 8 )]l>] 2 . (3- 4 ) 

Some of the consequences of these formulae are of physical interest. 
When x' 2 -fy ' 2 > 1, i.e. when the point ( x',y') is outside the boundary 
curve C ', (3.4) shows that the intensity in the halo is an even function 
of c', as well as of x' and y'. It is a familiar fact that, as the knife-edge 
is moved across the Airy disk, the halo brightens to a maximum and then 
fades out as the mirror disk darkens. The conclusion may therefore be 
drawn that the halo is brightest when the knife-edge is central. 

Of more pract ical interest are the changes in the bright ness of the disk 
as the knife-edge is advanced. Benerji (1918) drew attention to the large 
fluctuations in the observed brightness on the surface of a rectangular 
mirror which occur as the knife-edge is advanced, and explained them 
by an application of Rayleigh’s theory. Later writers on the practical 
side of the test are almost unanimous in asserting that, as the knife-edge 
is advanced, a true mirror with circular boundary darkens evenly all 
over, and published photographs of the test often show a nearly uniform 
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illumination.f The above discussion shows that, as the knife-edge cuts 
into the image, undulatory fluctuations of intensity should be seen on 
the surface of the mirror, and formula (3.4) predicts their appearance 
when the test is carried out with a pinhole whose diameter is small com¬ 
pared with that of the Airy disk. 

Fig. 50 a shows the changes in intensity distribution which take place 
along the horizontal diameter as the knife-edge advances up to the 
central position, Fig. 50 6 those as the knife-edge advances beyond it. 
It will be seen that, far from darkening evenly all over, the mirror actually 
brightens in the centre when c' = — 77 , i.e. when about one-tenth of the 
horizontal diameter of the Airy disk is occulted. Fig. 51 a shows the 
appearance of the disk at this setting. As the knife-edge is advanced, 
the central intensity maximum flattens out and at c' = — 1 the disk 
appears fairly uniformly illuminated (see Fig. 51 6). Its appearance when 
the knife-edge is advanced to the central position is shown in Fig. 51c; 
the darkening of the central part is then easily perceptible to the eye. 
The changes described above can be observed without any difficulty on 
using an f/55 spherical mirror, a pinhole of diameter 0 006 mm. and a 
viewing telescope of aperture 2-5 cm. and magnification 6, placed 2 cm. 
behind the plane of the knife-edge. It is perhaps relevant that when 
the eye judges the disk to be half lit, the knife-edge is not central but near 
to the setting of Fig. 516, while when the knife-edge is centrally set (by 
observing the halo intensity or with the help of a microscope) the disk 
appears considerably less than half lit and the darkening of its centre 
is easily recognized. In point of fact, as was shown above, the disk 
contains only one-third as much illumination at this setting as with the 
mfe-edge withdrawn, the remaining one-sixth being sent into the halo. 


4. Foucault properties of the astigmatic circular mirror 
We first establish the following properties, well known to experimental 
opticians, of an astigmatic circular mirror under the Foucault test: 

(1) there is a unique focal setting at which the illumination seen on the 

nrnror retams its left-to-right symmetry as the knife-edge is advanced 
across the image; 

(2) the presence of astigmatism is inferred from any vertical asym- 

Z™STeZ g f ‘ he mirr ° r a ‘ thjS f0 ° al -*** Whi0h - 

8h ° WS itself most stron gly when the mirror is oriented 
astigmatic principal directions at angles of 45 ° with the direction 

t See, for ©xamplo, Couder (1937). 

L 


3505.48 




f 2 


izontal diameter. 
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Fio. 516. True mirror with knifo-odgo non-central (c' = - I) 

. mirror wh :;: rr^r the " the °^« ^ <*■»> 


E(x, y) = e^^+^xu+bv') 
= 0 


(x*+y2 ^ 1), 
(**+»/ 2 > 1 ). 


(4.1) 
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Fio. 51c. True mirror with knife-edge central (c' = 0). 


If the plane of the knife-edge is at mean focus, the coefficients a, b satisfy 
the condition a-\-b = 0, but as this is not the focal setting used in 
practice (unless the mirror has its astigmatic axes equally inclined to the 
direction of the knife-edge) we discard the condition and allow for 
variations in the knife-edge setting by writing 


E(x,y) = e 


Max*+ 2/1x1/ + 6 l/*> +a(x* +|/*> +c'x) 


(* 2 +y 2 < 1). 


= 0 (* 2 + y 2 > 1 ) 


(4.2) 


on the right of (2.17) and replacing D(x',y') by e {a(x ' ,+v ' ,>+<cx D(x ', y') on 
the left. The parameter a. then specifies the focal setting of the knife- 
edge, while c' = 2ttc/Xs gives its lateral distance c from the central 
j)osition. Choosing « = — \(a + 6) would correspond to setting the knife- 
edge at mean focus. 

Applying (2.17) in this way, we obtain for the complex displacement 
D(x',y') the equation 


277 D(x',y') 


e Hax’ t +2fix i/' +by t -c'x') 


V<l-t/’> 


J 


1 ((a +aX<’ -x' 1 )+ 2 Ml-x')u' +C«-x 1 ) 


dl 


t—x‘ 


-y(l-U’) 


(y ' 2 < 1 , x' 2 +y' 2 $ 1), 

(4.3) 


= 0 (y' 2 > 1). 



II, §4 


ASTIGMATIC CIRCULAR MIRROR 


149 


When a = —a, the square bracket is changed into its complex con¬ 
jugate on writing —x' for x and hence 

when cx —a this relation no longer holds. Thus there is a unique focal 
setting at which the mirror shows a laterally symmetrical appearance 
for all values of c\ This preferred setting is the one used in practice and 
it is, broadly speaking, the focal setting at which the errors on the mirror 
are most plainly seen. 

At the preferred focal setting we have, for y' 2 ^ 1, x ' 2 -\-y' 2 < 1 and 
for y' 2 ^ 1, x' 2 -\-y' 2 > 1 respectively, 


2ttD(x', y') = e iiax ' t + 2h *'v'+t >* t +«'*'> 


: +< / 


e «X2ft l /'4c'X/-X / ) 


dt 


t—x' 


— e}iax'*+2hz'y'+bj' t +c'Xl 


-v<l-|/'*) 

x' + s'd-v' 1 ) 


I 


e -H1hv-+c~)u d u 


U 


X-'H.X-V*) 


(4.4) 


which gives 

I(x',y') = [^-Si[(2Ay'+c'){x'+V(l_y'=)}] + 

+Si[(2%'+c'){x'-V(l-^)}]] 2 + 

+[Ci[|(2%'+c')(x'+V(l-y' 2 )}|]- 

-Ci[|(2V+c , ){x , -V(l-y' 2 ))|]] 2 , (4.5) 

the second term on the right being understood, when 2 liy'+c' = 0, to 
stand for its limiting value 

/log \* l+^-y' 2 ) Y 

[ fe k-V(l—y' 2 ) ) ' 

Properties (1) and (2) have now been established. To prove property 
( ), we observe that of the coefficients a, h, b in (4.1) only h 
m (4.5). This means that a mirror for which 

E(x, y) = e 2ih *v {x 2 +y 2 < 1 ), 

= 0 (**+ y 2 > 1 ) (4.6) 

and one of the figure (4.1) show the same intensities when each is tested 
at he preferred focal setting. The strength with which a given astig 
matism shows itself under the test therefore corresponds to the size of 


appears 
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the coefficient h in (4.1), and property (3) follows by a well-known result 
in coordinate geometry. For a mirror oriented so as to give h its maximum 
value, mean focus and preferred focus coincide, E(x, y) is of the form 
(4.6) at the preferred focal setting, and 2h is 2 n times the maximum 
optical path-difference at mean focus, measured in fringes. We suppose 
for the rest of the present section that the mirror is so oriented and that 
E(x,y) has this form. 

As already remarked, the mirror darkens symmetrically from left to 
right, but not from top to bottom, as the knife-edge is advanced. Its 
appearance when the knife-edge cuts the axis (c' = 0) is shown for an 
astigmatism of approximately 2 g fringe (E(x,y) = e 03ixv ) in Fig. 52 and 
for one of one fringe (E(x, y) = e 2 *' xv ) in Fig. 53. In the former case the 
vertical asymmetry is already very marked; in the latter the intensity 
distribution is beginning to approach that predicted by ray theory, 
namely a dark upper semicircle and a fully lit lower semicircle. It is 
easy to verify from (4.5) that when the astigmatism amounts to a large 
number of fringes the value of I(x\y') is nearly 477 2 below the line 
y' = —c'I'lh and nearly zero above this line, while close to the line itself 
narrow dark fringes appear in the bright area. Thus equation (4.5) pro¬ 
vides a simple means of predicting the observed phenomena, for large 
as well as for small amounts of astigmatism, when the test is carried out 
with a pinhole whose dimensions are small compared with those of the 
Airy disk. 

5. Circular mirror with arbitrary errors. Special cases 
5.1. Small errors tested with knife-edge centrally set 
To apply (2.17) to the discussion of arbitrary smooth errors on a 
circular mirror, we write 

E(x,J/)= 2 a mnX m y n (x 2 + !/ 2 <')> 

771, n ^ 0 

= 0 (x 2 +y 2 > 1). 

Then, if — 1 < 1, 

f *Mldt 

J X-t 


V(1-!/•*) 


C E(t,y' 

~ J x'-t 


sM)dt 


-V(l-v‘) 


^ ' n f t mdt 

— 2 amnV J x'-t ’ 


m.n^O 


(5.1) 




152 the FOUCAULT TEST 

where Y stands for % /(l —y' 2 ). Here 
y r+Y 


II, §5 


-F x'-F 


-J T--- 


= x' m log 


*'+V(i—y' 2 ) 

*Wa-y' 2 ) + 


m 

Thus, in the strip — 1 < y' < 1, 


+ y V + YV-{X' 

W r 


-(*'-17 


2 7 rD(.r', y') 


77 


E(x',y')-i y a mn x' m y ^log ?;+^ 1 y '* } 

x-V(l-y 2 


* 2 «mn x' m -'y'"(-iy ( m \ (a;,+r)r (a;/ - y)r 
i* 7 ?m \ r / r 

n^O 


2 7 rZ) 0 (o:' > y')^(x' > y')- 


-* ^ g »»n^ m -y"(-l) r ( m ) ^ -- +y)r ^ 7)r , 

Krim \ r J 

(5.2) 

wliere D 0 (x',y') is the value (2.18) of D(x', y') for a true mirror. Outside 
the strip, D(x',iy') = 0 by (2.17). 

(5.2), together with (2.12), gives the intensities seen under test on the 
disk and in the halo of a circular mirror whose error coefficients are 
defined by the equation (5.1). 

As a special case, suppose that in the expansion 

—<£(*.y) = 2 <*m n * m y n 

m.n^O 

of the error function —<f>(x,y) the squares of the quantities (%ir/\)a mn 
are small enough to be neglected. Then on the mirror 


E(x,y) = exp| — <f>(x, y)J = 1 — 

to a sufficient approximation, and the a mn satisfy the equations! 


(5.3) 


. , 277-1 

°00 — 1 + —T“ “ooi 


2rri 




a m n (rn 2 +n 2 > 0). 


(5.4) 


t It makes no physical difference if wo suppose that = 0. 
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The equations (5.2) and (2.12) then give 
/(*',*/') = \2ttD{x' 



on discarding terms in (277-a mn /A) 2 , 


= «*>'>+ 4 t /A 2 




1 ^ m< r 
n^O 


l)f (m)(^ 4-r) r —(*'—rr 

(5.5) 


where /„ is the value (2.19) of the intensity for a true mirror and where 
the upper or lower alternatives are to be taken according as x' 2 +y' 2 $ 1. 
It follows that small errors on the mirror do not appreciably affect the halo, 
a result which it is easy to derive directly from (2.17) and (5.3). 

The further specialization 


a oo — I; a 2 o — a o 2 — *(*+jB); 

a 40 = £<*22 = <*04 = — *a; • all other a mn = 0, (5.6) 

where a and /? are small enough for their squares to be neglected, corre¬ 
sponds to the wave function 


E(x,y) = l+*«(r a —HJ+i/Sr*. (5.7) 

(5.2) and (5.5) now reduce to the equations 
2nD(x', y') = 2 ttD 0 {x' ,y')E{x',iy')- 

-| Q urV(l-y' 2 )(2-3x / *-5y'*)-2 j 8xV(l-y' 2 ), (5.8) 

~ 2 q [i«a^V(l-|r^(2-3* # *--5y'*)+2i3*V(l-y' > )], (5.9) 

hich therefore give the intensity seen on a mirror possessing a small 

amount of primary spherical aberration, tested with the knife-edee 
centrally set near mean focus. b 
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5-2. Effects of varying the knife-edge setting 

In deriving formulae which shall predict the effects of varying 
the knife-edge setting, we treat lateral displacements of the knife-edge 
in a different way from variations in its focal setting. The difference in 
treatment corresponds to the circumstance that an optician using the 
Foucault test does in practice use these two adjustments of the knife-edge 
in different ways. Having chosen a focal setting which shows up as 
prominently as possible the error on which he is working, he tests by 
moving the knife-edge laterally to and fro and noting the changes in the 
appearance of the shadows. 

If the errors on the mirror are small, the different focal settings which 
can be usefully employed are all covered, in the manner explained in § 2.4, 
by multiplying E(x,y) by a factor e , ' a(x, +«' 5 > in which a = (tt/As 2 ) 8 * is 
small. In the formulae (5.3) <f>(x , y) is replaced by <£(.r, y) — (8s/2s 2 ){x 2 +y 2 ) 
and in (5.5) 8s/2s 2 is added to a 20 and « 02 . 

The situation is different with regard to the factor e icx which expresses 
the effect of a lateral shift of the knife-edge, since c' cannot be supposed 
small even in testing a true mirror, while values of c' up to 5 or 6 may 
be used in the observation of a fairly narrow zone only j’ s fringe in depth. 

We therefore take the equation 

V<1-1/*) 

2nD(x',y') = n Q E(x\y') + i j dt, (5.10) 

-V(l- v*) 

obtained on writing e icx E(x,y) for E(x,ij) and e icx 'D(x', y') for D(x',y") 
in (2.17), set 

E(x,y)= ^ <*mn xm y n (* 2 +»/ 2 < 1). 

?n,n ^ 0 

= 0 (* 2 +y 2 >l), (5.11) 


as before, and (supposing the errors of the mirror small compared with 
A/27 t) write 9 T X 1 

E(x,y) = 1 “ [*(*’ y) “U(* 2 +y 2 )J ( 5 - 12 > 

to express the effects of an increase 8s in the focal distance 5 of the knife- 
edge from the mirror. (5.10) then becomes 

r+v 

2nD(x',y') = 7T E(x',y')-i f E(x'-u,y')e*» ^ 

U J u 


x-r 




V 


m,n^ 0 


0<r<m 
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x'+r 


where 


7 r -i = J u r -'e- ic u da (r ^ 0) 


r -y 


and Y is written for N /( 1 — y' 2 ), as before. 

Here 

/_! = CidcV+^JD-CidcV-^IJ-iSifc'fx' + rjJ+iSifc'^'-r)}, 

as in § 3, while for r > 0, 

= 2 (-•)—[(*'+K)'-e-*^n_ 

_( x '_y)r- Se -,c(x-l)J 

When c' = 0, these expressions are to be interpreted as their limiting 

I x'-Y 


values; for example, 7_ x becomes log 


. For general c', we have 


f+f| 

2nD(x',y') = lE(x\y')-iJ^a mn x-">y'“I_ x - 

-e— 2 ---!)—(-)(*)*Jft,-., 

= 2^ D 0 (x’,y')E(x',t/)- 


—ie 


where 


fzo \ r /\cJ ( r—s )! 

(5.13) 




27 rD 0 (x',y') = " i/^ 


= o - * Ci t l c '{*'+V( 1 -y' 2) } I]+* c »[ V( 1 -y' 2 )} I]- 

-Si[c , {*'+V(l-y'*)}]+Si[cV-V(l-y ,i )}] 

is the value (3.3) of 27rD(x',y') for a true mirror (that is, one with 
E (x> y) = 1 or 0) at the same lateral setting of the knife-edge and 
M{r-s) = {x'+ 7 ( 1 _ 2 / '2)}r-. e -fcV(l-v*)_| a .'_^ ( 1 .y'ajjr-.g.cVd-y^ 
Writing for shortness 


we find 


sinfcyq-y'*)) o 

c V(i—y' z ) “ ’ 

Jl/(0) = -2ic'FS, 


cos(cy(l-y' 2 )} = ( 7 , 


^7(1) = ^(0)4-27(7, 

-37(2) = (x'2-f y 2)37(0)+4x'FC, 

-37(3) = (x' 3 -f 3xT 2 )il7(0)4-2(3x ,2 -4-y 2 )F(7. 


(5.14) 
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As a special case, suppose that in (5.13) all the a, nn are zero except 
«00> fl 20> ®02> ®40> ^22> ^04’ Then 


where 


2nD(x',y') = 27rD 0 (a-' )2/ ')^(x-', !/ ')-te-^'2, 


(5.15) 


2 = 


= 2 «m,.^ m - r y'"(—li ! J/(r- 5) 

\r J\C J (r— 5 )! 

= (« 20 +« 22 y' 2 )[-2x'y6’+=ii r (C-5)j + 

+a i0 ^-2x’YS(x' 2 +Y 2 ) + ^(C-S)^ 2 + ^.i-^Y 2) j- 


2iY 

_tl±2SY 2 

c 


\ 


(5.16) 


The intensity distribution for a mirror possessing a small amount of 
primary spherical aberration, tested with the knife-edge near mean focus 
but not necessarily central, is now obtained on giving the six coefficients 
a oo> « 2 0 . « 0 2 . w 40 ’ a 22 > °oi the values (5.6). 


5.3. Two special cases 

The general formula (5.16) can be used to estimate the theoretical 
sensitiveness of the Foucault test for errors of different types. Only the 
two simplest cases will be considered here, namely the determination 
of the focus of an aberration-free pencil and the detection of primary 
spherical aberration, and except in the last paragraph it will be supposed 
that the knife-edge intersects the axis of the system, so that the cases 
are covered by (5.9). In practice, the lateral adjustment of the knife-edge 
would of course be varied. 

In t he first case, the effect of an error 8s of excess in the determination 
of the focal distance is an apparent error (x 2 -\-y 2 )8s/16F 2 on the surface 
of the mirror on which, as in § 2, the errors may be supposed to be located. 
Here r 2 stands for x 2 -\-y 2 , F denotes the aperture ratio of the pencil, or 
of this mirror, and d(r) = r 2 8s/SF 2 measures the variation in optical 
path distance from points on a wave-front just leaving this mirror to 
the axial point of the knife-edge. At the edge (r = 1) of the pencil, the 
variation reaches its greatest value 8s/8F 2 . Thus the maximum variation 
will be 2 \jA if 8s = gAF 2 , d(r) = j&Ar 2 . In an f/5 pencil this corresponds 
to a focusing error 8s = 0-0002 inch. 

For such small path differences d(r), the approximation 



(5.17) 
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can be used without introducing more than a few per cent, of variation 
in the amplitude of the wave leaving the mirror. The expression for the 
intensity I x is then obtained on taking a = 0, f$ = in (5.9). On the 
disk its value is ^ = / 0 _f w !*y(l-y'*). (5.IS) 


Fig. 54 shows the isophotal lines in this case and Fig. 55 the intensity 
distribution along the horizontal diameter as calculated from (5.IS) and 
also as calculated from the more exact formulae (5.2), (5.3), and (2.12). 
The error of approximation in (5.3) was reduced by using for the more 
exact calculation the retardation function d(r) = AA(r 2 —i). From 
Fig. 54 we may conclude that an error of focusing amounting to only 
j's fringe should be easity visible under the test. 

In the second case, namely primary spherical aberration, the retarda¬ 
tion function at mean focus has the form d(r) = Ar 2 {l — r 2 ). To obtain 
a maximum variation of optical path distance of &A, we take A = !A 
and obtain, to a sufficient approximation, 


exp {x rf(r )} = 1 +x d{r) = ( 5 - 19 ) 

The intensity / 2 is then obtained from (5.9) on setting « = \tt, /3 = 0, and 
its value on the disk is 


h = h— nr*V(l-y /2 )(2-3a:'*-5y*). (5.20) 

Fig. 56 shows the isophotal lines in this case and Fig. 57 the intensity 

distribution along the horizontal diameter as calculated from (5.20) and 

from the more exact formulae (5.2), (5.3), and (2.12). The retardation 

function was taken as JA(r 2 —r 4 —J) for the more exact calculation. 

Figs. 58 and 59 show the isophotes for and J of a fringe of primary 

spherical aberration; a more accurate approximation than (5.3) to the 

wave function E(x, y) had of course to be used for the computation of 
Fig. 59. 

On comparing Figs. 56, 58, and 59 we see how, as the amount of the 
error increases, the Foucault shadows move towards the form predicted 
by ray theory and shown in Fig. 60, until with \ fringe of error the 
resemblance is already fairly close. The principal remaining differences, 
attributable to the effects of diffraction, are the pronounced brightening 
ot the mirror near the rim on both sides and the asymmetry of the 

- P I 1 " 6 = 772 in 5 °) which corresponds to the ‘crest 

° he hill’m the grazing light interpretation of the test. According to 
ray theory, this line would be the circle x 2 +y 2 = of radius 0-707, and 



Fio. 54. Disk intensities under knife-edge test of a true mirror 
with fringe focus error: d(r) = 



Fio. 55. Intensities along horizontal diameter of a mirror with - 2 q fringe 
of focus error, tested with knifo-odgo centrally set. I = intensity calcu¬ 
lated from (5.2), (5.3); /, = intensity calculated from the approximate 
formula (5.18); 7 0 = intensity for a true mirror. 



Fio. 56. Disk intensities under knife-edge test of a mirror with 
aV fringe primary spherical aberration: d(r) = jAr*(l — r 1 ). 



1 = intensity calculated from (5 2) (5 3 )- r _ in ? Mg . ot 1 m f an focu! 

•ho .PP-o,^ fonnuU «U ^ - 






Fic. 60. Foucault shadows predicted by ray theory on a mirror with primary spherical 
aberration, tested with knife-edge centrally set at mean focus [d(r) = ^4r*(l— r z )] and 
with a slit-source of width equal to 0*20 times the diameter of the geometrical confusion 

disk at this setting. 
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the elliptical distortion combined with displacement to the left which it 
shows in Fig. 59 would lie interpreted as showing the presence of small 
amounts of astigmatism and of coma on the mirror surface. 

From Figs. 56 and 57, we conclude that the Foucault test should be 
capable of detecting fringe of primary spherical aberration without 
difficulty even if the knife-edge is restricted to be central. From Fig. 01, 
which shows the intensity distributions along the horizontal diameter 
for a number of different lateral settings of the knife-edge, it appears 
that, in the present special case at least, no great increase in limiting 
sensitiveness is to be expected when the artificial restriction to central 
settings is removed. 

6 . Zonal errors under the Foucault test 

6.1. Introductory 

Although the explanation of the knife-edge test in terms of ray theory, 
originally given by Foucault in 1859, leaves certain rather conspicuous 
appearances unexplained, it has served ever since as the basis of the 
interpretation of the test by optical workers. In the practical use of the 
test the unexplained appearances, such as the brilliant line of light seen 
round the rim of a nearly true mirror, or the dark fringes which form 
on the bright slopes of a zonal error several wave-lengths deep, are ordi¬ 
narily set aside as 'due to diffraction’ and ignored as far as possible, while 
the interpretation of the knife-edge shadows is made in a semi-intuitive 
manner by means of the ‘grazing light’ fiction. 

This device consists in replacing the mirror surface in imagination by 
a fiat disk on which parallel light falls, at nearly grazing incidence, 
from the side opposite to the knife-edge. The Foucault shadows are 
interpreted as relief-shadows and the bas-relief figure thus ‘seen’ on the 
disk is taken to represent the error figure of the mirror. Provided that 
the error slopes are sufficiently small, the error figure inferred in this way 
agrees in shape with that which would be obtained by a photometric 
analysis of the Foucault shadows on the basis of ray theory. This does 
not mean, however, that it necessarily agrees in shape with the error 
figure actually present on the mirror, and the relationship between the 
inferred and the actual errors remains a matter for investigation. 

In the present section we apply (2.21) to make such an investigation 
in the case of a weak, narrow zone on the surface of an otherwise nearly 
true mirror. This case is a favourable one for discussion, since it is one 
in which the conclusions are not much affected by the simplifying 
assumption that the pinhole size is negligible, and is not unlike cases 
actually met with in the zonal figuring of large astronomical mirrors. 
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6.2. Effect on the knife-edge shadows of a small change in figure 

By (2.21), the intensity seen under the test, at the point ( x,y) on M 0 , 
with the knife-edge in the plane through the centre of curvature of il/ 0 , 
but displaced laterally through a distance c from the central setting, is 

A(*>y;c') = (27rZ>,(x,y;c , )| 2 , (6.1) 

where, for — 1 ^ y ^ 1, 

r 

2 *A(*»y;c') = nE l (x,y)+i f E^y} e icv- X )dt- t (6.2) 

j t CL 
—Y 

here Y = J(l-y 2 ), c' = (2tt/As)c and 

Ei(x,y) = (x 2 +y2 < l), 


= 0 (* 2 +y 2 > 1) (6.3) 

is the wave function which represents the complex displacement, in the 
surface M 0 , corresponding to the unchanged figure of the mirror M. The 
integral in (6.2) is a Cauchy principal value when — 1 < x < 1. When 
\y\ > 1. the value of D,(x,?/;c') is zero. 

A change in the figure of the mirror can be expressed by adding to 
-<f>(x, y) a deviation contribution if>(x, y), to give the new wave function 

E(x, y) = Efix, y) e ^^.v) 


where 


= E l (x,y){\ + 27rir)(x,y)}, 


v(x,y) = 


27rt 


( e 2n^(x,v)_ l) 


(6.4) 

(0.5) 


We suppose that if>(x, y) possesses continuous partial differential coeffi¬ 
cients everywhere, that y) < 1 and that 0 2 (x, y) can be neglected. 
Then v (x, y) possesses continuous partial differential coefficients and 
to the same order of approximation, v (x, y) = fi(x, y), v (x, y) is real and 
7) (z> y) can be neglected. 

We suppose further that the integral 

Y 

n*,y) - J 

-Y 

is, when < 1, so small that its square can be neglected This 

means, broadly speaking, that the changes in profile are not too violent 

seen und<!r ‘he test, with the knife-edge at the same 
setting as before, is now 


v(t.y)—y {z, y) 


t—x 


dt 


( 6 . 6 ) 


I(x,y,c') = |27t£)(x, y;c')| 2 , 


(6.7) 
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where 


r 

2ttD(x, y; c') = -rE(x, y)+i f dt 

J t — X 


-V 

= 27rD 1 (x,y;c')-\-7r2TTir } (x,y)E 1 (x,y)— 

r 


— 2tt J r,(t ' y ^ E '^' ' 7) e icV ~ x) dt, (6.8) 


-r 


by (0.4). Therefore 

\2ttD(x, y,c')\- = |277Z),(x, y, c')| 2 + 


2-ttD^x, y; c')2Trir l {x , y)— 


— 2tt f T?(< ’ y) Vfoy} EM, y)e ic(/ - x) dt 
J t—x 


-V 


X 


+ 2 91 


2irD 1 (x,y,c')X 


77 


2,i,(x,»)£ 1 ( I ,j)-2^ j ,(>, !fW», y) e „.„ d , 


-r 


Since 


J Ei(tf y)e icv-x) dt 


-V 


< T(x,y), 


the second term on the right can be neglected provided that x is not too 
close to the edge of the mirrorf and we obtain the approximate formula 


I(x,y;c')—I^yic’) 


= 291 


2-nD l (x,y,c') 


2i7T 2 r ] (x,y)E 1 (x,y) — 
r 


_ 2jt J y(t,y)E t (t,y) oi c X ,- X ) j, j| (c.9) 


for the changes in the intensities of the knife-edge shadows which result 
when an arbitrary small change of rj(x, ij) fringes is made in the figure 
of the mirror. 

The effect of introducing small errors on a previously true mirror is 
obtained as a special case on setting <f>(x,y) = 0. In this case 


J e icV-x) 


dt 


t D \( x > !/'• c ') becomes large near 


-Y 

x = ±Y. 


( 6 . 10 ) 
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for x 2 -\-y 2 < 1 and after some easy manipulation (6.9) gives, for these 
values of x and y y 


4 77 


-[I{x, y\c') — I 0 (x, y\c')] 


= C(x,y) 


r 

nrj{x, y) — f ^ sinc'(f— .r) dt 

J / X 


-r 


-[l-5(x,y)j f l^cosc'^-x)^, (6.11) 

J i X 


where 


-r 


i' 


^,^ = 2 J SSi^LJOldu = i (C i { |c'(y+T)|}-ci{|c'(r-x-)|}], 

— Y 


Y 


= l f = ^[Si{<:'(r+^}+si{c'(r--v>}], 


ro; r _/ 
77 


-y 


while 


I 0 (x,y;c') = w ={[C(ar, ( v)] 2 +[l-<Sr(x, 2 /)] 2 } 


( 6 . 12 ) 

(6.13) 


represents the intensit ies seen on the surface of a t rue mirror at the same 

knife-edge setting. The condition (6.6) is always satisfied if the slopes of 

the ‘error surface’ z = y(x,y) are everywhere small enough for their 

squares to be neglected; that is, it is satisfied by small, slow errors of 
arbitrary form. 

6.3. Local zonal errors 

To discuss the appearance of a narrow local zone under the test, we 
suppose that </»(*, y) is radially symmetrical and that it vanishes outside 
the zone of width 25 and mean radius r . 

During the removal of zonal error from surfaces of nearly perfect 
revolution symmetry, attention is usually concentrated on the ‘main 
diameter of the surface (that is, the diameter running at right angles 
to the direction of the knife-edge) and the form of the zonal error is 
inferred from the intensities seen along this diameter. These intensities 
a e obtained on setting* = 0 in (0.9), In the case of a local zone, where 
> 1 ( 2 ,0) is zero everywhere outside the ranges -r-8 < * < _ r+5 and 
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r—8 ^ x ^ r+S, they satisfy the relation 
I(x, 0; c') — I\(x, 0; c') 


= 291 


0 ; c') 


2i7T* v (x, 0)E 1 (x, 0)— 


— r + 8 r+8 

— 2tt| I + 

—r—8 r—8 


-r + o r + d . 

J + J T )( t ’?)EiV, 0) eOT _„ a 


. (6.14) 


provided that x is not too close to the ends of the diameter. 

If Ey(x, 0) and D y (x, 0; c') are nearly constant as x varies on or near the 
zone, (6.14) can be replaced there by the approximate equation 

/(*,<); c')-/ x (a:,0;c') 


= 4t7 2 9? 


A(*.0;c') 


2Trirj(x, 0)E 1 (p > 0) — 


, —r + 8 r+8. 

-2^(-r,0) J + ^(r,0) J 


, (6.15) 


where p = +r according as a: > 0 or x < 0. 

In particular, (6.15) can be used when 8 1 and E x (x,0) varies only 

slowly over the whole range — 1 < x < 1; that is to say, in the case of 
a narrow local zone on a nearly true mirror. In this case, the distance 
(approximately 10 c'-units) through which the knife-edge must be moved 
laterally to change the appearance of the main part of the mirror from 
‘fully lit’ to ‘fully dark’ is small compared with the horizontal resolving 
power of each of the two segments 

—r—8 ^ t <C — r+8 and r—8 ^ t r+8 

cut off by the zone on the main diameter, and the value of e ,c(l ~ x> ia 
accordingly nearly constant over these two /-ranges for the relevant 
values of c' and of x. To make the notion of proximity more definite, 
we agree to say that x is ‘on or near' the zone when it satisfies one of the 

two conditions , . - 

\x—r\ < 65, 

\x+r\ < 68 . 


(6.16) 

( 6 . 17 ) 
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1 

f '3 E x (t, 0)e <cV ~ J) dt 
J t — X 
-1 

r+ 5 

= E x (r, 0)e' c ' ( ' 1 - e > f + 

J ^ x 


— r+ 5 


+.fc\(-r, 0)e fc <'+'> f (6.18) 

J ( 3 / 


—r-S 


approximately. When x satisfies (6.16), the second term on the right 
of (6.18) is small in comparison with the first; when x satisfies (6.17), the 
first is small in comparison with the second. In either case (6.18) can be 
replaced by the equation 

j 0)E,«, 0) dl = EAp 0) J iW iT> 


wheref 


p = rsgnx, 


and the function 


( = ^ZP 

f 8 ’ 

£(t) = T)(t, 0) 


*—P 
8 


expresses the zone profile in terms of the new variable r, which runs 
from — 1 to -f 1 on a zonal segment of width 28. 

(6.15) then gives, for points x on or near the zone. 


4tt 2 


{/(a',0 ;c')-/ 1 (a:,0;c')} 


[ 1 , 
2iri{(*)-2 j dx 
-1 


= C(f)3{2xr2^(p, 0; c^E^p, 0)}— 


1 

~ J ~I| dr 0; c')^,(p, 0)}. (6.19) 


t «gn x is defined os 1 , 0 , —1 according as x >, = 9 < Q 
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In the special case of a narrow local zone on an otherwise true mirror, 
(6.19) becomes, in virtue of (6.10), 


1 

4^2 


{/(x,0;c') — /jfc.Ojc')} 


= -[Ci{|c'(l+p)|}-Ci{|c'(l-p)|}]^)_ 

~ (l - i [Si{c' ( 1 + p)}+Si{c'( 1 —p)}]) J Mdr, (6 .20) 

-1 

a result which can also be derived from (6.11). When the knife-edge is 
centrally set (c' = 0), (6.20) takes the simpler form 

i 

^{/(a:, 0 ; 0 )—/!(a:, 0 ; 0 )} = —sgnxlogiiT^)— J 

- 1 ( 6 . 21 ) 

In the more general case where small, slow irregular errors may also 
be present on the mirror, we write 

E^y) = = l + 2»rii h (ar,y) 

and suppose y) so small that its square can be neglected. Then 
Vi( x > V ) = — $( x t V ) the same order of approximation, and an applica¬ 
tion of (6.8), with ! 

r picu-x) 

2ttDJx,0\c') = 7r+t -- dt (6.22) 

J t—x 

-l 

in place of 2 nD 1 and with D x in place of D, gives, by an argument very 
similar to that used above, 


4tt 2 


{I{x, 0;c') — /^x.O-.c')} 


= Hi) J ^ 


(l-p) 


dt- 


-1 


sin c'(t—p) 


f M. dT 1_2 f 

J T — Z TT J l — 

-1 -1 


dt 


(6.23) 


It follows that (6.20) and its particular case (6.21) remain valid approxi¬ 
mations when, in addition to the narrow zonal error described by £(r), 
small irregular slow errors are present on the mirror surface. 


6.4. Interpretation of the test 

Along the main diameter y = 0, the inferred error-slope of the mirror 
on and near a weak, narrow zone is proportional to I(x, 0; c ) A(- r > c )• 

It varies somewhat as the lateral setting of the knife-edge is varied, 
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although the variations in the shape of the inferred error profile are not 
large enough to attract notice in the ordinary use of the test. 

When c' = 0, i.e. when the knife-edge is central, the inferred error 
profile P(x) or £*(£) on the mirror is given, apart from an appropriate 
scale factorf and an arbitrary additive constant, by the equation 


j- 

P W = ~~ 2 j {I(x,0;0)-I 1 (x,0;0)}dx, 


(6.24) 


and (6.21) therefore yields, on and near the zone, the approximate 
formula ^ ^ 

£*(£) = P(x) = sgnxlogji^J Z(n)du+ j ^ J ^Ldr^du 

f l 

= sgns log £(«)''« + J ^(r)log^l^rfT. ( 6 . 25 ) 

(6.25) expresses the distortion which the zone profile undergoes when 
‘seen’ under the Foucault test with the knife-edge centrally set. That 
is to say, it describes the ‘intrinsic error’ of the test when applied to a 
weak, narrow zone of mean radius r on an otherwise nearly true mirror. 

The corresponding formula when the knife-edge is non-central is 
obtained by substituting from (6.20) into (6.24); it is 

( 

£*(f) = [Ci{|c’(l+p)|)_Ci{|c'(l— P )|}] J «„)d, 1 + 

+ (l-i[Si(c',l+W}+Si{c'(I- / ,))]) j C( T ,Iog ^ dr . (0 . 26) 


-X 


Equations (6.25) and (6.26) allow some general conclusions to be 

a ? ,OUt the relat,on between the inferred profile of a weak, narrow 
zone and its actual profile. (6.26) can be written 


} _ f 

= ^ogj^-^dr+P J C(u)du, 


(6.27) 


intensities seen under 

in wavelengths a Z not Vy t^anX th° ,° f tH ° ^ 

.r .ho fooal „ tio , tho „ foro p h; „ tr but 
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where the coefficients 

A = l — i[Si{c'(l+p)}+Si{c'(l—/>)}], 

*77 

B = Ci{\c'(l+p)\}-Ci{\c'(l-p)\} 

depend on p = rsgn x and on c', but not on 8. It follows that the apparent 
distortion imposed by the test on the zone profile is independent of the 
zone width; two narrow zones of the same mean radius but of different 
widt hs will possess the same inferred profile £*(£) if they possess the same 
actual profile. 

By (6.27), £*(£) is a linear combination of the two functions 

i 

£"«)= J CWlogpljj*- (6.28) 

-1 

and £ (2 >(£) = J £(«) du. (6.29) 

The first of these is a Faltung or ‘smear’ of £(t) by means of the function 
log( 1/|r |). Rapid changes in the slope of the zone-profile are smoothed 
and rounded off by the smearing process, which also ‘spreads’ the zone, 
so that £ 1,) (t) does not vanish everywhere outside the interval — 1 < t < 1 , 
as £(t) does, but tails off gradually. Fig. 62 illustrates this in the par¬ 
ticular case 

£(t) = (1-t 2 ) 2 (_1< T <1), 

= 0 (t 2 ^ 1). (6.30) 

When the zone has a symmetrical profile, i.e. when £(t) is an even 
function of r, £ (1, (t) is likewise an even function and the ‘smeared zone 
is symmetrical. However, the inferred profile (6.27) is not symmetrical 
because of the effect of the term in £ (2, (£). The function £ (2, (£) is constant 
outside the interval — 1 < £ < 1, but its value is not in general the same 
on both sides of the interval. In the case of a high or low zone, where 
£(t) is of constant sign in (-1, 1), the smeared function £ (,) (£) is monotonic 
in each of the ^-ranges outside this interval; therefore the inferred profile 

£*(£) = vl?»(£)+.B£< 2, (£) 

is likewise monotonic in (—co, —1) and in (l,co), whatever may be the 
values of A and B. That is to say at no setting of the knife-edge do 
maxima or minima of the inferred zone-profile ever lie outside the actual 
zone. But their positions within the actual zone vary when the ratio B/A 
varies; that is, they depend on the lateral setting of the knife-edge and 
on the situation of the zone on the mirror disk. 
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The curves in Fig. 63 show the values of BjA as c' varies, for zones 
of mean radius 0-25, 0-5, 0*65, 0-80 respectively; the values of c' which 
are of most practical importance are, by Figs. 5 a and 5 6, those between 
2 and +1. In this range of values of c\ BjA may be approximated 



Fio. 63. 


to with sufficient accuracy for practical purposes by the expression 
(c + 2 )oc(p), where 

<x(p) = 0-25, 0-5, 0-7, M, 


for zones of mean radius 0-25, 0-5, 0-65, 0-80 respectively. In Fig 04 are 
ahovvn the .referred zone profile, calculated from (6.27b correspond^ 
to ttre actual profile (6.30) in the cases c' = - 1 , c > = 0. The value 

value o' -Ttr° nd ^ t n an a P pro / imate| y -half-lif mirror disk and the 

aluec - OtoacentraUyeetkmfe-edge;inthelattercase,aswasshown 
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in § 2.4, the disk contains only one-third as much light as with the knife- 
edge withdrawn. It will be seen from Fig. 04 that the inferred zone 
spreads well beyond the boundaries of the actual zone and that its crest 
is displaced outward by an amount which increases as c' increases from 
— 1 to 0. The displacement, though not very noticeable on the inferred 
profile, amounts to an appreciable fraction of the actual zonal width 
when c' = 0. 



Fxo. 64. Inferred error profile (6.27) in the case (6.30). The dotted curves show the 

shape of the actual error profile. 


The zone ‘seen’ under the test in practice is a composite impression 
built up from the inferred profiles for the values of c' which make the 
zone show tip most prominently on the mirror disk, and these values 
may be taken to lie between —2 and +1 " hen the mirror is nearly true. 
A ring-polisher made to suit the inferred zone should therefore be found 
to work rather too much on the outer slopes of the zone and, because it 
is too broad, should produce a somewhat different effect from that 
intended. To reduce the zone with greater efficiency, the ring-polisher 
should be designed to work almost entirely on the central part of the 
apparent zone and should be set slightly inside the inferred crest-radius. 

The well-known difficulty, in correcting mirrors by local polishing with 
the help of the Foucault test, of preventing the polisher from trespassing 
outside the limits of the local error under treatment is usually regarded 
as a difficulty in the manual control of the polisher. According to the 
present analysis, it may be attributed, in part at least, to the errors 
inherent in the usual method of interpreting the Foucault shadows. 

It remains to consider how far these conclusions, established onh for 
sufficiently narrow zones of very small height or depth, may be expected 
to remain valid as useful approximations when applied to zones of the 
widths and depths commonly met with in practice. Some idea of this 
may be formed from Figs. 65a, b and Figs. 66a, b. To draw these figures 
computations of the intensities in four selected special cases were made 
from the basic formula (6.2), which for practical purposes can be regarded 
as exact, and the corresponding inferred profiles were computed from 
(6.24). There is of course a certain arbitrariness in the use of (6.24) to 
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define the inferred error profile when the intensity-changes are no longer 
small, f 

The four cases selected are high zones of mean radius 0-65, width 0-20, 
profile shape £(r) given by (6.30) and heights & fringe and £ fringe 
respectively, tested with the knife-edge at the lateral settings c' = — 1 
and c’ = 0. 



The error profile is shown bolow the graph. 



-10 -0-8 -06 -0-4 -0-2 


0-2 



0 6 0-8 10 

Fio. 656. Inferred error prof.los corresponding to Fig. 65 a. The dotted curves show the 

shape of the actual error profile. 


Figs. 65 a, b show the results for a zone of height & fringe. It will be 
seen that in this case the inferred profile derived from the approximate 
formula (6.27) agrees sufficiently well in shape with that derived by 
computation from the accurate formula (6.2). 

The results for a zone of height £ fringe are shown in Figs. 66 a, b. 
Here the inequality between the apparent strengths of the zone on the 
lelt- and on the right-hand zonal segments is considerable, and the 
agreement between (6.27) and the accurate formula is not very close 
1 his is hardly surprising, since the condition that the depth of the zone 







174 


THE FOUCAULT TEST 


H, § 6 



Fio 66a. Foucault intensities, at two different lateral settings of the knife-edge, for a 
local zone J fringe high. The dotted curves show the intensities for a true mirror, lho 

error profile is shown below the graph. 



should be small compared with A/2w is far from being satisfied. Even m 

this case, however, it appears from Fig. 60a that the general conclus oM 

drawn above retain sufficient validity to be useful to the practice 
mirror-maker. 
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THE SCHMIDT CAMERA 


1. Introduction and general discussion 

The increasing use of photography brought considerable changes in the 
demands which have to be met by optical systems intended for astro¬ 
nomical research. Instead of striving for the sharpest possible images 
over a very small field, the design of a photographic telescope aims at 
high definition over the whole of a photographic plate. For in visual 
work, the object under examination can always be brought to the centre 
of the field of view, whereas a photographic plate records the images 
impartially over its whole area, which is examined piecemeal after the 
plate has been developed. 

The simple Newtonian telescope illustrates the point. We recall that 
a simple spherical mirror will not form a sharp image of a star situated 
on its axis, because the parallel rays meeting the outer zones of the mirror 
are brought to a shorter focus than those reflected from the parts near 
its pole A (see Fig. 67); the image suffers from spherical aberration. If 
the mirror is replaced by a paraboloid touching the original spherical 
surface at its centre and passing through its edge, the spherical aberration 
is eliminated and the rays are brought to a sharp focus. The change in 
form of the surface is easily found. On taking Cartesian coordinates t,y 
in a plane through the axis of the mirror, with origin at the pole A of the 
mirror surface, the surface profile of a spherical mirror of radius of curva¬ 
ture 2/ is given by the equation 


(f-2/) 2 +y 2 = (2/) 2 , 

i.e. 4 ft = y 2 +t\ 

which on solving for t in terms of y yields the power series 




y 4 


4/ ' 64/ : 


+ • 



The numerical value of the term in y 4 is very small; in the case of an f/5 
mirror of 20 inches aperture, it amounts at the edge of the mirror to 
1 /6400 inch, or about 8 wavelengths of light. The term in y 6 is in this case 
less than 1 /800 of the term in y 4 and we can safely neglect it, together 
with all higher terms. Thus the term in y 4 gives the distance, measured 
horizontally, between the surface of the sphere of paraxial focal lengt \J 
and that of the paraboloid of focal length/which touches it at its centre A . 
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A more relevant comparison is with the paraboloid 

t = y Z W ( 1 . 2 ) 

which touches the sphere at its centre and passes through its edge y = y 0 . 
This is, except for a slight displacement parallel to the /-axis, the para¬ 
boloid into which the sphere can be ‘figured’ by opt ical polishing with the 
removal of the least possible depth of glass. Subtraction of ( 1 . 1 ) from 



fcio. 67. Spherical mirror imaging parallel light. 


(1.2) gives for the horizontal difference $ at height y between these two 
surfaces the equation 

* = ~ 4 /) ~ 6 ^* (L3) 

= («-!/ 4 )/64/3, (1.4) 

on making use of the fact that { = Owheny = y 0 in order to eliminate/'. 
Now the greatest value of y*y*-y* = y*(^-y*) as y runs from 0 to y 0 

“ a :?^ ed '" hen y = = 0-707 y 0 , and is Hence the ‘figuring 

aeptn £ in the above example is greatest on the zone of radius 7 inches 
and its value there is about 2 wavelengths. It is of no practical conse¬ 
quence whether the figuring-depth is measured horizontally, as here or 
normally to the mirror surface, since the discrepancy nowhere exceeds 
one-hundredth of a wavelength. 

A useful alternative formulation of the same results is made possible 
ny the notion of a wave surface or wave-front; that is to say, a surface 
r ogonal to all the rays belonging to a single pencil. In the case of a 
paraboloid imaging a star on its axis, the wave surfaces are plane before 
meetmg the m'rror, since each is orthogonal to the rays of a parallel beam 
fter reflection the wave surfaces are spheres, since they are orthogonal 

detom sTlt, T “ P ° in r t - The ° f the "lirror » to 

form shghtly the wave surfaces which leave it; removal of a layer of 
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glass 8 wavelengths thick from a part of the mirror surface will retard 
the wave surface leaving this part by an amount 28cost, where i is the 
angle of incidence of the rays on this part. In many practical cases, 
including the one given above, 8 amounts only to a few wavelengths and 
cos i differs from unity by less than 1 per cent, over the whole of the 
wave-front. We can then say to a sufficient approximation that a figuring 
depth 8 on the mirror corresponds to a retardation 28 in the reflected 
wave-fronts. 

Since the figuring (1.4) will convert the wave-fronts reflected from the 
mirror into spherical shells, it follows that without this figuring the 
reflected wave-fronts are distorted from the spherical form in accordance 
with the retardation function 


= -(yYo-y*)/ 32/ 3 . (1.5) 

Here the parameter y identifies the zones of any wave-front by means 
of the points where the rays through them meet the mirror surface and 
y Q corresponds to the edge-zone. 

When a field of stars is photographed at the prime focus of a simple 
paraboloid, the images close to the axis are good, but those farther out 
appear as asymmetrical, comet-shaped smudges; the system suffers from 
off-axis coma. For this reason, the optical system of the simple New¬ 
tonian telescope is not well suited to astronomical photography. The 
classical Cassegrain system suffers from the same drawback; its off-axis 
coma is the same as that of a Newtonian of the same focal ratio and is 
only smaller in practice because the focal ratio is longer. The first 
systematic attempt to design coina-free reflecting telescopes appears to 
have been made by K. Schwarzschild (1905), who published designs of a 
coma-free two-mirror telescope with a useful field of about 3° at an 
aperture ratio of f/3. Both mirrors are ‘figured', i.e. aspheric. The 
figurings are of course different from that on a paraboloid. 

Two-mirror systems are the simplest type of telescope which can be 
coma-free, and it is rather remarkable that Schwarzschild's designs did 
not attract more attention. Only two examples appear to have been put 
into use; one, of 24-inch aperture, at the University of Indiana and the 
other, of 12-inch aperture, at Brown University, U.S.A. 

An important step forward, and one of an entirely novel kind, was 
made by Bernhard Schmidt in 1930 when he introduced the new type 
of optical system which bears his name. Schmidt was a remarkable and 
interesting personality. He was born in 1879 on Nargen Island in 
Esthonia, and R. Schorr (1936) in his biographical note on Schmidt 
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records that he attempted as a boy to make a concave mirror by grinding 
together the lower parts of bottles with sea-sand from the beaches of 
Nargen. Later, he studied engineering in Gotenburg and Mittweide and 
about 1900 began to make telescope mirrors of outstanding quality for 
amateur astronomers. In 1905 he executed with extraordinary accuracy 
and in the short space of three months an f/2-26 paraboloid of 40 cm. 
aperture for the Potsdam Astrophysical Observatory. Schmidt carried 
out his optical work with the simplest means, using relatively thin glass 



Fic. 68. The ScJunidt camera. (The deformation of the aspheric 
plato surface is exaggerate*! about 100 times.) 


took for fine grinding and polishing and working all surfaces by hand— 
with Ins left hand, indeed, for he had lost his right arm in an accident 
m early youth. When making a Cassegrain system, he would usually 
leave the pnmary mirror spherical and remove the spherical aberration 
oy figuring the convex secondary mirror. 

In addition to being an outstanding optician and a first-class engineer 
bclnmdt was an enthusiastic astronomical observer and during the latter 
part of h,s hfe he worked in the Bergedorf Observatory near Hamburg. 
He showed much ingenuity in the construction of mountings and drives 

an“ bSu*' m ° Untin8S Were “ d at Ber * ed ° rf 

Schmidt's crowning achievement, however, was the invention and 

asThe r Soh 0n d°t f h ‘ S ,lichtstarkes ' com afreies Spiegelsystem', now known 

together tit 1 ! “T dt 1932) ' 11 COnsists of 1 a spherical mirror 

ouTZTJofZ - plane -P, aralW "« ured P'»‘a situated at the centre 
the nllte t, mUTOr ' “ Sh ° Wn in Fig ' 68 ' The i* larger than 

curved Ind reCeive th<> ° ff - axis penci,s ' The field surface is 

'pre correct' th COn * C Wi ‘ h ** Th<> ° bieot ° f the pIat0 » to 

so that they mavr r 43 "! 7 P “ aUel P<>ncils enteri "8 the system 
** . , y b Spherical after reflection by the mirror and so 

converge to a sharp focus. Consider first the axiafpeneU By equation 
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(1-3) above, the amount of pre-correction required at the zone of para 
meter y is a retardation 



approximately. For 2£ is, to a good approximation, the amount by 
which the reflected wave-fronts are pushed forward, on the y- zone, in 
advance of the desired spherical form. Since the optical path distance 
through a plate of thickness d and refractive index n is nd for rays 
entering normally, it follows that the retardation (1.6) will be obtained 
if one surface of the plate is figured to the profile 

= __L\+_ p * . (17) 

1 n — 1 n-l\2f 2f) ' 32(n — l)/ 3 [1 

here y denotes the depth of the ‘figuring-layer’ on the plate surface, that 
is, the least thickness of glass which, laid on to a plane surface, would 
produce the required asphericity; y is the parameter of the plate zone, 
i.e. the distance from the axis at which the rays through this plate zone 
meet the mirror surface. Because the rays, after passage through the 
plate, are still very nearly parallel to the axis of the system, it is per¬ 
missible in the present approximation to take the parameter y as equal 
to the radius of the plate zone. Then the Cartesian equation of the 
aspheric plate profile can be written in the form 


V = (y 1 — °'/o!/ 2 )/32(tt— l)/ 3 , (1.8) 

where y 0 denotes the radius of the edge-zone of the plate and the constant 



can be varied at will by varying the value of f, which, it will be remem¬ 
bered, is merely the focal length of the chosen reference-paraboloid. The 
strength of an aspheric plate is defined as (n— 1) times the coefficient of y 4 
in its surface profile; thus it is independent of a and is 1/32/ 3 in the case 
of the Schmidt camera. 

From Fig. 68 it will be seen that, in order to determine the image 
errors at an angular distance <f> from the centre of the field, it is sufficient 
to calculate the effect on the axial image of tilting the plate, together 
with the aperture stop, through an angle <f> about an axis through C 
parallel to the plane surface of the plate. Taking Cartesian coordinates 
x, y in the plane of the aperture stop, with origin at its centre C, suppose 
that the plate is tilted through an angle <f> about the axis Cy. The plate 
thickness T(x,y) = d+y is very nearly constant and the slopes dTJdx 
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and dTjdy of its aspheric surface in the x and y directions are very small, 
so that their squares can be neglected. 

Now consider a ray, initially parallel to the axis of the sjstem and 
passing through the point x, y of the aspheric plate surface. The angular 
deviations which this ray receives from the untilted plate amounts to 


(»- 1 ) 


dT 
dx ’ 


(n-l) 


dT 

By 


radians in the x and y directions respectively. These deviations produce 
an error-free axial image, and it is the changes which they undergo when 
the plate is tilted which give rise to the off-axis aberrations. Two main 
factors operate to produce these changes. In the first place, the tilted 
plate is traversed obliquely by the rays, and this increases the angular 
deviations associated with each point of the plate surface. The new 
values are given, when sin^ is neglected, by the expressions 

<n ~ 1) ^-( 1+ ^r sin v). <«— 1 > |f( 1 +(i.io) 

(A proof of this statement, and of (1.11), (1.12) below, will be derived as 

a by-product of the more rigorous t reat ment in § 2.) In the second place, 

owing to the tilt of the plate, a point {x, y) of the aspheric surface now 

t ransmits light to the point of the mirror surface which formerly received 

it from, approximately, the point (rcos <f,,y). This causes a further 
change, of amount 


in 


(W_1)a: 0^( l ~ COS ^)’ (n-1 ) X J^( l_COS ^) (1.11) 

... the angular deviations. We therefore obtain for the leading terms in 
t he components of angular aberration in the ray through the point (x y) 
of the entry pupil the expressions 

( 1 . 12 ) 


(n-Usin.^+l 


+ 1 dT 


2 n dx 


+ 


where 


T = T(x,y) = d+^(V(a:2+y2)} 


— d -}- 


{(* 2 +y a ) 2 -ay2(*2+ ,f)) 


(1.13) 


32(n—1)/3 
is the plate thickness at the point (ar.y). 

errors'of thfti “”1*° CarnthlS ° d ° r y <U>40), shows that the off-axis 
errors of the Schmidt camera are very small and are of a symmetrical 

haracter. Then symmetry (or rather, that of their leading terC) follows 
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at once from (1.12) and (1.13). To estimate their size in a practical case, 
consider an f/3-5 Schmidt camera working over a 6° diameter field. 
The greatest aberrations are at the edge of the field and are provided 
by the points (±:r 0 , 0) on the boundary of the aperture; by (1.12), (1.13) 
they are 

±sin 2 3° 

where y 0 !f is equal to 1 in an f/3-5 system. If n = 1-5 and if we set 
a = | so as to minimize the axial colour-spread of the system, as 
explained below, this expression has the values 




n + \ 
2 n 


5(1 —io) + ^(3 —In) 


o, 


±1/750,000, 0; 

that is, the deviations amount to ±4/15 second of arc. In an f/3-5 camera, 
therefore, the off-axis image spreads run up to approximately half a 
second of arc at the edge of a f>° diameter field. 



Fir.. 60. Aspheric plate profiles corresponding to different values of the parameter a. 


In the discussion given earlier of the ‘figuring’ of a sphere into a 
paraboloid, the parameter value a = 1 was singled out as reducing the 
overall figuring-depth to its least possible value. Such a value of a would 
not be adopted by the practical mirror-maker; he would use a value near 
to 2. For it is easier to control the figure of a mirror near its centre than 
near its edge, and parabolization with a = 2 can be effected by polishing 
away glass on the inner parts of the mirror, leaving the edge zones almost 
untouched (see Fig. G9). 

In choosing the value of the parameter a for Schmidt plates, ease of 
construction is no longer the chief consideration. The colour-error of the 
plate is large enough to attract attention in some systems; in such cases 
the value of a is chosen so as to minimize this colour-error. With a low- 
dispersion crown glass plate, the angular colour-split over the spectral 
range F-C may be taken as of the greatest angular deviation imposed 
by the plate. By (1.8), this deviation 

(»-l) p = (j P-UyluW*. 

<i>j 
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The greatest value of I?/ 3 — \ayly\ in the range 0 ^ y ^ y 0 is taken either 
at its stationary point y — y os !(aj 6) or at y = y 0 . At the former its value 
is 2 y%{a/6)*; at the latter (1 — If a = these are both equal to \y%. 

Hence the angular colour-spread (F-C) of the plate is least when a■ — $ 
and its value is then 


ill, 1 

60 8/ 3 4^ — 15.360F 3 


radian. 


where F = f/2y 0 is the focal ratio of the camera. 

For example, in an f/3-5 Schmidt camera with a = 3, the angular 
colour-spread (F-C) of the plate is 


15,360\7/ 


radian = $ second of arc, 


approximately, and the diameter of the colour-confusion circles in C-light 
when the plate is correctly figured in F-light, is approximately § second 
of arc at all points of the field. The colour-confusion circles in ^-light are 
also about § second of arc in diameter, i.e. the system is overcorrected 
in 7t-light to about the same degree as it is undercorrected in C-light. 

The first Schmidt camera, constructed and put into use by its inventor 
at Bergedorf in 1930, was an f/1 -75 system with a corrector plate of 36 cm. 
aperture. The mirror was 44 cm. in diameter. Photographs, taken on 
curved film, gave perfectly round stellar images over a field 16° in 
diameter. Later, Schmidt made a second camera, of 60 cm. aperture 
and 3 metres focal length, together with a paraboloid mirror of the same 
aperture and focal length, and mounted them as a double reflector in 
an English mounting at the Bergedorf Observatory. The drive was a 
novel one of his own devising: it employed a lever arm 2-4 m. long, the 
end of which rested freely against a rotating worm wheel. Schmidt was 
engaged in the adjustment of this instrument during his last days: he 
died in 1935. 

The central obstruction of the Schmidt camera by its own field surface 
restricts the field-size at a given aperture ratio. If the permissible linear 
obstruction ratio is c, the maximum angular field diameter which can be 
obtained at a focal ratio F is 60 °c/F, approximately. Thus the angular 
field-size of an f/3-5 camera must not be greater than 6° if the obstruction 
ratio is not to exceed Schmidt’s first camera, working at f/1-75 over 
a 15 field, had an obstruction ratio a little less than 0 - 4 . The Schmidt 
optical system does not satisfy the exact sine condition, but the variation 
m A/sin 0 about one part in 250,000 at an aperture of f/1-75—is so 
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small that the symmetry of the photographic images is not visibly 
affected. 


2. The monochromatic aberrations of the Schmidt camera 

Fig. 70 shows the optical system of the ordinary Schmidt camera. 
For the present we suppose that the aspheric surface of the corrector 
plate faces the spherical mirror and passes through its centre of curva¬ 
ture C. (x,y, z) are rectangular Cartesian coordinates with C as origin 



Fig. 70. 


and with CA as 2 -axis. We take the aperture stop of the system to be 
the circle x 2 -\-y 2 = //'- in the plane 2 = 0, i.e. in the tangent plane to the 
aspheric surface. In an actual system of focal ratio f/2-5 or longer, the 
aspheric surface lies everywhere within a few thousandths of an inch 
of this plane. 

The Cartesian equation of the aspheric surface can be written 

2 = T(x,y)-T( 0,0) = a 1 h 2 +a 2 h*^a 3 h»+..., (2.1) 

where h 2 = x 2 +y 2 and T(x,y) denotes the thickness of the plate at the 
point ( x,y ). The values of the coefficients a v a 2 , a 3> ... are discussed in 
the next section, and it is shown there that, if the terms in h 6 , h 6 ,... are 
small enough for their sum to be neglected, 

n*,y) = L), (2.2) 

where n is the refractive index of the plate, h 0 the radius of its neutral 
zone, and / the focal length of the system. 

A notation better adapted to the discussion of the off-axis errors is 


obtained on setting 


P = H/B, 


(2.3) 


where B is the radius of curvature of the mirror. 
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Since/ is very nearly equal to \ R, the quantity 2p is very nearly equal 
to the numerical aperture of the system and 



nearly, 



where F is the focal ratio; the error in these approximate equalities is 
less than one part in 300 in the case of an f/3 system. 

We introduce the dimensionless variables ?/, v, and r by means of the 
equations x = fiRu> y = ^ h = (2.5) 

thus r 2 = « 2 +a 2 and the aperture stop is defined by the inequality 
w 2 +v 2 <1. In order to keep the formulae as simple as possible, we 
suppose for the time being that R = 1; this is equivalent to taking the 
radius of curvature of the mirror as unit of length. Equation (2.2) now 
becomes 

T(x,y)-T(0, 0) = -—-^(r'-Orlr^ + O^). (2.6) 

In an f/3 camera p 2 = r J 4 nearly, while r < 1 always and r 0 lies between 
0-7 and 1 in a practical case. Therefore the error-term in this equation 
amounts to only a few per cent, of the maximum size of the leading term. 

Let d 0 be the least thickness of the plate. Then the plate is equivalent 
to a plane-parallel plate of thickness rf 0 , together with a ‘figuring layer’, 
of which the thickness is ?’(0,0)—rf 0 at the centre of the plate and decreases 
to zero at its neutral zone. Let the thickness of the figuring layer at the 
point (.r, y) be denoted by 

U(x,y) = T(x,y) — d 0 . (2.7) 

Then it follows from (2.6) that 

U(x,y) = Ofa*) ( 2 . 8 ) 

at all points ( x , y) of the aperture. 

First suppose the system to consist of the mirror and the figuring layer 
on y. The effect on the images of adding in the remainder of the plate- 
thickness will be considered later; it is evidently zero when the aspheric 
side of the plate is towards the mirror. As before, let c be the central 
obstruction ratio of the system by its spherical field surface. Then if 
*■ r o 18 the angular diameter of the field, 


sin <f, 0 = cH/f = 2 cy. 

approximate^. In cases (such as the 24-36-inch f/3-5 Burrell telescope 
and the 4^72-inch f/2-5 Palomar Schmidt telescope) where he S 
diameter is # times the clear aperture, we have, to within 1 per "nt 

c = i, sin 
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In an f/3-5 system this gives sin«£ 0 = t and the unvignetted field has a 
diameter of just over 4 degrees: in an f/2-5 system the unvignetted field 
is 6 degrees in diameter. In all the large Schmidt telescopes so far built, 
the value of c lies between | and I. 




A parallel pencil entering the camera at an angle <f> with the axis forms 
an image on the photographic plate if 0 < <f> < <f> 0 . The new variable V, 
defined by the equation 

sin<£ = 2 CfxV, (2.9) 

runs from 0 at the centre of the field to approximately 1 at its edge. 

The new variables have the property that u, v, r, V all range from — 1 
to 1 or from 0 to 1, while /x 2 is usually less than 0-01. The numerical 
order of magnitude of the different terms in our expressions is therefore 
indicated by the powers of // which they contain. 

Consider a pencil of rays, and their orthogonal surfaces the associated 
wave-fronts, issuing from a point F' in the field surface such that 
F CF' = <f> and F' lies in the plane uCz. See Figs. 71 a, 71 b. Ifthesystem 
had no off-axis aberrations, these wave-fronts would emerge from it as 
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plane surfaces; their actual deviations from flatness indicate the aberra¬ 
tions of the system. 

These deviations arise in the following way. In the first place, the 
retardation imposed by a plane-parallel plate upon plane waves meeting 
it at an angle tf> is greater when <f> ^ 0 than when <f> = 0. The increase, 
by Fig. 72, is nPQ-[PM+(n-\)d] t 



where d is the thickness of the plate and n its refractive index. Since 

PQ = dsect], PM = PQcos(<f> — 77), sin 77 = i-sin<A, 

n 

it follows that 

n P Q —[ PM + (n — 1 )d] = nd (sec 77 — 1 )—d(cos <£ + sin </> t an 77 — 1). 
Here sin <f> tan 77 = ^ sin 2 <£ sec 77 = - sin -<f> + 0(sin 4 <£). 

Therefore 

nPQ—[PM+(n—\)d] = -1- dsin 2 <f>— d^sin 2 ^— A sin 2 ^j + 0(d sin 4 <£) 


n — 1 

2?i 


dsin 2 <£+0(d sin 4 <£). 


( 2 . 10 ) 


Now suppose that the wave-fronts are nearly plane, with angular 

deviations O^r 5 ) from flatness, the plate nearly plane-parallel, with 

thickness 0(^ 4 ) and surface-slope deviations 0(/x 3 ), and the angle of 

incidence <f> = O(^). This change in the hypotheses introduces an 

inaccuracy 0 (^ 8 ) in the retardations and (2.10) can therefore be replaced 
by the expression ^ j 

~dsin 2 ^ + 0(^). (2.11) 
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By (2.6), (2.7) the new hypotheses are applicable to any element BS 
of the aspheric surface of the figuring layer surrounding the point 
(x,;/, U(x,y)—V( 0, 0)). It follows that the retardation imposed by the 
figuring layer on that part of the oblique, near-flat wave-front which 
crosses its aspheric surface in the element BS exceeds the retardation 
imposed upon a wave-front arriving square on by an amount 


by (2.9). 


“ n ^^ t7(ar ’ y)+0(/ * 8) = 4S-M*~U(x,y)+0(^), 



A further contribution to the change in retardation of the wave-fronts 
arises from foreshortening’, in the following way. Consider that ray y 
traced out from F (see Fig. 71a) which, after reflection at the spherical 
mirror, meets the plane 2 = 0 of the aperture stop in the point {x,y. 0 ) 
and, consequently, the aspheric surface in a point 


(x+0(^), y+0(y‘), 

If the pencil issuing from F be rotated bodily through an angle <f> about 
the axis Cv, it becomes a pencil issuing from F'\ let y' be the ray of the 
new pencil which corresponds to y. After reflection in the sphere, y' meets 
the plane of the aperture stop in a point of coordinates 

(x sec <f>+0(y?)0{x sin <£), 0(fx 3 )0(x sin <f>). 0) 


= (x sec <f>+0(n s ).y+ 0(/x 5 ).O) 

and meets the aspheric surface in a point whose coordinates differ from 
these values by 0(y*)0(sm(f>) = 0(y}). This causes a change 

(n- \)U(xsec<f> + 0(^),y+ 0(/x 5 ))-(*- !)£/(*+ 0(/x 5 ), y+0(y 5 )) 


= (n-1 )(sec +- \)x dU{X ’ y) - -f O(^) 

cx 


cV 

= 4 cyr 2 («-i)kvi4-0( M 8 ) (2.i3) 

£x 

in the retardation of the emerging wave-front by the plate. 

The cross terms between the two effects (2.12) and (2.13) being 0(y 6 ), 
their resultant is 

4(n -1 )c V* 72 (^ + l x ^j U (*> V) + ( 2 - 14 ) 

Since the rays from the axial focal point F become a parallel beam 
after passing through the aspheric surface, (2.14) gives the deviations 
from flatness of the wave-fronts corresponding to the pencil from F' 
after passing out through the figuring layer of thickness 0(y 6 ). If we 
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assume (what is true in a practical case) that the overall thickness of the 
Schmidt plate is at most Ofa 2 ), then the deviation from flatness of a 
wave-front after passing through the whole plate differs by 0(n B ) from 
its deviation, at the corresponding point of its surface, after passing 
(into air) through the figuring layer only; it is therefore still given 
by (2.14). 

This means that the ‘aberration function’ of the Schmidt camera 
working backwards can be written 


V) = ^n-l)c 2 ^V 2 [± + lx^jU(x, y) + 0(^). (2.15) 


If the plate is turned round, with its aspheric face away from the mirror, 
and placed so that its plane face is 1/n times the axial-plate thickness 
inside C, then with a plate thickness 0(/z 2 ) the effect on the error function 
is For, in the on-axis pencil, the only effect is on the zonal aber¬ 

ration of the plane-parallel part of the plate in the nearly parallel pencil 
coming from the mirror; this contributes a wave distortion 0(fx u ). In 
the off-axis pencils, there is also a contribution 


0^)0{^)0{^^) = 0 (n «) 

due to lateral shift of the wave-fronts impinging on the aspheric surface. 
Thus (2.15) gives the aberration function in this case also. 

The mathematical form of the function 


^(x,y,V) = 4^{n-l)c 2 V^± + iz^jU{x, !/ ) + 0(^) (2.16) 

= ^*c 2 V 2 (^ + u^J(r*-2r 2 r 2 )+0( h L*) (2.17) 

embodies a description of the optical aberrations of the system when 
working backwards. The quantities 

at) = r at '< 2 - 18 > 

measure, in radians, the radial and tangential aberration displacements 
corresponding to the point («, v) of the aperture stop u 2 -\-v 2 < 1, at any 
given angular distance <f> = arcsin(2 c+iV) from the centre of the field in 
the w-direction. So far as leading terms are concerned, these displace¬ 
ments are the same whether we consider rays traced out from a single 
focal point or rays traced in from a single parallel pencil. It follows that 
(2.17) also describes the optical aberrations of the Schmidt camera 
workmg normally with object at infinity, and is valid with the corrector 
plate either way round, provided that the thickness of this plate is 0( h 2 ) 
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Since (2.17) is valid with the system working either forwards or back¬ 
wards, it follows that the curves V) = constant give the fringes 

seen on the plate when the camera is tested, on and off axis, by auto- 
stigmatism on an interferometer. 

from (2.16) and (2.18), the angular displacement components in the 
field surface are 

( )/4 “ c ‘(iJT^ + 2*^F (x,y)+CV)t 


= («-l)sin 2 <£(^±i H + — , _l_ _£_ + !* 

M •)„ P 1 O p^2’ •>„ P„ ' O 


8 2 


(2.19) 

nx,y)+ 0 (S), 


2n cx 2 8x 2 2n cy 2 8x8y 

since 2ycV = sin <j> and U(x,y) = T(x, y)+ constant. This establishes 
(1.12). The contributions from the main terms of (2.12) and (2.13) to 
these displacements are evidently 




and 


sin^(n—l)fe±i A + Iaril, -Ll + i* Jl_ \ T (x y) 
\ 2 n 8x^2 8x 2 ' 2n 8y^ 2 *-■*- 1 ' ' J) 


8x8y t 


respectively; this establishes (1.10) and (1.11). 

In terms of the normalized variables u, v. and r, these displacement 
components become, by (2.17) and (2.18), 


) 


( 2 . 20 ) 


/+«—, - l + uJL\( r ‘-Orlr*)+CHS 

\ n cu cu 2 n cv 8u8v) 07 r 

= 2cVn[pi±i (/•2-r§)+r2j( l /,r)+[(2u 2 -rg)u, _(2r 2 ->>]} + 0(^) 

( 2 . 21 ) 

and the linear components are obtained on multiplying these by the 
focal length of the system. The first term inside the curly brackets 
represents a lateral spherical aberration; the second a species of higher 
astigmatism. When n = § the angular displacements take the values 

$c 2 y !i V 2 (7u 3 +4uv 2 -4rlii,4u 2 v+v i -r2v)+0(iS). (2.22) 

In accordance with Chapter I, we call the leading term on the right of 
(2.17), namely ,, 

\y'c 2 V 2 \t+u^(r*-2r 2 r 2 ), 


(2.23) 


t The error term is 0{y?) here, not 0(/x") because, owing to our scale-convention, a 
partial differentiation Zjtx or Zfty increases numerical values by a factor 0(1//x). 
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the sixth-order monochromatic aberration function of the Schmidt camera, 
and denote it by /z 6 <t>*(w, v, V). The quantities 




= 2cV 5 F 2 fe±i (r 2 —r 2 )u + (3« 2 +j; 2 )u-r 2 u, 2 (r 2 _ r2)y-f 2u 2 i>\ (2.24) 

\ n n f 


will be called the fifth-order monochromatic aberration displacements of the 
system. This differs from the usual terminology, according to which the 
terms in r^u, r%v would be classed as third-order displacement contribu¬ 
tions. Such a classification by means of total degree in u, v, V has practical 
value only in an optical system whose Seidel errors are not ‘corrected’, 
i.e. balanced against its higher errors. For only in such uncorrected 
systems do the total degrees of the terms give a true picture of their 
numerical sizes, on which the performance of the system depends. 

When the focal ratio of the system is 1:3 or longer, pr < ^ and the 
fifth-order aberrations describe the size and shape of the geometrical 
image with an error of only 2 or 3 per cent. It will be seen that in an 
axially stigmatic system only the second- and fourth-power terms in the 
plate profile expansion contribute to these aberrations. 

In the derivation of the expressions (2.20)-(2.24), it was assumed that 
the unit of length was equal to the radius of curvature of the mirror. 
When this assumption is dropped, (2.20)~(2.24) retain their form un¬ 
changed, since all the letters in these expressions represent dimensionless 
quantities. 


The function Rp«<b+(u,v,V) describes the distortions of the near 
spherical wave-fronts converging towards the image-points in different 
parts of the field surface. Its value measures, with error 0(Rp 8 ), the 
optical distance through which the point of parameter (u, v) on the wave- 
front is pushed backwards from the spherical wave-front centred at 
the image-point Such approximate aberration functions not only 
allow the ray-theoretic properties of an optical system to be expressed in 
a compact form, but can also form a basis for the calculation of its 
diffraction properties by means of Huyghens’s principle. 

For exa "jple, in an f/2-5 Schmidt camera of 20-inch aperture, u = A 

=2 fT thatV = 10 ~ 6inch = 2^5 wavelength, approxi¬ 
mately. Therefore the sixth-order aberration function can safely be used 

system P ^ mU> ™' ty distributi °n8 in the diffraction images of the 
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3. Corrector plate profile and colour-error in the classical 

Schmidt camera 

To calculate, with accuracy sufficient for all practical purposes, the 
off-axis aberrations of a classical Schmidt telescope of focal ratio 1:3 or 
longer, it is enough to know the coefficients of the squared and fourth- 
power terms in the expansion of the aspheric plate profile. For, knowing 
these and knowing also that the axial image is stigmatic, we can. by the 
last section, write down the fifth-order aberration displacements (2.21) 
which describe the light distribution in the geometrical image. 

Provided a suitable test is used during the final figuring, it is also 
possible to neglect sixth and higher powers in the aspheric grinding of 
the plate. For example, in an f/3 Schmidt telescope of 25-inch aperture 
the omission of these terms from the calculated profile creates a turn¬ 
down edge only 1 fringe deep, an error which can easily be corrected 
during the optical figuring of the system under an autocollimation test. 

However, the same procedure applied to a 25-inch f/2 Schmidt would 
give 11 fringes of turn-down error on the plate as calculated, and applied 
to an 8-inch f/1 Schmidt would give 37 fringes. The removal of these 
errors by polishing would be a very laborious task. 

Since the amount of turn-down caused by dropping sixth and higher 
powers in the plate profile varies rapidly with the focal ratio (namely as 
its sixth power) and much less rapidly with the aperture, it appears from 
the above that we may adopt the rough working rule that sixth powers 
should be taken into account whenever the focal ratio is shorter than f/3. 

To calculate the plate profile as far as the sixth-power term, consider 
a ray QP entering the system, parallel to the axis, through the neutral 
zone’ of the corrector plate, as shown in Fig. 73. After reflection at the 
point P of the mirror surface, this ray comes into the axial focal point F. 
Let C denote the centre of curvature of the mirror, A its pole and CQ 
a perpendicular through C to the axis of the system. If the plate is 
turned with its aspheric face towards the mirror, then this face passes 
through C, and (?is very close to it and just outside the glass. If the plate 
is turned with its plane face towards the mirror, then C and Q are inside 
the glass, at a distance from the plane surface equal to 1 /n of the central 
thickness of the plate. 

As in the last section, we suppose for the time being that R = 1, i e. 
we choose as unit of length the radius of curvature of the mirror. Then 
the equations (2.3) and (2.5) become respectively 

y = 


and 


x = flU, 


h = /xr; 


(3.1) 

(3.2) 
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the edge of the aperture stop being still given by the equation u 2 -\- v 2 = 1 
or r = 1 . 

Fig. 73 can be taken to represent a section of the system by the plane 
u = 0. Set 

CQ = fMV 0 , CPQ = CPF = PCF = d 0 - 

the value 4V3 for v 0 corresponds to the usual ‘colour-minimized’ plate 
profile with neutral zone of radius JV3 times that of the full aperture. 



Fio. 73. 


From the geometry of the figure 

f = CF = A sec 9 0 , 
sin Q 0 = nv 0 , 

COS d 0 = (l-/**l$)» = 

1—COS0 o = + 


(3.3) 

(3.4) 

(3.5) 


By Gaussian optics, the paraxial focal length f p of the plate is given 

by the equations n 

^11 CA 1 

fv$~W P ~7' 


2 — 7 - = 2 cos 0 O , 

Jp 

7 - = 2(1 — cos# 0 ). 

Jp 

Let the equation of the plate profile be 

s = aiM 2 v 2 +a 2 ^y4 + a 3 A x a i ; 6 + ... > 
where s = z/i? is the 2 of § 2 measured in the new units. 
( 1 ) by considering coefficients of v 2 


(3.6) 

(3.7) 

Then we find 


(»-l)a lM * = —/x 2 / 2 /p, 

a, = -( 1 — cos 0 o )/(n— 1 ); 
o 


3605.48 


(3.8) 



194 


THE SCHMIDT CAMERA 


III, § 3 


( 2 ) FA+AC = 2 —£sec0 o , 

FP+PQ = hsec9 0 +cosd 0 , 

(FP+PQ)-(FA + AC) = sec0 o +cos0 o -2 

= sec 0 O (1 —cos0 o ) 2 . 

Since the wave-fronts issuing from a point source at F, and reflected at 
the mirror, emerge from the system as a set of planes perpendicular to 
the axis CA , it follows that the plate thickness at the central point Q 
must be less than its thickness at C by the amount 

sec0 o (l-cos0 o ) 2 /(w— 1). 

lhat is to say 


a i/* t ®o+«2/* 4 ®$+«*/* 6 ®8 = — sec 0 O ( 1 — cos 0 o ) 2 /( n — 1) + 0(n e ), 
a 2 ^o+a 3 h 6 Vo = -a,^ 2 i§-see0 o (l-cos0 o ) 2 /(n-l) + CV). (3.9) 
(3) Since the plate slope ds/fidv vanishes for v = t? 0 , (3.7) gives 

2 q i M 2y o+ 4a 2 H-* v o +6a 3 /* 6 Vo = 0(n e ) 

2a 2H .hi+3a 3 ^v« = -a lt A^+0{^). (3.10) 

From (3.9), (3.10) 

* 0 = ~ 2/x 2 rg a, — 3 sec 0 O ( 1 — cos 0 o ) 2 /(n — 1) + 0(/* 8 ), (3.11) 

a 3 ^ 6v o = a i^ 2 io+ 2 sec0 o (l— cos0 o ) 2 /(/i— l) + 0(/* 8 ). (3.12) 

Equations (3.8), (3.11), (3.12) give the plate coefficients explicitly in 
terms of uv 0 = sin0 o and (1— /**t$)* = cos0 o , with an error 0(/z 8 ). On 
substituting the power-series expansions of sec0 o and 1—cos0 o in terms 
of uV q, the expressions for the coefficients become 



n — 1 


= ( 3 - 13 ) 

« 3 = ^ (§+•••) 


and the plate profile is obtained in the form 

(n—1)*- = 2t> 2 rj5)+/z 6 ($u 6 — iv 4 r§— lvH$) + 0(p s ), (3.14) 

or 

(n — l)s = £/x 4 (i? 2 —t'jj) 2 ( 1 + ji'o M 2 )+$ft 6 (*> 2 —i>o) 3 +constant + 0(fx 8 ). 

(3.15) 

(3.15) has been derived without specifying whether the aspheric surface 
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of the plate is on the side towards or away from the mirror. It therefore 
holds with the plate either way round. 

By (3.3), (3.4), 

f/B = + (3.16) 

By (2.3), (3.4) the quantity 

H H R 

A = 2f = liy = fjCO&e ° = (3.i7) 

thus in an f/3 system with v 0 = £\'3, ^ differs from 1/4 F by less than 
$ per cent. 



The Baker formulae. In a system with fi = £ and v 0 = |v'3, the 
difference between A and p amounts to about 2£ per cent, of the value 
of each of them and the aperture of the system is very near to f/I. Thus, 
at the edge of the plate, the slope contribution from the sixth-power 
term is about £ of that from the fourth-power term or § of that from the 
squared and fourth-power terms taken together. This suggests that 
the value v 0 = £V3 of the radius of the neutral zone, which minimizes 
the axial colour-spread of the system when sixth-power and higher terms 
m the plate profile are negligible, could be increased with advantage 
when the aperture ratio approaches f/1. Let 

w o = W3(l+V 2 +.») (3.18) 

be the modified choice of the neutral zone radius. We wish to choose b 
so that the profile slope at the edge of the plate is equal to that at the 
steepest part of the central bulge. See Fig 74 
By (3.15), 

ds 

{n ~ l) Tv = (3 lg) 

d 2 s 

^ du* = f x *^ v2 — ^DO+tvg/r^-f-f/xV 2 —i>g)(5v 2 —v§)4-.... 


(3.20) 
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Substituting from (3.18) into (3.20) and neglecting powers of/x higher 
than the sixth, we find that the slope is stationary where 

(»*—!)( !+¥/**) = i6^-f / x2( t , 2 _|)( 5l ,2_J), 

i.e. where v = £(l+6/i 2 -|-§/x 2 )+.... 

By (3.19), the value of the slope at this point is 


-i/*«(l + 36/x*+}/i*)+... (3.21) 

while its value at the edge of the plate, found by substituting from 
(3.18) into (3.19) and setting v = 1, is 

^(l-06p 2 +? c V 2 ) + .... (3.22) 

Since the leading term of (3.21) increases with b, while that of (3.22) de¬ 
creases as b increases, it follows that the axial colour-spread is minimized 

when ! -f 36/t 2 + f jt 2 ) + — = */i*(l-6&/i*+fti*) + ... 


b = ft, (3.23) 

and that the value of the greatest slope is then 

Ml+fM + -. (3-24) 

while the neutral zone is at the radius 

r 0 = K3(l+*/* 2 )+-. (3-25) 

On substituting this value for t’ 0 into (3.13), the values of the plate- 
profile coefficients a v a 2 , « 3 become 


a i = 


-1 
n— 1 




« 2 = ^ I (i-|^+-.), (3- 26 ) 

a 3 = _L-(g-f-...), 

while the focal length 

/= i sec 6 0 = £+ft/* 2 + 2 jStf* 4 +—• (3-27) 

These are the formulae first given by J. G. Baker (1940). They are 
especially useful at focal ratios shorter than f/1, for which indeed they 
were developed. At longer focal ratios, such as f/2, the choice of v 0 is not 
very critical. For example, colour-compensation by taking v 0 = i'3 
gives maximum slope — £/z 4 ( 1 + Jf/* 2 )+... on the central bulge of the plate, 
and slope J/x 4 (l+f?/x 2 )+... at its edge. The worst slope is therefore at 
the edge, and in an f/1 system (p = \) this is about 1(5 per cent, greater 
than the worst slope when v 0 is chosen according to (3.25). In an f/2 
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system (y. = $) the corresponding loss is only 2 per cent., so that in 
systems of focal ratio f/2 or longer the value r 0 = J\'3 is sufficient for all 
practical purposes. On substituting this value into (3.14), the equation 
for the plate profile becomes 

(n— l)s = ±y 4 (v*— 3u 2 )+/i 6 (gi; 6 — £r> 4 — s $ 8 t> 2 ) + 0(,x 9 ). (3.28) 

Proof of equation (2.2). If the focal ratio is f/3 or longer, terms in y 6 
can be neglected in practice and (3.15) becomes 


(n—l)s = |^ 4 (v 2 —r 5 ) 2 -f constant+ 0(/i 6 ) 

= £p 4 (v*— 2v*v 2 ) + 0(y 6 ), (3.29) 

since 5 = 0 when v = 0. We also have from (3.27) 

/ = $+kv 2 +0(y*). (3.30) 

On reintroducing x, y, z, H by means of (2.3) and (2.5), dropping the 
assumption that 7? = 1 and writing z/R, f/R for 5, / to allow for the 
change of unit, (3.29) and (3.30) take the form 


(w— 1)2 = (y 4 -2tg//V)/4i? 3 +0(^ 6 /-R 5 )> 




(3.32) 


These equations give the equation of the plate profile and the focal 

length of the system in terms of R , H and r 0 . On replacing v 0 H by h 0 

and y by h = (* 2 +y 2 )» and eliminating/ between (3.31) and (3.32)* we 
obtain 


{n ~ 1)Z = 3tp( h *- 2 W 2 )+0(H*/R>) (3.33) 

as the Cartesian equation of the plate surface when terms of order H 6 IR S 
can be neglected. This establishes (2.2); the parameter 

a = 2r 2 

takes the value £ when v 0 = Jn' 3, i.e. when the neutral zone is given a 
diameter equal to 0-86G of the full aperture. When v 0 is given the Baker 
value (3.25) or, more generally, whenever v 0 = £V3+0( M 2 ), the error 
committed by retaining the value a = £ in (2.2) is 0(H«/R *) and hence 
is absorbed in the error term. It follows that the sixth-order mono¬ 
chromatic aberration function of the colour-minimized Schmidt camera 
is obtained on setting r 0 - 3 in (2.23), whether the axial colour 

compensation is done according to the simple recipe i- 0 = K3 or in a 
more refined way by giving v 0 the value (3.25). 

SrZ’Hw °r UC abermUm * unc,ion - The colour-spread of a 
Schmidt telescope is comparable with the monochromatic error-spread 
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at the edge of the field when the obstruction ratio c is between £ and £. 
For example, in an f/3 system covering a 5-degree field the obstruction 
ratio is the monochromatic error-spread at the edge of the field is 
0-36 seconds of arc, and the axial colour-spread, when the plate is figured 
in F-light, is 1 second of arc over the spectral range C-h. In such a 
system the angular colour deviations are of numerical size 0(/x 5 ) and the 
error involved in treating them as constant over the field is of numerical 
size O(n'), that is to say negligible in the fifth-order theory. 

To the same order of accuracy, the value of a = 2i 2 may be taken as 
f in calculating the aberrations, even when it is actually given by 
(3.25). For, as already remarked, this approximation introduces an 
error of only 0(fi.‘) in the monochromatic aberrations and it introduces 
only an error factor 1-f 0 (/j 2 ) into the axial colour-spreads. 

It follows that, to the order of numerical accuracy involved in neglect¬ 
ing monochromatic aberrations beyond the fifth order, the aberration 
function /x 6 <D(w, v, V; n'), in light of index n', of a Schmidt camera 
designed to give axial stigmatism in light of index n is given by the 
equation 


/i 6 d>(M, V, V; n') = fx G Q>*(u, v, \’) + ( n '-n)[T(x,y)-T( 0,0)]+CV) 

71 X 

by (2.6), 

= + u + A- nn> j (r 4 — 2rj; r 2 ) + O(^) 

= ^t>*(u,v,V-,n') + 0(n*), (3.34) 

where 0*( U ,r, V;n') = ^c 2 F 2 (i + W i-J+A- nn> J(r 4 -2r 2 r 2 ) (3.35) 

and *""> = 4^T) = ° (1) (3 - 36) 

in a practical case. We call the leading term n 6< t>*(u, v, V ; n') on the right 
of (3.34) the sixth-order aberration function of the Schmidt camera. 

If the Schmidt plate, of a hard crown glass or of plate glass, is figured 
to give axial stigmatism in F-light, the value of the coefficient k„ n fl is 
approximately I 

240/x 2 — 75 

at either end of the spectral range C-h. In this last formula F stands 
for the focal ratio; in the large Schmidt cameras so far made, F 2 /15 lies 
between 025 and 1. 
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From (2.6) the effect on the aberration function of moving the plate 
a small distance GBc 2 fi 2 along the axis can be calculated. First suppose 
that the plate consists simply of the figuring laj’er, so that it can be 
treated as a plane lamina in our approximations. On the wave-fronts 
of a pencil of rays of /i-light parallel to the axis, the retardation imposed 
by the plate is then 

ii? M V 2 -»-5) 2 +i^ 6 i > (r 2 )+0(^ 8 ), (3.37) 


where, as may be verified from (3.15), P(r 2 ) stands for the polynomial 
(3r 2 +2r 2 )(r 2 -r 2 ) 2 . 

If the plate is.moved a distance <?Pc 2 /* 2 along the axis towards the 
mirror, the aperture stop remaining in its original position, then a rav 
of an off-axis pencil which passes t hrough the point (u, v) of the apert ure 
stop now meets the plate in the point 

(u + QBetfi sin <f>,v) = (u+2Gc*n*V, v). 

The retardation imposed by the plate at this point is obtained on 
replacing r 2 by rin (3.37), where 

r ^ = (u + 2(7cV 2 K) 2 + v 2 

= r 2 + 4<?c 3 /x 2 Fu + 0(/x 6 ). (3.38) 

Hence the change in the aberration function is 

ii?^{(rV 2 -rg) 2 -(r 2 -r 2 ) 2 } + i^«{P(r';?)-P(,- 2 )} + 0(/?^) 

= 2 RGc 3 iJ.*Vii(r-—rl) + 0(Rn 6 ). (3.39) 

The term — 2P<7cV«Fur 2 represents a simple tiltof the whole wave-front , 
causing a bodily displacement of the image through an angular distance 
2GcVFr 2 towards the centre of the field, i.e. a change in the equivalent 
focal length of the system by a factor 1 _ Gc Vr 2 . The other main term, 
namely 2 BOc 3 ^Vur\ measures, with error 0(P f i«), the primary coma 
which the plate-shift contributes to the aberration function. 

A change in the wavelength of the light, bringing with it a change 
0{n ) in the value of the refractive index, introduces a factor l + 0(u 2 ) 
into the expressions (3.37) and (3.39). Since the effect of this factor can 
be absorbed in the error term, it follows that the coma contribution is 
independent of wavelength to the present order of approximation. 

If the aperture stop is moved with the plate, the expressions for the 
aberration function and for SX, 8 Y remain unchanged in form. For if 

“ '\\l Te coo * d ™^ ^ the new aperture stop, measured parallel to 
(u, v), then evidently 


«' = u + Ofa*), 


v' = v-f-0(/x 2 ) 


(3.40) 
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for all rays contributing to the image, and on substituting for w, v in 
(3.34) we obtain a new expression whose leading term has the same 
algebraical form as before, but with v' in place of u, v. Since the 
boundary of the new aperture stop is the circle u' 2 +v' 2 = 1 , it follows 
that moving the aperture stop through a distance 0(B h 2 ) has left the 
fifth-order aberrations unaffected. The assumption that the plate thick¬ 
ness is negligible can now be dropped in the case where the aspheric side 
of the plate is towards the mirror, since the addition of a plane parallel 
plate in front of the entry pupil does not affect the aberrations of the 
system. 

W hen the plate is turned round with its aspheric side away from the 
mirror, all the above results continue to hold, by the arguments given 
earlier, provided that the plate thickness is 0(Rp-) and that in measuring 
the distance of the aspheric surface or the aperture stop from the pole A 
of the mirror, that part of the distance which lies in glass is taken with 
a factor 1 jn. 

From (3.34) it is easy to calculate the fifth-order angular aberration 
components, measured in seconds of arc, of the ray entering the system 
through the point (w,t?) of the aperture stop, at an angle <f> = arcsin2c/*r 
with the axis, in light from any part of the spectrum: they are 

(8X',8r) = V;n’), (3.41) 

\cu dvj 

where K = 648,000/77. By plotting, for given V, n', the values of the 
aberration displacements corresponding to a lattice of points 

m, v = 0, ±01, ±0-2,... 

in the aperture stop it*+r 2 ^ 1, we obtain a point-cluster or ‘spot 
diagram’ which represents fairly closely the light distribution in the 
geometrical image. Fig. 75 shows spot diagrams in F, G‘. and /i-light at 
selected points of the field surface of an f/3-5 Schmidt camera in which 
the plate is designed to give axial stigmatism in G'-light; the effect of the 
central obstruction is ignored.f It will be seen that, over the spectral 
range F-h, which includes the brightest part of the mean astrographic 
spectrum, the geometrical images are comparable in size with the Airy 
disk corresponding to a 24-inch aperture. Even over the spectral range 
C’-h, the geometric images only reach about three times the size of the 

t Since the Ain,’ disk corresponding to the central obstruction is several times larger 
than the geometrical images corresponding to the full aperture, the effoct of tho 
obstruction on the physical images cannot be approximately represented by deleting 
the corresponding points in the spot diagrams. 
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Airy disk. Thus the optical aberrat ions of a 24-inch f/3-5 Schmidt camera 
working over a field of 5 degrees diameter are negligible for practical 
purposes. The case is otherwise, however, with a 48-inch f/2-5 Schmidt 
camera; see Fig. 78. 








I io. 75. Geometrical images by f/3-5 Schmidt camera (axially stigmatic in G'-light; 
a = = 1-65, (n F —n 0 -)l(n G -— 1) = —0 0094, (n h — n G -)/(n c —1) = 0 0070). 


4. Aberration-balancing in Schmidt cameras! 

Although its performance must be rated as high by ordinary standards, 
the Schmidt camera in its classical form possesses the disadvantage that 
its aberrations are not balanced over its field. The images are smallest 
in the centre of the field and increase in size towards the edge. In most 
of the existing astronomical Schmidt cameras this is probably of little 
practical consequence, since the confusion patches, even at the edge of 

t A different typo of aberration-balancing, which aims nt minimizing tho r m a 
lmago-radn over the field by modifying tho ploto profilo only, is discuasod in Chop. I, 
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the field, are smaller than the diameter of the tremor disk of a star under 
conditions of moderate seeing. Nevertheless, it seems worth while to 
consider what improvements in optical performance can be made by 
modifying the design of the system so as to balance its monochromatic 
aberrations over a given field. 

The methods of§ 2 can be applied to discuss the problem of‘balancing’ 
the fifth-order monochromatic aberrations of the Schmidt camera, 
namely lateral spherical aberration and a species of higher astigmatism, 
by the introduction of small, controlled amounts of primary spherical 
aberration and of Seidel astigmatism. 

To introduce these balancing aberrations we put a figuring 


2r*r 2 ) 


(4.1) 


on the surface of the spherical mirrorj and a figuring 


1 

M — 1 


I(^ + ,» 3 ^)(H-2rgr2)4— —u 6 (lr*-lr*rl-lr>ri) 

4 n — l 


(4.2) 


on the aspheric surface of the plate. (The coefficient of the term in /z 6 r 6 
is obtained from (3.14).) We also move the plate towards the mirror to 
a distance wj 4 /x 2 behind the aperture stop. Lastly we change slightly 
the adopted field curvature, so as to add a term 

\in 2 fJ.*r 2 sin 2 <f>-\-0(n 6 ) = m 2 c 2 fj. 6 V 2 r 2 -\-0(n 6 ) (4.3) 

to the aberration function of the emerging wave-fronts. As in the first 
part of § 2, J? has been given the value 1 and the system is supposed for 
the time being to be working backwards and with its aspheric plate 
surface facing the mirror. The off-axis contributions to the distortion 
of an emerging wave-front are now as follows: 

(i) From the ‘shearing’ of mirror surface against stop and the change 
in adopted field curvature, a contribution 

$7n 1 ^[(r\.-2r 2 r 2 y )-(r*-2r 2 r 2 )] + m 2 ^c 2 V 2 r 2 + 0( f i*), (4.4) 
where r 2 - = (« + -ftsin <f>/fi) 2 -^-v 2 = r 2 -f- 4 cl u+4c 2 F 2 . (4.o) 

On substituting for r 2 - from (4.5), we obtain (4.4) in the form 

m 1 ^cVu+c 2 V 2 )(2r 2 +4cVu+4c 2 V 2 -2r 2 ) + m 2t i 6 c 2 V 2 r 2 +0{ f i*). (4.6) 

f It mokes no difference to the final formulae whether the thickness of . the 
layer is measured normally to the mirror surface or parallel to the x-exis, sin 
discrepancy is 0(//)[ 1 — cos{0(^)}] = 0(/x*). 
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(ii) From the ‘foreshortening’ of the aperture stop against the wave- 
fronts arriving from the sphere, a contribution 

hl* 6 c* + O(^). (4.7) 

(iii) From the oblique passage of the wave-fronts through the plate, 

a contribution ^c 2 V 2 {r*-2r 2 r 2 )/n+0(^), (4.8) 

in accordance with (2.12). 

(iv) From the shearing of the plate against the aperture stop, a con¬ 
tribution 

£0*4 + 7*3,*•)[(#? -2r 2 r',?)- (r* _ 2r 2 r 2 )] + Ofr*) , 
where r'g = (« + »i 4 ^ 2 sin<£) 2 -f v 2 = (w-j-2m 4 jz 2 cF) 2 +t? 8 , 
and the contribution can therefore be written 


2m i n*cVii(r 2 -r 2 ) + 0(n 6 ). (4.9) 

It follows that the total distortion of the emerging wave-fronts is 
£ (m t 4- wt 3 )/*«(H - 2r 2 r 2 ) + wj, ,*«(c Vu +c 2 F 2 )(2r 2 -}- 4c Vu + 4c 2 F 2 - 2r 2 ) + 


-+■ m 2 n 6 c 2 V 2 r 2 -£- i/* 6 c 2 F 2 |^ -f u ~j (r 4 — 2r% r 2 ) -f- 


-f2»» 4/ *«cFM(r 2 -r 2 )+0(^*8). (4.10) 

1 erms independent of u and v in this expression may be dropped, since 
they have no effect on the aberrations. To get rid of primary coma in 
the image, we have to annul the terms in «r 2 , namely 

2 (««i-f wi 4 )/* 6 c Fm r 2 ; 

that is, we must set w 4 = — m v Then the aberration function can be 
written 


V) = P 6 [£(m x + W i3)(r4-2r 2 r 2 ) + £c 2 F 2 |i-f-«i.j( r 4_2r 2 r 2 )j + 

+ti*c*V*[2m i {2u i +r*)+m i r^+S/tW*^ u + 0 (^ 8 ). (4.11) 

^ h !l rm j in “ repreSent * a bodi, y shift of the image sideways; it follows 
that the distortion of the system, in radians, is 

8m 1 ^ c 3F3( 1 + 0( /x2) ). (4 12) 

Dropping the term in u, we obtain 

^(u,v, V) = F 8 [£( 2 n 1 + m 3 )(r4-2r 2 r 2 )-f 

+ic»i«(2 + «i ; ) (r ._ 2 ^ o+2ctF ^ Ki ( 2n , +r , )+c ,^ jrt j +0 (^) 

(4.13) 
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as the aberration function for the image errors, other than distortion, 
on the adopted field surface. The corresponding angular aberration 
displacements are 


= /x 5 j4c 2 F 2 M 3 + ^H 1 + ;H 3 4-^i±i4c 2 F 2 J(r 2 -r2)M + 

-f2c 2 F 2 (6w 1 -f?n 2 )ul + 0(/x 7 ), 

c x v r / 1 \ ^ 

h 5 — = /z 5 ^4c 2 F*ft 2 i>+^m 1 +w 3 + — 4c 2 F 2 j(r 2 -r 2 )r+ 

+ 2c 2 F 2 (2m 1 + 7w 2 )yJ + 0( / c). (4.14) 

Consideration of the form of the off-axis errors suggests that something 
near to the best balancing of the performance over the whole field will 
be obtained by making the aberration displacements vanish for F = 1, 
(u,v) = (±1,0), and (0, ±1). This is equivalent to pulling in four 
selected margin-points of the image at the edge of the field, so that 
they meet in the centre of the image, which becomes folded over. The 
values of m v m 2 , m 3 which achieve this are easily found to be 


m l =— 1 + irg, m 2 = 4—$rg, m 3 = 1 — \r\ — 4c 2 


2n 


(4.15) 


and on inserting these values in (4.11) the aberration function becomes 

fi 6X Y(u,v, V) = /x 6 c 2 J\ft 4 — ft 4 ) — 2(u 2 —r 2 ) + 

+ (1 - F 2 ) J— 2u 2 r 2 +2r 2 r 2 +2(« 2 - v 2 ) -i- (H-2r 2 r 2 )j J + 0(/z 8 ). 

(4.16) 


The scale restriction R = 1, under which this formula has been estab¬ 
lished, may be dropped if a multiplying factor 2/ is inserted on the 
right-hand side. By (4.2), the plate profile is 

n — l 

so that the change in plate strength only amounts to a few per cent, of 
its original value. The figuring on the mirror, namely 

-J/x 6 (l-ir§)(r 4 -2 rgr 2 ), (4-18) 

is of the same type as that on a paraboloid and when r 0 = i n 3 it amounts 
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to only g fringe in the case of an f/3-5 system working with a 24-inch 
plate and a 36-inch mirror; in the case of an f/2-5 system with a 48-inch 
plate and 72-inch mirror it amounts to 3 fringes. Fig. 76 shows the 
manner in which the geometrical images are folded over, in the system 
with aberration function (4.16) at selected points of the field. 






I' 10 - 70. Monochromatic images. (Folding and relativo sizes of G'-images: (a) in the 
classical Schmidt camera of Fig. 78. 3° off axis; (5) in the mollified system of Fi K 77 
I lie numbers state the degree of mony-shcetedness of tho image. The dotted line^ 

correspond to tho edge of tho aperturo stop.) 

Polychromatic aberrations. From (4.16) and (4.17) it follows, by the 
same arguments as those used to derive (3.34), that the sixth-order 
aberration function in light of index n' of the above system is 

. . +/‘ 6 * n n>(^-2r*r 2 ) + 0( /i 8), (4.19) 

where is again given by (3.36). 

rJ\!T fifth ^ der aberrati ™ displacements in n'-light, measured in 
radians, are then 


*= ^ B c 2 VH-u+u\v-v>) + 


+ 4 M 6 {*„ n> - 


^± 1.2 
2 n 


(! —^ 2 )j(r a —r§)(«,v). (4.20) 
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The distortion (4.12) is not included in the aberration function (4.19). To 
include it, we only need to add a term 


8 fflj/tVPti = — 8/x 6 c 3 F 3 (l — (4.21) 


on the right of (4.19), since the variation of distortion with wavelength 
is n)) = 0(/z 8 ), which is negligible in the present 

approximation. 






Fio. 77. Geometrical images by f/2-5 modified Schmidt camera, aberrations balanced 
in G'-liglit over a 6° field (a = J, n G - = 1-55, (t»f— no’)H”0’— U = — 0-0094, 

(»h~ n O')l( n G' — 1 ) = 00070). 


For the same reasons as in § 2, the leading terms of the aberration 
function remain unchanged when the plate, of paraxial thickness 
d = O(fi) is turned round and its distance from the mirror is readjusted 
in the manner there described (namely, by moving the plate mounting 
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a distance d/ii towards the mirror when the plate is turned round so as 
to bring its aspheric surface to the side away from the mirror). 

Further, the leading terms in the expressions for the angular aberration 
displacements are the same whether the system works backwards or in 
the normal manner. 
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Fio 78. Geometrical images by f/2-5 Schmidt camera, axially stigmatic in G'-light 
(a = „ no- = 1-55. (n,-n c .)/(„ 0 ._ 1) = -0 0094 (n*-« c -)/(«<,— 1) = 0 0070). 

Finally, a shift 0(/z 8 ) of the aperture stop, since it alters the boundary 
of any entering pencil by at most O(^), changes the value of the aber¬ 
ration displacements by at most O(^); it therefore leaves the leading 
terms in the expressions for these displacements unaltered. The same 
formulae (4.19), (4.20) therefore describe the fifth-order aberrations of 
the system working forwards or backwards, with the plate either way 

round, and with the stop either on the plate or at the centre of curvature 
ot the mirror. 

14 In 1 4S “ 72 : in °!‘ f l 2 5 s y stem with 'o = i^S and c = J, the distortion 
(4.21) amounts at the edge of the field to 

8m,/x 6 c s F 3 = — 0-16 second of arc. 

(Zero distortion would mean that great circles on the sky are imaged 
into great circles on the spherical field surface.) 7 8 

(4 f 0 t f I 7 * h r 8 the 8 Pot diagrams of this system, calculated from 

The effp t f V”* 868 m F ’ G ’ and flight, at selected points of the field 
The effect of the central obstruction is ignored, as before; the Airy disk 
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corresponding to the central obstruction is here comparable in size to 
the geometrical images given by the full aperture. Diagrams for the 
images at the edge of the field of a classical Schmidt camera of the same 
size, focal ratio, and field diameter are shown in Fig. 78 for comparison. 


5. The field-flattened Schmidt camera 

5.1. Introductory. As was remarked in § 1, the field surface of the 
ordinary Schmidt camera is not flat, but is convex towards the mirror, 
its radius of curvature being usually taken as equal to the focal length/. 
To the Seidel order of approximation, this agrees with the Petzval radius 
of the system and the image surface coincides with the Petzval surface. 
For the Petzval radius is /[1-f 0(y 2 )] and the distance between the 
adopted image surface and the Petzval surface is 0(//x 4 ) all over the field. 

A thin plano-convex lens placed close in front of the field surface will 
change the Petzval sum of the system without introducing appreciable 
Seidel aberrations into the images; the system remains an anastigmat, 
that is to say the deviations’ of the points where the rays meet its focal 
surface are still 0(/ju 5 ). Its field surface therefore continues to coincide 
with its Petzval surface to the Seidel order of approximation. 

If n x denote the refractive index of the plano-convex lens and f x its 
focal length, the Petzval contribution of the lens is — \/n 1 f 1 and the 
Petzval curvature of the whole system is 1//— 1/w,/,. To the order of 
approximation here in question, the variation of from one part of the 
spectrum to another may be disregarded: more precisely, the effect of 
this variation is a contribution 0(fy h ) to the deviations in the adopted 
image surface. By choosing/j = fln 1 , we therefore obtain an anastigmat 
with a fiat Petzval surface and consequently a flat image surface. This 
system is known as the field-flattened Schmidt camera. 

Two different questions now present themselves for investigation. 
The first, and possibly the more important from the practical astrono¬ 
mer’s point of view, is: given a Schmidt camera, how much is necessarily 
lost in image quality when a field flattener is added to the system and 
how can this loss be minimized? 

In §§ 5.2, 5.3 below, general formulae are obtained which provide a 
means of answering this question, and in the first part of § 5.4 they are 
applied to discuss the case of an astronomical Schmidt camera with a 
central obstruction ratio for example, an f/3 camera working over 
a 5° diameter field. It appears that the ordinary Petzval equation 


1 Tij—1 

7 
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provides a sufficiently accurate basis for the design of the field flattener 
(r x here denoting the radius of curvature of its convex surface) and that, 
as in the plain Schmidt of this focal ratio and field-size, colour-error 
dominates the aberrations. There is a considerable drop in performance, 
due to increased colour-error, when the field flattener is added. The 
off-axis coma, when suitably balanced by moving the corrector plate a 
small distance towards the mirror, is not so large as to affect visibly the 
symmetry of the photographic star-images formed by the system, but 
not so small that we can rule out of consideration the possibility of 
magnitude errors in their measured positions. An experimental investi¬ 
gation of this question seems desirable. 

Field-flattened systems of the above type are convertible, in the sense 
that they can be used either with or without the field flattener, and 
nothing is sacrificed in the design of the plain Schmidt for the sake of 
improving performance when the field flattener is added. The further 
question therefore arises: what improvement in performance results 
when the field-flattened Schmidt is designed as a single unit ? This point 
is taken up in the second part of § 5.4, where it is shown that, in S 3 r stems 
of obstruction-ratio near to $, the performance of the field-flattened 
Schmidt is markedly improved by using a corrector plate with neutral 
zone close to the edge of the aperture. Such a corrector plate would be 
undesirable in an f/3 plain Schmidt, even though the monochromatic 
aberrations are reduced by using it, because of the chromatic difference 
of focus which it introduces. In the field-flattened Schmidt, this chro¬ 
matic difference of focus can be used to balance the colour-error of the 
field flattener and the result is a system whose aberrations are not much 
larger than those of a plain Schmidt. They now include a small amount 

of coma, however, and this may prove a drawback in systems intended 
for positional measurements. 

5.2. Aberrations of the field-flattened Schmidt camera 

Fig. 79 shows the system with the field flattener inserted. The convex 
front face of the field flattener has the radius of curvature [(/ij— \)fnf\CX, 
where n x is the index of refraction of the glass for light of a selected 
wavelength; its sharp edge coincides with the edge <f> = <j> 0 of the original 
field surface and its flat back forms the new field surface. In practice 
we should use a lens which is not sharp at the edge, placed with its back 
face not quite in contact with the photographic plate; the effect of these 
changes on the aberrations will be considered later. It will appear later 
that performance is improved by moving the corrector plate a short 
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distance along the axis towards the mirror. For the present, we consider 
the system without this refinement. 

PQ represents a ray, originating in the distant object point at an 
angular distance <f> below the axis of the system, which passes through 
tl |e point P = («, v) in the plane of the aperture stop. After reflection 
by the mirror at the point Q and refraction by the field flattener at the 
point T\ this ray meets the focal plane in U'. To calculate the aberrations 


U 




of the system in n'-light, we first suppose the rays from the concave 
mirror to converge exactly on to points of the virtual image surface IP 
(see Fig. 80); that is to say, we disregard for the time being the aberrations 
with which the converging pencils are loaded when they arrive at the 
field flattener. Since the diameter of the field flattener is 

2C/„sin<£ 0 = 0{Pfx), 

its thickness is 0(Rfi 2 ) and the lateral aberrations introduced when the 
virtual object point P is imaged in the convex surface of the lens are 
0(Rn 5 ). Moreover, the Gauss image of /' in the convex surface is at a 
distance 0(R/P) from the adopted focal plane FF', since the field 
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flattener has been given the Petzval curvature 1 jCI. Hence the image- 
spreads on the adopted field surface due to aberrations introduced by 
the field flattener are 0(i?/x 5 ); that is, they are of the same order of 
magnitude as the image-spreads in the ordinary Schmidt camera. The 
same is true, as will be shown below, of the chromatic aberrations 
introduced by the field flattener, provided that the refractive index of 
the field flattener varies by only 0(/i 2 ) throughout the effective spectral 
range. 



It follows that, to obtain for the aberrations of the field-flattened 

system approximate formulae of the same order of accuracy as those 

derived in §§ 2, 3 above for the ordinary Schmidt camera, it is sufficient 

to calculate separately the aberrations introduced by the field flattener 

and by the rest of the system and to add the results, the cross-terms 
being of order ifc’. 

In Fig. 81, TU shows the path of a ray, originally proceeding towards 

the axial image point I, after refraction at the first surface of the field 

flattener. U is the intersection of this ray with the back surface and V 

is the point in which TU produced meets the axis. Let n l be the refractive 

index of the lens for the light in which Petzval curvature is compensated 
so that 1 

= = (5.D 


where Cl is the distance of I from the centre of curvature of the mirror. 

and™! “ Ve ind6X ° f the IenS in the K * h t consideration 
and suppose, what is true in a practical case, that 



(5.2) 
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We write / for the distance IB and set 

9 = fj.0, 6' = l = p-L, y = ^Y, 
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y = M 3 r; 


(5.3) 

then, by Fig. 81, the capital letters denote positive quantities which are 
0(1) and whose ratios are all 0(1). Thus the power of y. in each term 
of our expressions will give an indication of its order of magnitude 
Evidently , _ 0{yl) = 0 ^_ 

Front Fig. 81 tan(8+y) = 

d+Y+tie+yf+O^) = y/l+0(y8/B), 
/x0+M 3 r +^303 = yY/L+0(y% 

6 =x-»i r +lty+ o ^- 

Now siny = y/r,; hence T = Yfa+Ofa*) and we obtain 

nisin#' = sin0, 

9 '=4h ie3 ( 1 -^)] +0(n 

0' = l ;0 [l-^0.(l--l)] + O( fl *,. 

Hence 

ncotd' = £[i -hd' 2 +0(^)} = ±[1_^0'2 + O(^)] 


(5.4) 


By Snell’s law 


(5.5) 


Now, from Fig. 81, 
r 


-- iF [* + ^+% r ? K *- H - (5 - 6) 


1 sin(0'+y) 

C V = Si^ = cosy+cot '’ sm ? 


nirr ..KLriL <‘-m . ... 

- +-yta+-2^“ w +Uih '• 

C t V = (5.7) 

L »i »i 2 "i Lr x 

£F = rj-OjF = w ; /_ ~ 1 ) p + I*? + 0(r, /i 6 ). (5.8) 

r x 2n x l 
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The first part of this expression, independent of y, is the expansion as 
far as terms of order /z 4 of the distance BF 0 of the Gaussian image F 0 
from B. The remainder therefore gives an approximate expression for 
the longitudinal spherical aberration. 

In the case of an off-axis pencil, shown in Fig. 82, we make use of an 
auxiliary optic axis C x I'B', which no longer coincides with the principal 


m-i: 
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ray CFO' of the incident pencil. An arbitrary ray of the pencil con¬ 
verging to the virtual object point /' meets the convex surface in T 
and is refracted into the ray T'U'V', which meets the back surface of the 
lens m V and the auxiliary axis C, B' in V. (Fig. 81 illustrates the 
special c ase of a meridional ray.) y', V are respectively the distance of T' 

^‘“ ry aX,S rB ' “ d th<! di8tanCe B ' r ° f the M object 

We first need expressions for /' = B'F and for B’F From the figure 

B F = r,—C, /', 

CF = Cl , 

C,/' 2 = CCl+CF*-2CC 1 .CF cost 

= ZC/fCZ-^+tyl-cos^ + ^-O 2 . (5 . 9) 

OW l = BI = FB FI = r l(1 cosip 0 ) CI(l cos^ 0 ), (5 . 10 ) 

where <S„ and are the values of + at the edge of the held- also 


and, by (3.17), 


sin 00 = sin <f> 0 = —sin tf> 0 

n ,—1 ro 

sm^ 0 = 2cA = ZcMl-lr^+o^). 


(5.11) 


( 5 . 12 ) 
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On making use of (5.1), (5.11), (5.12) and the relation 

CI=f=hR(l-n*rl)-i, 

equation (5.10) gives 
1 = 


('• 1 -' ) j = <5 - l3) 


Also 


1 - cos <f> = \ sin 2 # 1 + J sin 2 <£] + 0(y 6 ) 

= 2cV 2 r 2 (l-r 2 A x 2 +cVr 2 ) + 0(/x 6 ), (5.14) 

where V is defined by (2.9). Hence (5.9) gives 

c x r* 

= r 5{ 1 -(^rr 2 c V(i-i' ! )[i-r5F 2 +cV J (^fI+ V ! )]+£V)}, 


C ' 1 ’ = M 1_ <^=V V(1 


-n[i- 




+ cV 


-3w,+ l n\- 3?!, +1 

1 \9 I / .. 1 \9 


, /3wf—3n, 

l ("i — l 


F 2 )J+0(^ 6 )j; 


and we obtain finally 


V = B'i' = = r, 

(«1—1)“ 


+cV 


<5 - i5) 


as the desired expression for /'. 

A similar calculation, starting from the equations 

B'F' = r,-C, F', C x F' = C l Fsec0, C X F = r x — BF, 


(5.16) 


yields the equation 


B'F' = 0^^ c V 2 (l-n{l-^/x 2 +^^ 2 (l+3F 2 )- 

-r\AH+°( r i^ 6 )- (5J7) 

(Ml - 1 ) 2 J 


The next stage is to calculate J5' 1". Let -nr be a plane drawn t hrough O' 
perpendicular to CO' and let x", y'' be coordinates in this plane, 0 x 
being in the plane BCO' and O'if at right angles to it. Let T", B" be 
the perpendicular projections of T', B' on the plane to. See Fig. 83. 
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For a ray T '/' (not necessarily a meridional ray) which entered the 
system through the point (u,v) of the aperture stop, T" has the co¬ 
ordinates 

= ( U ,v)ILo'r[i + o(^-)] 

= (u > v)2 fjL BT[l + 0(^)] 

- (X. *’>'■. (1 - V‘)l • +0(^)1 (5.18) 
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by (5.15). Now 

B"0' = B'0\\ + 0(f)] = B'rW-4>)[i + 0(^)] 

= r » (ni _ 1)2 ( 1 - *">(«« 0 -sin 0 )[ 1 + 0(^)3 

= ^^~TY^-y^ + 0^)] (5.19) 

and 

y' = /'-B' sin T'I'B'\ 1 -f 0(^ 2 )] 

= 1 + 0 ^ 2 )] 


where 


= r'[l + 0(^)], 


(5.20) 


r " 2 = 




(5.21) 
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and, by (5.15), 




(5.22) 


Hence by (5.8), applied with the auxiliary axis C\ /' in place of C\ I and 
with l', y' in place of I, y, 

B'V' = n\l'—V* + £ + 0(r, M «) 

= V' - ” l(ni ~ 1> £ + K-n 1 )!+ 0(r^»), (5.23) 

—7lj t 

in virtue of the hj'pothesis (5.2), 

- i- 

- spi c! " !( l - V2) +^^[[ u -^ri )‘+-] +^) +0(r ‘ " S) 


(5.24) 


by (5.20), (5.21), (5.22). This is the desired expression for B'V'. 
From (5.17) and (5.24) 

F'V' = B'V'—B'F' 

-■»-"+¥[(-=£iM- 


7li-l 


(1 + V 2 ) + 


4 (^inD k .) 

n, "‘"'"I 


where 


4/x 2( ni _!) 


= 0 ( 1 ) 


+ 0(r lM 6 ), (5.25) 


(5.26) 


in a practical case. . 

Now introduce deviation coordinates ($',y) in the adopted foca 
plane, i.e. the back face of the lens, taking as origin the intersection 

F'{eVI(n x — 1), 0} of the ray BT (for which u = cF/(»j—l),v — °) W1 
this plane. Since the semi-angle in glass of the whole cone of rays is 

A[l + 0(/x 2 )] = ^[1 + 0(/**)], 

Tij/ n i 
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sf=i+ fa ) , ’ F1,+wl 


X 


= 2R^c*{\-V n -)(re*E-~* V ^ x 

x /!^L+i)f r a -2rco*EJ*L. + J™L-\ _*_ (1 + F * + 

I rt\ \ (n x -l)* U + K ' + 

+ — t mr.; / »J + 0(i?^ 7 ), 

where «+*« = re f£r , 

= 2^V(l-n{?^i- ) [*' E ->-= ;r ^I T (2+e^) + 

+r . c ‘ V * ( 2 ,«+e-«) ^ 1 , 

(»,—i)** +e 1 (^=IFJ + 

+( re “-( 1 +n)}+<W). (5.27) 

The intersection -F'(0, 0) of the principal ray O'V (for which u = 0, 
V = 0) Wlth the focal Pl ftce >s obtained on setting r = 0 in (5 *>7) It 

^o W n> V? m ° Ve tHe ° Hgin ° f the de ™tion coordinates to 

t , a " d denote the new coordinates by ($”, v '), the deviations 

are given by the equation 

r+*y = 2R/j, 6 c*( I — V*) — r 2 _£lL_ ( 2+ e iiE ) -\- 


-fr 




+^( re “-S7ri) 4 n.»^}+0(^’). (5.28) 

The corresponding angular deviation components Si' and SI"", measured 



21S 


THE SCHMIDT CAMERA 


HI, § 5 


in seconds of arc, are obtained on dividing by tt/ 648,000 times the focal 
length of the system. They can be written in the form 

(SA'-.SF-) = Av(^, ~) + 0(A>’), (5.29) 

where K = 648,000/77, as before, and 
O' = 0(ii, r, V-n\) 


4c 2 (l-F 2 )(n 1 + l 


n 


(, cV 0\ 41 _ . (. 2 cVu 


+ 


+ 


-2i^ 2 ^ i+F2 )+(S c2F 1 1+ ^)]4 (5 - 30) 


From (3.40), (5.29), (5.30), the angular deviation components (8A,87) 
of the complete system, measured in seconds of arc, are given by the 

equation (§*,87) = (8A",87') + (8X",87") + 0(A' / x 7 ) 

where 

x V(u,v, V) = <&*(u,v,V\n') + <b\u,v, F;»i) 


(5.31) 


+ 


4c 2 ( 1 - 




+ 


[ - 1 + V2) +^ W i 1 + K ^Y\ <532) 

Here n, ri t denote the refractive indices of corrector plate and field 
flattener at that point of the spectrum for which the corrector plate 
exactly compensates the primary spherical aberration of the mirror; 
ii\ 7 ?i denote their refractive indices in the light under consideration 
and it is assumed that 


ri = n-\-0{fi z ), ri x = »i+0(/* f ). 

In a 24-inch f/3 system working over a 5° field, the diameter of the 
field flattener is 6 inches and its thickness decreases from about inch 
at the centre to zero at the edge. Such a lens would be too fragile for 
practical safety; it would be better to use a lens whose thickness decreases 
from about & inch at the centre to about £ inch at the edge. 
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The above analysis can be applied to this more practical type of field 
flattener by treating it as the central portion of a sharp-edged lens 
originally designed to flatten a field of diameter N /jj times that actually 
proposed. We need only replace c, V in (5.32) by c N /|, V\]$ respectively 
to obtain the sixth-order aberration function of the new system, namely 
JV times the function 


V) 


+-” k\ <r4-2,j ^ + 




+ 


+ 




It is inconvenient in practice to have the photographic plate actually 
in cont act with the back surface of the field flattener, since this is liable to 
result in the latter becoming scratched. The inconvenience can be avoided 
by moving forward the back surface of the field flattener towards its 
convex surface, so as to reduce its thickness by an amount 0(2?/x 4 ). This 
change introduces aberration displacements of only 0(i?/x 7 ) in the new 
focal plane, which is now in air and slightly in front of the old one. Its 
effects on the aberrations are therefore negligible in the present approxi¬ 
mation. 

In a 24-inch f/3 system, Jtfx* = r J ? inch, and if the back face of the 
field flattener is cut away to a depth of 5J? M « = 3 »„ inch, the aberrations 
are altered by only a few per cent. There is then a clearance of about 
& inch between the emulsion layer and the back surface of the lens. 

5.3. Balancing the aberrations 

From equation (5.33) we see that the only asymmetrical contribution 

to the fifth-order aberrations of the field -flattened Schmidt camera is that 
represented by the term 


2R ll .VnS-V*) ”1 +1 i-r* 

n l( n l— 1) dtt 


= -SRp.*c*V$-V*) 


a i 


ur 2 . 


(5.34) 


tl/fitTT- being pr °P° rtionttl to ni-n. vanishes at the centre of 

at V , = h ' 5 - ItS am ° unt * very small in practice; 
in a -4-inch f/3 system working over a 5° field (c = I), the coma-spread 
is nowhere as large as 0-57 second of arc. P 
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A still smaller coma-value can be obtained by moving the corrector- 
plate a distance 

T n ^ n^- 1) i?C ^ 2 (= 8i?c ^ 2 ’ nearJ y) (5.35) 

along the axis towards the mirror. For, by (3.39), this adds a term 


? * R ^C-i) c ^ 6Vu{r2 - rZo) (5,36) 

to the aberration function, in which the coma-term (5.34) therefore 
becomes 

-8 Bn*c*V(t-V*) - £+\ ur*. (5.37) 

Since the maximum value of |F(§—F*)| in the range 0 < V < 1 is 0-25, 
while that of T (§— I’ 2 ) is J£V5 = 0-83, the plate-shift has reduced the 
maximum coma-spread to less than one-third of its previous value. 

In a 24-inch f/3 system working over a 5° field, the plate must be 
shifted 0-5 inch towards the mirror to balance the coma, which then 
nowhere exceeds 0-2 second of arc. 

In the coma-balanced sj r stems, (5.33) is replaced by the equation! 


+ u JL) +* nn> ] (r*-2r* r*)+ 


+ ^|-W ! ^r 4 +2n 1 * 


+ 


+ 




— 8c 3 F 

We have next to consider whether any appreciable improvement in 
performance can be obtained by small adjustments of the field curvature 
of the system and of the focal setting. (The field curvature adjustment 
could most conveniently be made bv means of a small change in r„ the 
radius of curvature of the convex surface of the field flattener.) 

In the focal plane so far adopted, the fifth-order angular deviation 
components are, in seconds of arc, 

I&V a'l’\ 

where T* is defined by (5.38). A moving forward of the focal plane by 
(in air) adds Kefj. 5 (u,v) to these angular deviation components. 


(5 - 38) 


| Incorrectly given by Linfoot and Wnyman (1949). 
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We define the effective image radius at a particular point of the field 
as the square root of the mean value 

\ JJ [(SX*)* + (5 y*)2]d«rf v 

and the best focus as the focal setting which minimizes the effective 
image radius. Thus to obtain the best focus at any point of the field, we 
have to choose e so as to minimize the expression 

\(W V . !&¥ 


// 


\\du 


) + {^ +€v )} dudv 


(5.39) 

«■+r»'<i ’ ’ 

at this point. Let e 0 == e 0 (F) denote the minimizing value of «•; then e 0 
satisfies the equation ° 

-» // (“■+•'•) JJ (u^+v^iudv. 

or -i™ o = Jm, 

where J(f) stands for the expression 

// { u £, +v £) fdudv - 
u*+v*^i 7 

We easily find 

J(r*) = r, J^u~r^ = „ 

J(r* 2r|r*) = (|-2r 2 )7r 

J [ U i l {ri - 2r = (f-2r§)rrj 

and it follows from (5.38), (5.40), (5.41), (5.42) that 


(5.40) 


(5.41) 


(5.42) 


c„(F) = 2(2r;-J)^ n „ >+ ?i±i cSF! j_ 2 
8c 2 


r 2 c 2 F 2 - 


A,, '[ // {(S) + (S) } 
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Equation (5.43) specifies the best field surface in each separate wave¬ 
length, measured from the originally chosen field surface as reference 
plane. On the right of (5.43), the terms independent of V represent, to 
the present order of approximation, a simple shift of the focal plane; 
those in I’ 2 represent a residual curvature of the best field and those in 
V* a deviation of the best-field surface from the spherical form. We next 
examine these residuals in a typical special case to see whether any 
appreciable improvement in the performance of the system can be 
obtained by adjusting the value of r v 

We suppose that c = £, n = $ and that a = 2rg has the value which 
optimizes the axial colour-error of the original Schmidt camera in the 
sense of minimizing the effective radii of the axial colour confusion 
patches. This value is §, as may be shown by direct calculation or by 
setting c = 0 in (5.43); the corresponding value of r 0 is = 0-816. In 
most astronomical Schmidt cameras, a, c, and n are near to the above 
values. 

Then (5.43) gives 

e 0 (V) = (5.44) 

and in particular, for /c ninifL = 0, i.e. for n\ = n„ 

€ 0 (F) = — 0-444-0-176F 2 +0-215F 4 . (5.45) 

Fig. 84 shows the values of € 0 (F), t-he case (5.44), for C, F , and A-light, 
on the assumption that the field flattener is of hard crown glass (Chance 
HC 519604) with 

(n 1 ) 0 = 1-51637, n x = (n x ) F = 1-52496, (n x ) h = 1-53349. 

(5.46) 

It appears from Fig. 84 that a constant focus shift e = —0-45 will 
improve the images in F-light and that there is no appreciable gain in 
performance to be obtained by changing the value of r x . The choice 
e = —0-45 corresponds to a focus shift of —i x 0-45/jU 4 in air, i.e. to an 
increase of 0-22/^ in the air-gap between the photographic plate and 
the back surface of the field flattener. (The difference between 
and Uf/x* sec <j>, being 0(//x 6 ), is negligible in the present approximation.) 
In a 24-inch f/3 system this increase amounts to 0-0008 inch, which is 
within the practical focusing tolerance of an f/3 photographic telescope. 
However, because of the high theoretical performance of the system, it 
is necessary to take it into account in calculating the geometrical 

aberrations. 
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With the new choice of focal plane, the aberration function becomes 

v, V) + U(u*+v*)) =JRfi*['¥(u, v y V)-0 -22(u 2 +t;*)], 

(5.47) 

where x K(w,?;, V) is giv r en by (5.38), and the angular aberration compo¬ 
nents, measured in seconds of arc, are 

(8X, S Y) = — 0-4 5u, 0-45tA + O(KfS). (5.48) 



Fio. 84. Surfaces of best focus in the system with field flottoner added. 


5.4. An application 

The general formulae (5.38) and (5.47) provide a convenient means 
f comparing the theoretical perfonnance of the field-flattened Schmidt 
and the plain Schmidt at focal ratios such as are used in large astro- 
omical cameras As a typical example, we consider an f/3 system 

working over a 5° field. 1 * 

r - e oZT.^.,‘ he COrrector P late •“» neutral zone radius 
f ^, of the ful! a P er ture and that when used without the field 

indteTin C Tad * “ * H * ht - The ">*«*ive 

white piate giass, are taken to be COrre ° t0r ^ 9UPP ° Sed ° f 

«c= 1-5189, tip = 1-5278, = 1-5386. (5 .49) 

r$r to set 

the fleid flattener to be of hard crown giass ^Chate HC 5IM04/w i t h 
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the index values (5.46). Small variations in these constants, if allowed 
for in the design, would not appreciably alter the properties of the 
system. 

Finally, we suppose the field flattener designed according to § 5.3 
above, and the plate shifted a distance (5.35) towards the mirror when 
the field flattener is in use. so as to balance the coma. Then the sixth- 
order aberration function of the field-flattened system is given (apart 
from the factor /x 6 ) by (5.38) and (5.48); that of the system without the 
field flattener by (3.35). 

As already remarked, it is possible in the great majority of cases to 
calculate the diffraction images of the two systems by means of these 
two sixth-order aberration functions. But the computation is very 
laborious, on account of the numerical integrations involved. A good 
idea of the quality of the off-axis images can be obtained, with com¬ 
paratively little labour, by plotting in the ( X , F)-plane the deviations 
(SX,SY) of the set of rays through the corner points 

u, v = 0, ±01, ±0-2,...; w 2 +t> 2 < 1 

of a lattice of small squares filling the entry-pupil. As in § 3 above, this 
gives a ‘spot diagram’ in which the spot-density distribution represents 
fairly well the intensity distribution in the geometrical images. 

Fig. 85 shows the spot diagrams of the field-flattened system, in 
C, F , and A-light, at four selected positions in the field, namely V = 0, 
V = i, V = W3, and V = 1. The second of these is one of the points 
of maximum coma and the third is the point at which the coma is in the 
act of changing its sign. Fig. 86 shows the corresponding spot diagrams 
for the system without the field flattener. To obtain the corresponding 
spot diagrams in cases where the focal ratio is no longer f/3, but c still 
has the value it is only necessary to multiply the coordinates of each 
point in Figs. 85 and 86 by (12^t) 5 . 

From Figs. 84, 85, and 86 it appears that the addition of the field 
flattener results in a marked increase in the colour-error of the system, 
and since colour-error is the dominant aberration in a Schmidt camera 
of this focal ratio and field-size, the increase in colour-error carries with 

it a considerable loss in theoretical resolution. 

An increase in the value of r 0 , i.e. in the strength of the central bulge 
on the corrector plate, would reduce this colour-error and could also be 
expected to improve the monochromatic aberrations. It therefore seems 
worth while to investigate quantitatively what improvement in per¬ 
formance can be obtained by designing the system ab initio as a field- 
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lagrams intersect the horizontal axes at the corresponding /^origins. 


flattened Schmidt, instead of taking a plain Schmidt, adding a field 
flattener, and moving the corrector plate to balance the coma. 

n order to improve the chromatism, we increase a = 2r* until the 
C and h curves in Fig. 84 have been brought as close together as possible 





/t— light 


a = 1-705 -10L 

Fia. 87. Surfaces of best focus in the field-flattened sytem of Fig. 88. 

The dotted lino represents the adopted focal surface. 

(Owing to the dominance of colour-error over the monochromatic 
aberrations at focal ratios near f/3, the further refinement of dropping 
axial A stigmatism in the original Schmidt would not here lead to any 
considerable improvement in the optical images.) To do this, we set 

<c(l)-</,(l) = *a(0)-*c(0), ( 5 - 5 °) 

where e c (F) and e A (F) are the values of c 0 (F) in C and h -light respectively, 
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and treat this as an equation for a. By (5.43) it can be written 

8 C 2 y 

= “3 q ~ n ltt ^"n,n, c u)> 


i.e. 

Here 


c = l 


Thus 


3 

(a _«) n A —w c 4c 2 7 (%)*-(»,)<, 


«— 1 


71 j 3 7*1— 1 


»*—' n c = 0 0177, (»i)*—(«i)c = 00171, 

n — 1 = 0-52, n x —1 = 0-52. 

a _4 = j_ 7 m = Q 37 
3 4^ 3 177 


(5.51) 


a = 1-705 


(5.52) 


and the plate has its neutral zone close to the edge of the aperture. 
Fig. 87 shows the graphs of e 0 (F) in C, F , and A-light for a system with 
a = 1-705. The chromatic variation of best focus is seen to be reduced 
to one-third of its previous size, shown in Fig. 84. A trace of residual 
field curvature in F-light can now be noticed, but it is too small in 
comparison with the colour-error to affect the images appreciably. It 
will be seen that the surfaces of best focus in C and A-light are approxi¬ 
mately symmetrical about the focal plane e = e 0 = —0-43. Spot 
diagrams for the new system are shown in Fig. 88, from which it appears 
that its geometrical aberrations are not much larger than those of the 
classical Schmidt camera. 
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PLATE-DIAGRAM ANALYSIS AND ITS 

APPLICATIONS 

1. Plate-diagram analysis 
1.1. The plate diagram 

An elegant and attractive method of discussing the Seidel errors of a 
centred optical system was described by C. R. Burch in 1942. It consists 
in representing a given system S as a sum of spherical surfaces (refracting 
or reflecting), each furnished with an anastigmatizing corrector plate, 
together with a ‘plate system’ which takes account (i) of the fact that 
the surfaces are not in general actually provided with such plates, (ii) of 
any asphericities which the surfaces may possess, (iii) of any aspheric 
plates which may be comprised in the system. 

The physical difficulty that light could not, for example, reach the 
missing anastigmatizing plate of a convex reflecting surface is removed 
when we Gauss-image such a plate through the part of the system which 
precedes it. (The Gauss image of a plate is here defined as follows: its 
position and lateral size are found by Gaussian optics, while the retarda¬ 
tion which it imparts to the wave-fronts passing through it at each point 
is to be the same after transformation as before.) This procedure replaces 
the plate by one, situated in ‘object space’, which has the same effect 
on the Seidel errors of the system 5. Figurings on the surfaces themselves, 
i present, are imaged through in the same way into the object space. 
Ihe resulting set of plates, taken together with the entry pupil of the 
system.f will reproduce the first three Seidel errors (spherical aberration, 
coma, and astigmatism) of S. When the object is at infinity, which we 
suppose for the present, to be the case, this set of plates, working in 

parallel light, is called the plate system belonging to S. If <*„ * 2 . a «re 

the strengths of the asphericities of the respective plates and x v x 2 .x 

their respective distances from the entry pupil (measured positively 
against the light), then we can describe the plate system completely by 
means of the diagram of Fig. 89, which we call the plate diagram of 5 
The strength of an aspheric plate is determined, in the manner explained 
m Chapter III, § 1, by the coefficient of the fourth-power term in its 
profile equation. We choose as unit of strength that of the paraxially 

Of Iho h 8 Lp n thr 0 ugh that JaTofTJs^ * ^ GOUS8ian im “«° 



230 


PLATE-DIAGRAM ANALYSIS Iv § , 

flat anastigmatizing plate of a concave reflecting sphere of unit focal 
length, and suppose for the present that all aspheric plates are paraxially 
flat and of negligible thickness. The effects of dropping this restriction 
will be considered in § 1.4. 


CKi 


' ' 


<*2 


entry 

pupil 




a, 


i 1 


0 

Fio. 89 


1.2. The Seidel error coefficients (except distortion) in terms of the plate 
diagram 

A paraxially flat aplanatizing plate for a sphere of radius 2 (/ = 1) has 
surface equation £ = ph\ where p = l/[32(n— 1)J and n is the refractive 
index. Its ‘optical equation’ is g = (n — \)Ph*, where g stands for optical 
path-length, normalized to zero on the axis. Thus g = S U 4 is the 
‘optical equation’ of a plate of unit strength. 

For a sphere of radius 2 f v the plate strength is = 1 //» and the 
optical equation g = 3 \S l h*. The lateral deviation imposed by such 
a plate on a meridional ray traversing it nearly normally at height h is 
thus ISy h 3 in circular measure. 

Now consider a set of plates of strengths a,, a 2 ,... | 0 at distances 
* 2 . ~ | 0 from the entry pupil of a system S, as shown in Fig. 90. 
(It is evidently possible for plates to occupy positions in front of the 
entry pupil; for such plates x > 0.) 

The angular deviation of a meridional ray, passing the entry pupil at 
a distance s from its centre and making an angle v with the axis, is (to 


the third order) 

a 2 <*((*+w*) 3 = 2 «<+§«**> 

i i i i i 

Therefore the Seidel coefficients B, F, C of the optical system which 
possesses the above as its plate system are given by the equations:! 


B = 

t 

(spherical aberration) 

(1.2) 

F = 

+12 «<*< 
i 

(coma) 

(1.3) 

C = 

- i I “» x i 

(astigmatism). 

(1.4) 


f Contrast the well-known expression 

Be* - 3 Fsh) -f (2C + D)sv* - Ev 5 

for the ‘deviation* of the intersection of a meridional ray with the Gauss image-plane . 
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The fourth term fcv 3 £ <*,*; is connected with the distortion but does 
not itself measure t he distort ion of the system, since addit ional distortion 
contributions originate in the field curvatures of the anastigmatized 
surfaces. To obtain the Seidel coefficient D, we use the equation 

2 (D—C) = Petzval curvature of the system 

= 2± 1 //i (1.5) 



Fio. 90 


in tho case of a system consisting of mirrors and aspheric plates, the 
summation being over the mirrors. The field curvature is then 

C + D = 2 C+(D-C) = -i £ 2 ±1 IU (1.6) 

Conditions for aplanatism and for anastigmatism. The condition for 
Seidel aplanatism, that is to say freedom from primary spherical 
aberration and primary off-axis coma, is B = F = 0. By (1.2), (1.3) 
this can be written 

2 “< = 0 = (1.7) 

Because a shift of the aperture stop alters the value of every x t by the 
same amount, condition (1.7) is invariant under stop-shifting. 

If the off-axis astigmatism vanishes (C = 0) as well as the spherical 
aberratmn and the off-axis coma, the system is called a Seidel anastigmat. 
By (1.2)—(1.4), the condition for this is 

£ a * = 0 » £«<*<= 0 , = ( 1 . 8 ) 

Like the aplanatism condition, (1.8) is invariant under stop-shifting- 
the truth or falsehood of (1.8) remains unchanged when every is 
replaced by x { -\-c, because 

2 oc i( x i+<^) = £ <x { x { +c a 0 

£ «<(*<+c)* = 2.« { zt+2c3? at x i +c*-2 i cc i . 
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Seidel aplanatism and Seidel anastigmatism are not quite the same 
thing as the aplanatism’ and ‘anastigmatism’ of the optical manufac¬ 
turer. These latter terms are used in ordinary commercial practice to 
indicate a certain standard of performance.f However, a commercial 
aplanat must have only small primary spherical aberration and primary 
off-axis coma if it is to give reasonable performance, and its biggest 
remaining aberration is normally the off-axis astigmatism needed to 
flatten its field. Only if this astigmatism also is reduced to a very small 
amount (and field flattening achieved by improving the Petzval curva¬ 
ture of the system) can the normal standard of performance of a com¬ 
mercial anastigmat be attained. 

Thus t he commercial aplanats and anastigmats can be regarded respec- 
tively as modified Seidel aplanats and anastigmats, in which small con¬ 
trolled amounts of the Seidel aberrations are deliberately retained for 
the purpose of balancing, as well as may be, the higher aberrations of 
the system. 

1 . 3 . Seidel distortion in terms of the plate diagram 

As we have seen in § 1.2, the plate diagram of an optical system S 
yields simple expressions for the first three Seidel errors of the system; 
used in conjunction with Conrady’s 3:1 rule and the Petzval equation, 
it therefore enables the field curvature to be simply calculated. To deal 
with distortion, however, an extension of the analysis of § 1.2 is required, 
because an anastigmatized sphere does not give distortionless imaging 
between object and image planes, but only between object and image 
spheres concentric with itself. Thus the sphere-plus-anastigmatizing- 
plate elements into which we dissect S will make contributions to the 
distortion which must be added to those from the plate system to obtain 
the actual value of this error. 

Fig. 91 shows one ‘element of S', namely a spherical surface PAA' 
with anastigmatizing plate located at its centre of curvature C. We 
shall call this the ‘element A' and PAA' the ‘surface A'. The surface A 
refracts, or reflects, an arriving object-pencil from the (real or virtual) 
intermediate image O to form the intermediate image /; n and n' are 
the refractive indices of the two spaces. The case of reflection^ is covered 
by setting n' = — n. The plate can be located either in n-space or (with 

f Aplanatism is sometimes used in the older textbooks to mean axial stigmatism, but 
this custom has little to recommend it. 

J This is the case which we shall require, but it is just as simple to discuss the moro 
general case of arbitrary indices 11 , n'. When the surface A is a concave mirror, object 
and image are real in the figure; when .-1 is a convex mirror both are virtual. 
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a suitable change of strength) in n'-space; one case can be obtained 
from the other by imaging the plate through the surface. 

We define the ‘positions’ of the intermediate images by means of the 
principal rays of the corresponding pencils. These are the rays which 
originally entered S through the centre of its entry pupil. V in Fig. 91 
therefore agrees (to Gaussian accuracy) with the axial point of the 
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Gauss image of the entry pupil in that part S' of S which forms the 
intermediate image I. Let U, V be the respective Gauss images of the 
axial point at infinity by the part of 5 which forms the intermediate 
object 0 and by S’. Their distances from A (positive by convention in 
the figure) will be denoted by u, v. We call the planes through it, v 
perpendicular to the optic axis the ‘object and image planes for A'■ 
the spheres through u, v concentric with the surface A we call the 
object and image spheres for A\ The respective intersections of 

e principal rays PU, PV with the object and image planes define the 
imaye positions O, / in these planes ; their respective intersections with 

e object and image spheres define the image positions O’, P in these 
spheres. 


The hne O’C we call the auxiliary optic axis of the surface A for the 
incident pencil under consideration; its angle 6 with the main axis CA 
s a first-order small quantity. Since a first-order tilt of an anastigmatiz- 

foUows H t ? ltS ? entTe lGaVeS itS SeideI P r °P erties unchanged, it 
Hows that 1 ,s on this auxiliary axis to third-order accuracy. We can 

that lh , e anaStigma,ic ima <> in 9 effected by the element 
A is distortionless between object and image spheres. 
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The distortion between object and image planes we define as 

hh' hh 
h' h 

(see Fig. 91); an alternative definition, equivalent to the first in Seidel 
approximation, is: 

distortion = fractional increase in h' minus fractional increase in h. 

Since 5 h’/h' and &h/h are second-order small quantities (negative in 
Fig. 91), we need only retain leading terms in calculating the condition 
that their difference shall vanish to the second order, i.e. that the Seidel 
distortion shall be zero. Therefore we can write 

-8 h = 00'<f> = i(u-r)0 2 0, 

where r = CA is the radius of curvature of the surface A, 

i/)i 8/t xoj.' • ^ ^ i oil' i\ 

—h =m - —jf = W’ T-T = 

Since 0'—0 is a first-order small quantity we may, in calculating it, 
ignore the third-order bending of the principal ray in object or image by 
the anastigmatizing plate. Therefore we have, to the required accuracy, 

n(tp — <f>) = n'(0— <f>') and <f>'lr = ip/v, 

where 0 measures PC A'. Hence 

0'_0 = 2 ( n ' 0 '_ n 0 )_!^ 0 ' 

71 Tl 


71 —71 
71 


0 _ 


71 —71 
71 



and 


w_hh_ 1 n’—n v—r qI (1 . 9) 

h‘ h 2 n v 


is the value of the fractional distortion. 

To represent this in the plate diagram, we consider the effect of 
Gauss-imaging Fig. 89 in § 1.1 back through the part S’ of the system 


whose last element is A. , 

Suppose that the focal length of S’ is/' and that S .mages the a -space 

into an object space of index n„; in this space the image of the F-plane 

is the original object plane of S and so lies at infinity. Of course n„ will 
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ordinarity be unity in applications. The right-hand side of (1.9) can be 
written 


n' — n / (v-r)?i' e y rf'*n 0 
nn’ \ fn 0 ) n'v(v-r) 6 2 r* 


( 1 . 10 ) 


Here ^ ^ —6 is the angle made by the principal ray in n 0 -space (where 

J n o 

the rays are parallel) with the axis of the system, while is the 

n v{v—r) 

distance ‘down light’ in 7i 0 -space of the image C 0 of the centre C from 
the image A 0 of the surface A. 




We also have, to the required accuracy, 

‘P _ height of P above auxiliary axis CA‘ PA' 

9 height of A above auxiliary axis CA' ~ A'A ' 

Since (to Gauss accuracy) the auxiliary axis CA' and the principal 
ray PI V meet on the image plane, they are transferred by the collineation 
(Gauss-imaging back through S') into parallel lines through C 0 and E- 
V 0 is the image of V in n 0 -space, and so is the centre of the entry pupil 

r r6 S a no d 6arlier ’ WhUe tHe image ° f PIV is the entering Principal ray 
(see Fig. 92). V 0 is therefore the zero-point of the plate diagram of S. 
Expression (1.10) can now be written 

P*An n. 


n —n 
nn' 


<»HC 0 V 0 ~A 0 V 0 )±^ 0° = _ ±-n n 


A n A' n 2r 


"0S1 T/W 


l o**o nn 

ff 6 .? -0 " V ° ordinate, in the plate-diagram of S, of the image 
m the to the Petzval curvature of S; we denote this 



236 


PLATE-DIAGRAM ANALYSIS 


IV, § 1 


contribution by k a and obtain for the contribution of the i4-element to 
the total fractional distortion the expression 

Ik a x a oj 2 . 

Summing over all the surfaces of S, we find 
fractional distortion of S 


= Jw 2 2 k a x a +contribution from the plate system. 

^1 

The plate contribution to the distortion may be deduced from the fact 
that a plate of strength <x at a distance .r from the entry pupil imposes 
an angular deviation + Ja/ 3 c*.r 3 on the principal ray. This leads to a 
fractional distortion — Hence, finally, 

fractional distortion of S = — Jw 2 ( ^ou- 3 — 4 kx), (1.11) 

where the first sum 2 is over the plates of the plate system, the 

/* 

second £ over the imaged and sign-reversed Schmidt plates of the power 

A 

surfaces of the system. We write 

A = -|(l«* 3 -4Z*r) (M2) 

' V A ' 

and call A the distortion coefficient. A positive value of A indicates pin¬ 
cushion distortion. 

Evidently this A differs only by a change of sign from the Seidel 
distortion coefficient E : \ = —E (113) 

1.4. Extensions 

So far, it has been assumed that the object surface is at infinity, that 
the power-series expansions of all aspherieal figurings begin with a 
fourth-power term (in particular, that all aspheric plates are paraxially 
fiat), and that the plate thicknesses can be neglected. 

In practice, the object surface is often at a large but finite distance, 
the aspherieal figurings on the corrector plates usually begin with a 
squared term, comparable in numerical size with the fourth-power term, 
and the thicknesses of the corrector plates, though small in comparison 
with the focal length / of the system, cannot properly be left out of 

consideration. 

Let A = 1 l*F, where F is the focal ratio of the system. (In the particu¬ 
lar case of the Schmidt camera this agrees with the definition (3.10 of 
Chapter III.) Then the Seidel aberrations, expressed in radians, ot a 
system which is not on an anastigmat are of numerical order of magm- 
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tude A 3 and its (algebraically) fifth-order aberrations are of order A 5 . 
In an anastigmat, both the retained traces of Seidel aberration and the 
fifth-order aberrations which they balance are of order A 5 . In a ‘Seidel 
anastigmat’, the Seidel aberrations are strictly zero and the (algebrai¬ 
cally) fifth-order aberrations, of numerical order of magnitude A 5 , are 
the leading aberrations. 

We shall show that the plate-diagram analysis of the preceding sections 
remains valid, in the sense that it still predicts the aberrations correctly 
to the Seidel order of accuracy, provided the object distance is at least 
0(f/X 2 ) and provided that all glass aspheric plates comprised in the 
system are situated between the object and the first power surface.'f 
The only change needed in the analysis is the introduction of a convention 
by which, in measuring the spacings of the components, each corrector- 
plate thickness is counted with a factor 1/n (not n), where n is the 
refractive index of the plate for the wavelength in question. In wide- 
aperture systems, where the fractional variation in n between different 
parts of the effective spectrum can be taken as 0(A 2 ), n may be treated 
as independent of the wavelength so long as we remain in the Seidel 
theory, i.e. so long as terms of order A 5 can be treated as negligible. 

Object at a finite distance. We have already seen that the associated 

plate system S' of an optical system S is Seidel-equivalent to .9 itself 

in the sense that the total angular deviations imparted to any admissible 

ray on passing through S' agree, apart from an error 0(A 5 ), with those 

which would be imposed on it by the aberrations of S. Admissible 

rays are those rays, meridional or skew, which pass through the entry 

pupil of 5 and make angles at most 0(A) with the direction of the 
optic axis. 


All the rays passing through the entry pupil from an object at a finite 
distance of order//A or greater are admissible provided that this object, 
viewed from the centre of the entry pupil, extends only to an angular 
distance 0(A) from the axis. It follows t hat the imaging properties of the 
system for such an object can be deduced directly from its imaging 
properties for an infinite object; in principle we have only to reclassify 
rays whose trajectories are already sufficiently well known 
In particular, consider the rays r„,„ issuing from one point P of an 
object at a distance of order //A 2 or greater and passing through the 
speetive pomts («, „) of the entry pupil. The principal ray r 00 specifies 

divergent pencils. The proviso is satisfied in P * t<XS r workm S convergent or 

not in that shown in Fig^ 99 below. * CaSB3 ° f P ractlco1 importance, but 
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the direction of the object point P, and the pencil of rays r' u c parallel to 

>‘o.o can ke regarded as issuing from a point P' at infinity in the same 
direction as P. 

Corresponding to the two object surfaces o and o' (one of them at 
infinity) are two Petzval surfaces p and p'; we obtain p and p' if we 
image the separate points of o and o' through the system by Conrady’s 
method of thin radial pencils. To the object point P in o corresponds 
by this imaging process a point P* in p\ we call P* the Petzval conjugate 
of P. Similarly P' has a Petzval conjugate P'* in p'. 

Corresponding to the two object surfaces are also two plate systems 
S' and S" of S. The positions of the plates in these two systems coincide, 
but their strengths do not, because the strength of the anastigmatizing 
plate of a spherical reflecting or refract ing surface depends on its working 
distances. In the present case, the fractional change in the reciprocals 
of the working distances for each surface of the system when the object 
point is moved from P on o to P' at infinity is only 0( A 2 ); it follows that 
the difference between the strengths of corresponding plates in S' and 
S" is only 0( A 2 ) and the difference between the angular deviations 
which they impose on a ray meeting both in the same point is 0( A 5 ). 

For given (u,v) the rays r u v and r' u v make an angle 0( A 3 ) with each 
other; hence they cut each plate of S' (or of S") in a pair of points whose 
separation is 0(f\ 3 ). (It is supposed that the plates of S’ are all within 
a distance 0(f) of the entry pupil.) Therefore the deviations imposed 
by S’ on r u v and on r’ u c differ by at most O(/A 3 )0(A 3 //A) = 0(A S ). But 
the deviations imposed on r u v by S' and by S" differ by at most <9(A 5 ). 
Therefore the deviations imposed by S' on r uv and by S" on r' uv differ 
by at most 0(A 5 ). 

But, as was shown earlier, these deviations, multiplied by the nearer 
focal length of the system in each case, agree to within 0(/A 5 ) with the 
deviations P*Q, P'*Q' from the respective Petzval conjugates P*, P * 
of the points Q, Q' in which r u v , r' u v (after passing through S) meet the 
surfaces p , p'. 

It follows that the third-order aberrations of the systemf are un¬ 
changed by moving the object surface from infinity to a distance of order 
//A 2 or greater. In other words, if the reciprocal of the object distance 
is 0(\-/f), then it is a permissible approximation in the plate-diagram 
analysis of the system to suppose the object at infinity. 

t Third-order in the sense that they can be written (when expressed in radians) in 
the form A*F(u, v; P') + 0(A»). Thus a fractional change 0(A‘) in the Seidel coeffic. 0 ,^ 
leaves the third-order aberrations unchanged. Compare the e i i 
in Chap. Ill, § 2. 
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The same arguments apply, and lead to the same conclusion, if the 
object is a virtual one, at a distance //A 2 or more behind the entry 
pupil. 

Corrector plates with a neutral zone; ‘ doughnut ’ figuring on mirrors. 
A corrector plate with a neutral zone of radius comparable with its 
semi-aperture is equivalent to a paraxially flat corrector plate of the 
same strength together with a thin lens of power (i.e. reciprocal focal 
length) 0(X-/f). For admissible rays, the angular aberrations of the thin 
lens are 0(A 5 ), i.e. negligible in the third-order theory. Therefore its 
effect is equivalent to that of replacing the object by one at a finite 
distance w \ 0 in front of the entry pupil, where l/w = 0(X 2 /f). 

It follows from the previous discussion that the effect of modifying a 
paraxially flat corrector plate to give one with a neutral zone of radius 
comparable with its semi-aperture (for example, a colour-minimized 
plate) is to move the Petzval surface of the system through a distance 
0(/A 2 ) and to leave the third-order aberrations in the Petzval surface 


unchanged. (The fractional change 0(A 2 ) in the Petzval curvature can 
be ignored in the third-order theory, since it corresponds to a negligible 
focus-shift 0(/A 4 ) at the edge of the field.) A trivial extension of the 
argument shows that the result remains true when several plates aro 
modified simultaneously. 


In the case of figurings on power surfaces of ‘finite’ paraxial curvature 
(i.e. comparable with 1//) the effect of replacing a figuring of type 
«4^ 4 y 4 +aflA 6 y 8 + ... by one of type a^y 4 — 2y 2 y 2 )-fa 6 A 6 y fl + ... is to 
change the paraxial curvature of the surface by a fractional amount 
0(A 2 ). This changes by a fractional amount 0(A 2 ) the strengths, and by 
an amount 0(/A 2 ) the positions along the axis of all those elements of the 
plate system S' which have been obtained by imaging through this 
surface, and also of its own ‘missing Schmidt plate’. The result is a 
change 0( A 6 ) in the angular deviations of admissible rays passing through 
S , i.e. a change 0(A 5 ) in the angular aberrations of the system on its new 
Petzval surface. This means that there is a shift of focus amounting to 
0(/A 2 ) but that the third-order aberrations are otherwise unaltered. As 
before, the extension of the argument to the case where several figurings 
are modified simultaneously is trivial. 

Effect of plate thickness. It is enough to consider the effect of inserting 
mto the nearly parallel beam between the object point and the first 
power surface, at a distance at most 0(f) from the entry pupil a 

plate of thic kness d with its faces perpendicular to the 
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The leading term in the effect of refraction by such a plate is taken 
care of by introducing the convention that the plate-thickness d is to be 
counted with a factor 1 n in measuring axial distances through the plate. 
The remaining lateral effect, which is 0(dA 3 ) for an off-axis pencil and 
0(dX 9 ) for an on-axis pencil, causes changes of at most 

0(dX 3 )0(X 3 / fX) = omu) 

in the ray deviations, and these are negligible in the third-order theory 
even if the plate thickness is comparable with /. If d = O(fX-), they 
are also negligible in the fifth-order theory. 

To sum up: It is permissible, in discussing the third-order aberrations 
of plate-mirror systems by the plate-diagram method, to treat the 
thickness of the plates as negligible and the object as infinitely distant, 
provided that the plate thicknesses are in fact 0(fX 2 ) and the object 
distance at least 0(fj A 2 ), that the elements in the associated plate system 
all lie within a distance 0(f) of the entry pupil, and that a convention 
(given above) is used in measuring distances through corrector plates along 
the optic axis. The distinction between paraxiallv flat plates and those 
with a neutral zone can be ignored in calculating the third-order aber¬ 
rations, though not in calculating the position of the Petzval surface in 
which these are measured; the true object distance must also be taken 
into account when calculating the position of this surface. 

2. Seidel properties of the Schmidt-Cassegrain systems 

To illustrate the plate-diagram method bv a concrete example, and 
to obtain formulae which will be of use later, we now apply the method 
to a general analysis of the Seidel properties of Schmidt-Cassegrain 
systems. 

By a Schmidt-Cassegrain system is meant one consisting of a large 
concave primary mirror M v usually pierced, a smaller convex secondary 
mirror d/ 2 , and a thin aspheric corrector plate P (see Fig. 94), through 
which the light passes on its way to the primary. The subsequent path 
of the rays is similar to that in an ordinary Cassegrain telescope; that 
is to say, after reflection at the primary and secondary mirrors they 
come to a focus near the pole A of the primary. 

Flat-fielded anastigmats of this pattern were proposed by J. G. Baker 
(1940) and by C. R. Burch (1942); in these systems at least one of the 
mirrors has to be aspherical, as well as the corrector plate, but the 
mirror-asphericities can be kept small by' suitably choosing the para¬ 
meters. Flat-fielded aplanats (near-anastigmats) with both mirrors 
spherical were proposed by H. Slevogt (1942) and by the writer (1943). 
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2.1. Aplanatism and anastigmatism in Schmidt-Cassegrain systems 
First consider two spherical mirrors M lt M 2 , of radii Pl = 2/, (concave) 
and p 2 = 2f 2 (convex) respectively, with the axial points of their surfaces 
spaced a distance d apart. See Fig. 93. Let C„ C\ be their centres of 
curvature. Rays parallel to the axis entering from the left will be focused 
on the axis at a distance/..(/j— d)/(d +/ 2 —/,) in front of the convex (i.e. to 



its right). Thus/i—/ 8 < d </, is the condition for a real image. This 
image will lie behind the concave mirror (i.e. to its right) if 

d 2j [-d(2f i fl) flfl < 0, 

that is, if o ^ d < Wi+fD+hA-U 

This is the condition for an ‘accessible’ image. 

The convex mirror is working with paraxial distances 


u = 


(fi-d). 


d+h-h' 


where we agree to measure distances from a mirror positively in front 
of it, negatively behind it. Thus for this mirror the magnification 
A = v/u = —/ 2 /(d+/ 2 —/,). The surface deformation needed to remove 
its spherical aberration would be (A— 1 ) 2 /(A+ 1 ) 2 times parabolic cor¬ 
rection. If this were done on a plate at the centre of curvature (ignoring 
for the moment the physical impossibility of this), the diameter of the 
plate would have to be (*>,+«)/(-«) = (A— 1)/(A+1) times that of the 
mirror Then the plate would need strength {(A+1)/(A-1)}« times 
what ,t would have needed if it had been the same size as the mirror 
viz. {(A-f 1)/(A— 1)}«{(A— 1)/(A+ l)} 2 times parabolic correction or 


-te±iy__/ h-d \ 

U-lj W+2/g—/,/ 


ST®" P ' a ‘ e Stre "8 th » <n°ncave) sphere of radius 

The light could not actually reach such a plate; therefore we replace it 

nl! „ ,ma8 ° m Part ° f the SyS *° m " hich it. namely the 
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concave mirror. It is imaged at a distance /i(2/ 2 +</)/(d+2/ 2 — i n 
front of the concave and with magnification/,/(d+2/ 2 —/ 1 ). Thus the 
image-plate has its strength increased in the ratio {(d+2/ 2 —/,)//,}*, to 

theValUe l/rW+!HI‘, 

71- ,sv 

Since this plate is not in fact present, we conclude that the contributions 
of the convex mirror to the first four Seidel errors of the system agree 
(for an object at infinity) with those arising from a plate of strength 

_ (AZflW-2/,-/,) 2 ^ situated at a distance Ai r^ +ri) in front of 
Ji d +-Jz— Ji 

the concave mirror. 

In the same way, the contributions of the concave mirror to the first 
four Seidel errors of the system would be annulled by a Schmidt plate 
placed at its centre of curvature and of strength S 1 corresponding to its 
radius of curvature. Hence the contributions from the mirror itself 
agree with those from a plate of strength —S l situated 2/, in front of it. 
Now the strength of a Schmidt plate for a sphere of radius p is propor¬ 
tional to 1/p 3 . Hence if we take as deformation unit the strength of the 
Schmidt plate for a sphere of radius 2 (/ = 1), we have 


Si = 


fV 


= L 

J 2 


We have thus determined the plate system corresponding to our 
system of two spherical mirrors. Now suppose that the mirrors are not 
spherical, but figured. In the domain of third-order optics such figurings 
can be represented as constant multiples of parabolic correction and 
imaged through the system to the object side, where they contribute 
additional members to the plate s 3 'stem. The figuring (of strength a, 
say) on the concave mirror images into itself. That on the convex mirror 
contributes a plate (of strength £, say) located d/j/l/,— d) behind the 
concave mirror. The strength of the actual figuring on the concave 
mirror is then {/i/(/i— d)}*fi. 

Lastly, suppose that the system includes a thin glass aspheric plate P , 
of strength y, located at a distance x in front of the concave mirror. 
See Fig. 94. (We can abolish this plate at will by setting y = 0.) Then 
the plate system consists of five components: 

(1) located df 1 l(f l —d) behind the concave mirror, a plate of strength/? 
(image of the figuring on the convex); 

(2) located on the concave, its own figuring, of strength a; 
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(3) located fx('2f 2 + d)/(d + 2/,—/,) in front of the concave, a plate of 
strength +(/ x — d)~(d-\~2f 2 —(image of the anastigmatizing plate 
which the convex lacks, with sign reversed); 

(4) located 2f x in front of the concave, a plate of strength — 1 jf\ 
(Schmidt plate which the concave lacks, with sign reversed); 

(5) located x in front of the concave, a thin glass aspheric plate of 
strength y. 



P M,i 

Fio. 94. Schmidt— Cassegrain system. 


Suppose for the present that the aperture stop of the system is located 
on the concave mirror. Then its plate diagram is as shown in Fig. 95 


1 

(fi~d)*(d+ 2/, —/, )* 

1 


* nn 

i 

n ■■ 

y 

_L_^ 

_ 

y 

' 

<ih 0 

MVt + d) 2/, a 

c 

fi-d 

d +2/,-/i 




Fio. 95 


and by § 1.2 the conditions for the vanishing of the first three Seidel 
errors of the system are respectively 

(spherical aberration) 


(coma) 


„ + - r + (/.-* W + 2/,-/.) 8 I „ 

nn ~n °- 


( 2 . 1 ) 


A-d 2/,-/, 7J71-71 = 0. (2.2) 

(astigmatism) 

(7^) 2 0+x 2 v-L(/ i—«*)*(<*+$/•—. f,)t 4 

\f 1 ~d) P y+ (d + 2/ 2 -/ l)2 -7171- 5 -£ = 0. (2.3) 

In systems where the spherical aberration and coma both vanish (and 
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Change of notation. We can simplify the notation by writing 

A = *fl B = fiJl r=yfi; « = * q=l-L (2.4) 

J 1 J 1 J 1 

Then the plate diagram takes the form shown in Fig. 90, where now 

£ 3 -1 r 

___ : • 

1 —q 0 2 g+l -7 2 a 

q 2 £-q 

Fio. 96 



plate strengths are measured in terms of the anastigmatizing plate of 
as unit and distances in terms of its paraxial focal length /, as unit. 
The conditions for the vanishing of the first three Seidel errors become 
respectively 
(spherical aberration) 

A + B +r + ?2(2 | . ~ g)2 = 1, (2.5) 

(coma) - —? B+aT + 1 -?> = 2, (2.6) 

q £ 3 

(astigmatism) (~^) + “ = 4 - ( 2 - 7 ) 

These three equations specify all the Schmidt-Cassegrain anastigmats, 
while (2.5), (2.6) taken alone specify all the Schmidt-Cassegrain aplanats, 
in terms of six parameters each of which has a simple physical meaning. 
In fact, 

A, B, r are the figuring depths on primary, secondary, and plate 
expressed in terms of parabolic correction of the primary as unit;t 
a is the distance of the plate in front of the primary, expressed in 
terms of the paraxial focal length of the primary as unit; 

£ is the ratio/ 2 //, of the paraxial focal length of the secondary to that 


of the primary; 

q is the ‘minimum obstruction ratio’ for the on-axis pencil;* alterna¬ 
tive^ i — q is the separation between the mirrors, expressed in terms 

of f x as a unit. 


j- The strength of the figuring on the secondary is thus T/q 1 times the strength which 

would parabolize the primary. . . . 

1 That is, the obstruction ratio when the secondary is just big enough to rec 
on-axis pencil. It will need to be slightly larger than this in order to receive the ofT-ax.s 

pencils also. 
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In these systems, the image is formed at a distance 

l ) f ' < 2 - 8 > 

behind the pole of the primary and the focal length 

f=jZT q fi- (2.9) 

2.2. Astigmatism in Schmidt—Cassegrain aplanals 
The off-axis astigmatism of a thin lens centrally passed, or of the 
central elements of a spherical mirror,f is given by the equation 

distance between centres of astigmatic focal lines = S 2 //, (2.10) 

"here/is the focal length and 8 the linear displacement of the image 
off axis. It is sometimes convenient to express the astigmatism of a 
composite system as a fraction of that of a thin lens (or of a spherical 
mirror) of the same focal length. For a sphere of focal length/, imaging 
from infinity with entry-pupil at the mirror surface, the plate diagram 
is given by Fig. 97. For such a sphere, by § 1.2, 

5 = 8p F = ~Tp' c = h’ (211) 


Fio. 97 

and C has this same value for any centrally passed thin lens. Therefore 

the thin lens value’ of C is 1/2/ and the astigmatism of a system of 
focal length f is 

( 2 . 12 ) 

times the thin lens value. The distance between the centres of the 
astigmatic focal lines (or ‘astigmatic interfocal distance’) of the system 
at a distance 8 off axis is therefore 

= — (2.13) 

where X{ refer to its plate diagram.* 

CnnblC3 09 t0 spherical aberration and 

ditrZ 8 “ua°ntR]«‘Sr: ° f **" lines arc 

Thus it is also iegUimato'to*speak simply ofTho “E 13 * ^"d-ordor 8mal1 ^antity. 
linos’ with the Bamo meaning as above H distance between the astigmatic focal 
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We can apply this formula to express the off-axis astigmatism of the 
general Schmidt-Cassegrain aplanat in terms of the thin-lens value or 
of the astigmatic interfocal distance. The focal length f = ZfiKZ—q) 
by (2.9). The value of 2 <*,*? = — 8C is independent of the position 

i 

of the stop, as remarked in § 1.2. Taking the stop on the primary, we 
have by § 2.1 


The astigmatism coefficient C is — £ times this quantity, or 


(2.14) 


_ 

MZ-q) [\ q I 


b+o* r+ 


g«(2j+l-g)» 

z 3 


(2.15) 


times the thin-lens value and the astigmatic interfocal distance is 
accordingly 


_ I i. 2 JL [7L_?] 2 B+o°-r -f 
/ Z-q[\ q I 


q 2 (2£+l-q) 2 

z 3 


: • 


(2.16) 


2.3. Distortion in the Schmidt-Cassegrain systems 
The contributions to the Petzval curvature from the two power 
surfaces of a Schmidt-Cassegrain system are k x = — l// x from the 
primary mirror M x and k 2 = +l/f 2 from the secondary M 2 . Applying 
equation (1.12) to the plate diagram of Fig. 95, we obtain for a Schmidt- 
Cassegrain with aperture stop on the primary 


A = — $ £ cur’+i 2 KX 

1‘ A 



(2{-q)Y ( 2t+\-q y Q ^ 

Z 3 \ 2 i-q ) T , 




+ 


2^+1- 
2Z 


i-q f I 

-q fl M 



(2^+1 -q)Y- 

m 2 Z-q) 


+ 1-JIV-1 + 


2^+l~7 

2Z(2Z-q) 



2Z+i-g\(2Z+i-q)Y i 

2Z(2Z —?) L m 


(2.17) 


We next consider the effect on A of moving the aperture stop. Let 
tj l be the change of position of the entry pupil caused by shift in stop- 
position; is measured positively against the light. Then the plate 
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diagram is changed by having the origin shifted to the point formerly 
given by x = XJ x . The new value of A is therefore 


A« = «(*-«/») 


= a+K/, 2 «* 2 -K 2 /? 2 «*+KV5 2 2 * 

* ■» P /f 

= A + 5/i(l (2.18) 

when the spherical aberration 2 « and the coma 2 a* both vanish. 
If we are dealing with an anastigmat, 2 auc 2 also vanishes, and if this 
anastigmat is flat-fielded 2 * = 0. Equation (2.18) then reduces to 

A 


A C = A, 

which shows that in a flat-fielded anastigmat , A is invariant under stop- 
shifting. In the more general case of a flat-fielded aplanat, £ a* 2 and Y * 

will not usually vanish and (2.18) expresses the way in which distortion 
in the image plane varies under shifts of the aperture stop. In an aplanat 
with flat best field, the field-curvature coefficient C+D vanishes; it 
follows from (1.6) that in these systems 

— i J. *z 2 +l 2 * = 0 (2.19) 

and equation (2.18) takes the form 


= A + iS/,2*-. (2.20) 

A 

3. Plate-mirror systems and their application to astronomical 
photography 

The striking success of the Schmidt camera as an astrographic tele¬ 
scope can be attributed to two causes. First, its high theoretical per¬ 
formance more than meets the needs of present-day astronomers, 
bounded as these are by the effects of atmospheric tremor and the 
finite grain-size of fast photographic plates. Second, an optical system 
consisting of a single mirror and a thin, nearly plane-parallel plate suffers 
far less from temperature troubles than do the large anastigmat lenses 
which alone could give images of comparable sharpness. (In the case 
of the larger Schmidt telescopes, of apertures of 24 inches and upward, 
the corresponding anastigmat lenses have never been made and are prob¬ 
ably impracticable.) Moreover, good methods of alleviating the tem¬ 
perature and flexure troubles of large mirrors are already well known to 
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astronomers from their experience with paraboloids, while the corrector 
plate is practically free from both. 

Nevertheless, the Schmidt optical system presents some incon¬ 
veniences when used in a photographic telescope. Because of the 
brightness of the sky background, the focal ratio of a Schmidt telescope 
of moderate size should not be shorter than f/3, and for most purposes 
f/3-5 is better. Because of the limitations imposed by plate grain on 
photographic resolution, the focal length should not fall below 100 inches 
if full advantage is to be taken of the high optical performance of the 
system at these focal ratios. Since the length of the telescope tube, 
without the dewcap, is twice the focal length, this means that to take 
full advantage of the design we need a telescope of 25 or 30 inches 
aperture, with a tube at least 17 feet long. So long a tube is inconvenient 
because it requires a relatively expensive mounting and dome. 

Another inconvenience is the curved field of the Schmidt system. 
Photographic plates made with specially thin glass, held bent to the 
requisite curvature, give satisfactory results but need to be made up as 
a special order by the photographic manufacturer. 

A third inconvenience is the position of the focal surface in the middle 
of the tube, half-way between the corrector plate and the mirror. 

Evidently it is worth while to consider whether some of these draw¬ 
backs can be eliminated or reduced by a change in the optical design. 

It is immediately clear that the addition of further corrector plates, 
or the aspherizing of the mirror surface, cannot yield the desired result 
of a flat-fielded anastigmat (or near-anastigmat).f For these changes 
leave the Petzval curvature unaltered, and unless the Petzval curvature 
is well compensated the astigmatism needed to flatten the field will spoil 
the definition. There remains the possibility of adding a second power 
surface to the system in the form of a convex secondary mirror, and of 
introducing aspherical figurings on either or both of the mirrors. 

Since the additional figurings increase the amount of skilled labour 
involved in making the system, we try to keep them as light as possible. 
In particular, systems with one or both mirrors spherical have a claim 
to preference on that account. 

The exploration of possible camera designs now proceeds as follows. 
We first try to do without aspheric figurings on the mirrors; accordingly 
we determine, in §§ 3.1 and 3.2, what anastigmats can be made up from 
two spherical mirrors and one corrector plate or (as a special case) from 
two spherical mirrors only. It appears that the only practicable designs 

| Tho results of aspherizing the mirror surface are explored in § 3.8. 
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with large concave primary and small convex secondary are the mono- 
centric Schmidt-Cassegrain (§ 3.2) and a system equivalent to the field- 
flattened Schmidt camera discussed in Chapter IV. § 5. The designs with 
small convex primary and large convex secondary arc examined in § 3.3; 
they are rather unsuitable for astronomical purposes because of their 
relatively small light-gathering power, but they seem to have possible 
applications as projector systems, especially in the case where the 
corrector plate is absent (two-sphere anastigmat). 

To explore further, we must either allow aspherical mirrors or drop 
anastigmatism. We first examine the results of dropping anastigmatism, 
keeping the mirrors spherical. The two-sphere aplanats are eo ipso 
anastigmats (§ 3.4), so that not hing is gained here. But when we examine 
the Schmidt-Cassegrain aplanats with spherical mirrors (§ 3.5), we find 
that a range of flat-fielded systems exists in which the off-axis astig¬ 
matism is so small as to leave the definition unimpaired in some practical 
cases. These systems seem excellently suited to application as astro- 
graphic cameras. 

In § 3.6 we consider the flat-fielded anastigmats with one or both 
mirrors aspherical and in particular those flat-fielded types singled out 
as especially promising by J. Cl. Baker. 

3.1. Anastigmats from two spheres and one plate 

We begin by supposing the primary mirror concave and the secondary 
convex. This is the case obtained on setting A = B = 0 in equations 
(2.5)-(2.7), which become 


r _ , 7 2 (-£—7) 2 

e ’ 

(3.1) 

„p_o 7 2 (2f-7)(2|+l-<7) 

£ 3 

(3.2) 

7 2 (2M-l-7) 2 

£ 3 

(3.3) 


These give, on eliminating a and T, 

1 q )*/^ 3 = 0, (3.4) 

whence q = 2f—1 or q = 0. That is to say (see (2.4)), d = 2/, — 2f a or 
d are necessary conditions for anastigmatism. We conclude that 
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a Schmidt-Cassegrain system consisting of two spherical mirrors and one 
aspheric plate can only be anastigmatic in two cases: 


(1) when the spheres are concentric ; 

(2) when the second sphere is at the paraxial focus of the first. 


Case 2: q = 0, i.e. d == f v Here the only (Seidel) effect of the second 
sphere is to change the field curvature. On setting q = 0 in equations 
(3.1)-(3.3), we obtain 


r = l, <xr = 2, a 2 r = 4, 
ie * Y— 1 lfi> X Y = 2 If f. * 2 y = 4//i; 

thus X = 2/,, y = Sy 

and the system is simply a Schmidt with changed field curvature. Its 
new field curvature, being equal to its Petzval curvature, is l// x —1// 2 . 
Therefore flat-fieldedness is achieved when f 2 = f v 

Case 1: q= 2£—1, i.e. d = 2/ x — 2/ 2 (concentric spheres). Equations 
(3.1)—(3.3) now become 


rar = 2-2^- 1 ) 2 


e ’ 




a 2 r = 4 — 4 


( 2 £-i ) 2 

e 


(3.5) 

Thus a = 2, i.e. .r = 2/,, and the glass aspheric plate goes at the centre 
of curvature of the concave. Its strength y is no longer S x = 1 \f\, but 
is given bv the equation 

vfi-r = !_« 


To get this strength down to zero, and so dispense with the aspheric 
plate, we should need 

P = (2£-l) 2 , (3.6) 

3±V5 


$ = 1 or £ = 


2 ’ 


i.e. / 2 = / t or f 2 = 4(3±V5)/ t . The first gives spheres in contact, while 
f 2 _ i(3-f V5)/ x gives f 2 >/„ which is physically impossible. Thus the 
only two-sphere anastigmat with concave primary and convex secondary 
is that given by 

f 2 = / x = 0-3820/j, d = (V5-1)A = 1-2361/, (3.7) 

and shown in Fig. 98. Since d > /„ the image is virtual; it is formed at 
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a distance i(5 —VS)/^ = 1'3819/j in front of the concave mirror. The 
focal length 

/=—2~/i = id = 0-6181/ 1 . 

The Petzval radius is/, since the system is monocentric. Because of the 
virtual image, it cannot be used as a camera. We therefore return to 
the case (3.5). 



3.2. The monocentric Schmidt-Cassegrain cameras 

Since f = *(1+?) in case (1), the first two of equations (3.5) are 
equivalent to 

r = l— 8g2 


(l+<7) 3 ’ 


o=2 


(3.8) 


the third is redundant (corresponding to the fact that a monocentric 

aplanat is eo ipso an anastigmat). Thus the monocentric Schmidts 

Cassegrains are included in the general Schmidt-Cassegrain family as the 
case 


A = 0, B= 0, T=1- 8g2 o=2, ( = 

( 1+?) 3 ? 2 


The auxiliary condition q < 1 ensures a real image; the distance of this 
image behind the primary is [(3g— l)/(l-$)J/ lt by (2.8). The Petzval 
curvature of the system is 1// = [(l-?)/(l+$)](I//i). Since it is mono- 
centric, the system gives distortionless imaging on its image sphere . 

3.3. Anasligmats with convex primary and concave secondary mirror 
To make the discussion more complete, we consider also the systems 
wth convex primary and concave secondary mirror; the general plan 
ot these systems is shown in Fig. 99. On repeating the analysis, we find 
hat the only change needed in the equations of § 2.1 is the substitution 
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of —/i* —ft f° r /i</ 2 - The new plate diagram (taking the stop on the 
primary, now the convex, mirror) is shown in Fig. 99. In the case of two 
spheres (<x = £ = 0) and one plate, anastigmatism is now only possible 
if d = — -/i + -/ 2 . i e. if the spheres are concentric. (The other solution 
of § 3.1 now becomes <1 = —which is physically impossible.) In this 
case x = — 2/, and the plate, if in object space, has to go in a physically 



-( rf+/,)»(2 /, l 

« P fill J\ y 

_ * ’ _ ' ’ _ ' 

0 h<l /,(2 h-d) 2/, x 

d+fi 2 h-h-d 

Fig. 100 


impossible position behind M l . When we try to get round this difficulty 
by imaging it in one or both mirrors, it always remains at their common 
centre C. Thus the plate must lie in a rather strongly converging beam, 
which much increases its contribution to the higher off-axis aberrations. 
Only in the case y = 0 do we get an acceptable system.f This case, by 
§ 3.1 with — /„ —/ 2 for/j, f 2 , is when £ = 1 or i(3±v'5), i.e./ 2 = /, or 
f 2 = A(3±Vo)/„ just as in (3.6). f 2 = /, gives spheres in contact as 
before; f 2 = A(3-V5)/i gives f 2 </„ which is physically impossible. 
Thus the only two-sphere anastigmat with convex primary and concave 
secondary is that given by 


h = = 2,6181 /i’ 


d = (V5+1)/! = 3-2361/!. 


+ Small systems, for example microscope objectives, ore practicable with vj; 0 *™ 
are prepared to ‘bend’ the plate, so that the light passes through each part of .t nearly 
normal to the surface. But such ‘bent* plates are not well su.ted to large astronom.cal 

systems. 
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The image is real and is formed at a distance 6-1771/, from the concave. 
The focal lengt h 

the Petzval radius is /. 

We conclude from §§3.1, 3.3 that: 

The only flat-fielded anastigmat with two spherical surfaces and one 
aspherical plate is (he field-flattened Schmidt. (In practice, the convex 
secondary mirror M n _ will here be replaced by a field-flattening lens, in 
order that a photographic plate placed in the image surface may receive 
the light. See Chapter III, § 5.) 

The only ajiastigmats obtainable with two spherical surfaces alone are 
the monocentric systems described above, of which only (he second forms a 
real image. 


3.4. Two-sphere aplanats 

If in the conditions (3.1)-(3.3) of § 3.1 we retain only (3.1)-(3.2) and 

in them put V = 0, we obtain the conditions for a two-sphere aplanat, 
namely 

<7 2 (2£-tf) 2 = f 3 , 3 2 (2£-*7)(2£+l- ? ) = 2£ 3 , (3.10) 

i-e- (A-W/ 2 -/ 1+< 0* =f 1 fl, 

(/ 1 -d) 3 (2/ 2 -/ 1 -frf)(2/ 2 +d) = 2/,/ 3 . (3.11) 

By allowing/,, / 2 to take positive and negative values, we cover the cases 
both of convex and concave mirrors under one head; /, > 0, /„ > 0 
means a concave primary and a convex secondarv mirror. 

Equations (3.10) give 

2 £+l -<7 = 2 (2£-q), 
q = 2£— 1, 

i.e. d = 2/,-—2/„. Thus the spheres must be concentric and, by substi- 
tuting for q in the first equations (3.10), 


£ 3 = ( 2 £— l ) 2 

which as we saw in §3.1, is also the condition for anastigmatism. There- 

lore: the only Uco-sphere aplanats are the iivo-sphcre anastigmats. It is 

easy to prove this directly from the plate diagram, by first proving the 
system monocentric. ® 
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3.5. Schmidt-C'assegrain aplanats with spherical mirrors 
These are high-definition flat-fielded sj-stems, whose off-axis astig¬ 
matism is so small as to cause no observable effect on their image-size 
in many practical cases. In such cases, as was remarked by Slevogt, 
they are for practical purposes anastigmatic. 

Setting A = 0, B = 0, in the general equations (2.5), (2.6) we obtain 

r-1-ffijpU?. ,3.12, 


(3.12) 


„r_o g 2 (2f+l-g)(2£-g) 

P 


(3.13) 


The Petzval curvature of the system 


— = 2 (D—C) = -I+I = IAiI 

Pp fxfn fi e 


(3.14) 


and by § 2.2 its astigmatism 


1-1 = 4 c= -$ 2 cLz'- = ±L-o*r- 

Pt Ps 2/L 


(2f+i -q) 2 g 2 


(3.16) 


= _ J_ g 2 (2^-?~D 2 ,, l5) 

2/x e-q'M-q)* ^ 

_ _ q^-q-lY 

~ 2f^r ■ (3 ' 16) 

Here p P , p s , p T , are the radii of curvature of the Petzval surface, the 
sagittal focal surface and the tangential focal surface of the system, 
taken as positive when the surfaces are concave towards the incident 
light. 

(3.16) can be written in the equivalent form 

astigmatism = — —— X (thin lens value) (3.17) 

from which, because £ is nearly equal to 1 in all practical cases, we obtain 
the approximate formula 

astigmatism ~ - 1 x (thin lens value). (3.18) 

The various types of field flat tening by controlled off-axis astigmatism 
are all covered by the equation 

J _L = _A, (3.19) 

Pt Ps Pp 
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where, in the Seidel approximation, 

A — 1 for a flat best field /— -f— = oV 

\Pt Ps ) 

A = § for a flat tangential field (l/p T = 0), 

A = g for the type of field flattening, recommended bj' Conrady for 
high-definition systems, in which 


1 

Pt 


_L •_!_ — 2-4-5 
Ps Pp 


PS T 



X-l 



(3.20) 


See Fig. 101. This ‘field flattening equation’ (3.19) becomes, on substi¬ 
tuting for 1 jp p and lfp T -l/ Ps> 

fr*(2£—?-l) 2 = 2fTA(l- £), 

or fr«(2£-l- ff )« = 2A(l-fl[^_ ff *(2f-g)*]. (3.21) 

Equation (3.21) gives the relation between £ and q which will secure 
the desired type of field flattening. In pract ice, the value of £ is generally 
between 0-95 and 1, and it is evident that unless £ is rather close to 1, 
e Petzval curvature 1 / Pp will not be small and the astigmatism needed 
to flatten the field will spoil the definition. 

In considering these systems of very small Petzval curvature, there is 
mpn e ,° e obtained from a priori comparisons between the above¬ 
differences heT Mtigmatic field flattenin g- This is because the 

T A T them arG COm P arable > a * any rate in systems of 

rem!T A r&tl0 ’ With the 8ma11 em P™al changes which are 

required in each design, after the pilot model has been constructed and 
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its field explored with a microscope, in order to balance the image errors 
as well as possible over the required field. By these small empirical 
changes account is taken, without any a priori analysis, of: 

(1) the contributions to the field curvature and to the astigmatism 
from the slight convexity which is superposed on the plate figuring in 
order to minimize the colour-error; 

(2) the higher aberrations; 

(.1) the effects of asymmetrical vignetting on the off-axis images. 

Provided it is intended to make these empirical refinements at a later 
stage, we therefore do as well, when designing the pilot model, by simply 

setting £ = 1 and then using (3.12), (3.13) as by first solving the equation 

(3.21) for £ and so deriving the explicit Seidel solution. 

Setting £ = 1 in (3.12), (3.13) we therefore obtain for the flat-fielded 
Schmidt-C'assegrain aplanats with spherical mirrors the practical design 
equations 

A = 0, B = 0, T = 1 —<7 2 (2—tf) 2 = P; 


= 2 q-(2 «y)(3 — q) _ Q 

l- q 2 (2 -q)* P ’ 


£= I- 


(3.22) 


(The notation 


P = 1 -q*(2-q)\ Q = 2-q'-(2-q)(3-q) 

is the same as that used in the next section.) 

When 0-4 ^ q ^ 0-75 these give 

f -~ + <>r 


(3.23) 


(3.24) 


an approximate formula correcting plate strength with plate-primary 
separation which is sometimes useful. 

Table I gives the numerical values of the constants of the system, 
calculated from equations (3.22), for a selected set of values of q. 

Table I 




///1 = 


1—<7 


0 - 731)9 

0-7037 



0-40 
0-423 
0 45 
0-475 
0-50 


0-5904 

0-5519 

0-5135 

0-4753 

0-4375 


21447 
2-1097 
2-1971 
2-2272 
2-2002 
2-2904 
2-3302 
2-3801 
2 4280 


1-4280 

1-4815 

1-5385 

1-0000 

1-0007 

1-7391 

1-8182 

1 - 9048 

2 - 0000 
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Distortion in the spherical-mirror aplanats. By (2.17), (2.18) the dis¬ 
tortion in a spherical-mirror aplanat with stop on the primary is given 
by the equation 


2«2f-*)l J’ 


(3.25) 


while if the stop is situated at a distance c/, in front of the primary the 
distortion coefficient becomes 


' P A ' 


(3.26) 


or, in the more special case of a flat-fielded system satisfying (3.19) 


\ = 


(3.27) 


(The image posit ion is here defined by the intersection of the ray through 
the centre of the stop with the Gauss plane, that is to say by an ideal 
construction, since this ray is obstructed by the secondary in a Schmidt- 
Cassegrain system.) In most practical cases A is small; in the systemf 

£ = 0-9205, q = 0-3979, T = 0-5773. a = 2-2249 (3.28) 

its value is -0-13. This corresponds to a barrel distortion of 0 03 per cent, 
at 3 off axis. Since, further, the coefficient of £ in (3.27) is small (its 
va ue is 012 in the above example) only a small change in the distortion 
will be produced by any practicable shift of the stop-position. The most 
satisfactory position of the stop is therefore governed mainly by con- 
era ions o vignetting. These more or less restrict the stop to lie 
Between plate and primary, and point to a position approximately mid- 
/ wee “ * hem as de s>rable in those cases where plate and primary 
Th -° e ' d,ameter and a uniformly illuminated field is aimed at. 

o " ~ C ° rr L eSponds to a value slightly larger than 1 for £. It is 
some interest that in most cases the ‘distortion-free position’ of the 

the^v.!^ 0 Jo equation A i = °* is near this value; for example, in 
£ = 0-9573 ~ 8) the distortion free Position of the stop is given by 

3.6. Flat-fielded, anastigmats 

SeSfcondh th V yS i emS fiFSt described b y J- G. Baker (1940). The 

curvature shah h flat ' field * dness in an anastigmat is that the Petzval 
mature shall be zero. Thus the Baker cameras satisfy, besides 


t This system is a solution of <3.12), (3.13), and (3.21) with A 

s 




3505.18 
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(2.5)-(2.7), the condition 1 /»— 1//, = 0, i.e. $ = 1. Inserting this value, 
and writing 

P = 1-g 2 (2-g) 2 , Q = 2—g 2 (2—g)(3—g), 



R = 4 — 92(3—9)2, 

(3.29) 

we obtain 

^ + B+T= P, 

(3.30) 


1 ~ q B+ar-Q, 

q 

(3.31) 


/1_(7\ 2 



q 5+a 2 r-i?, 

(3.32) 


together with £ = 1, as the equations of the flat-fielded anastigmats.f 
Their fractional distortion, which is independent of the stop position, is 


6 2 A = (LJ.J B-o 3 r + '^~S-R 


(3.33) 


Equations (3.30)-(3.32) enable us to express all the parameters of the 
system in terms of q (obstruction ratio) and a (plate-primary separation). 
We choose these as basic parameters because they describe the general 
proportions of the system and its vignetting properties, which demand 
first consideration in the practical design-problem. We find 



(q-2)(l+ g )-2 g V(2- g )-(3- g )] 

a(l- 9 ) 


(3.34) 


9 2 2(<7—2) —g 2 (3—9 )[ct( 2—g) — (3 q)] 

l—g 09+1—9 

_2(a-2)-9*(3-9)fa(2-9)-(3-9)]| 

Q ~ q -- r 


(3.35) 

(3.36) 


■f P, Q, and R can bo seen to be the sign-reversed contributions of the two power- 
surfaces (excluding figurings) to the spherical aberration £ A t the coma \ Aa, and t 10 
astigmatism V A a 2 . 

Table of values of P , Q t R 



P 

Q 

R 

0-30 

0-73990 

1-58690 

3-34390 

0-325 

0-70366 

1-52673 

3-24419 

0-35 

0-66649 

1-46437 

3-13974 

0-375 

0-62866 

1-40015 

3-03101 

0-40 

0-59040 

1 33440 

2-91840 

0-425 

0-55194 

1-26745 

2-80234 

0-45 

0-51349 

1-19962 

2-68324 

0-475 

0-47528 

1-13120 

2-56150 

0-50 

0-43750 

1-06250 

2-43750 
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It is a practical convenience if the image lies behind the primary, or at 
any rate behind its front surface. By (2.8), the condition for this is 

2 — o 

~lq— 1>0 or q > 0-387. 

Since, however, the strengths of the figurings on the mirrors increase 
with increasing q (see Tables II-V below), it is sometimes better to 
choose q between 0-35 and 0-387. The image surface is then still near 
enough to the primary to enable the photographic plates to be con¬ 
veniently inserted and removed through a central hole in the primary. 

3.61. I he Baker camera types A, B, C, D. The four one-parameter 
types singled out as especially valuable by Baker will now be derived 
as special cases of the general flat-fielded anastigmat. 

J ype A (short tube). This is characterized by having the corrector 
plate at the focus of the primary, i.e. a = 1. Then equations (3.34)- 
(3.36) become 

A = -1-2?, B = ^[2-^3-r/)], 

T = 2( 1 -\-q) — 2q 2 (3—q). (3.37) 

By (3.33), the distortion coefficient A satisfies the equation 

8A = |(l-g)(l-3 9 ) + (l- g )2(2-5 9 + 9 2) + |lI^ J ff. (3.38) 

■* M ^ 

In a system with q = 0-3, this gives A = +0-7583, corresponding to a 
pincushion distortion of * per cent, at 3° off axis. Table II gives the 
numerical data of the system for selected values of q. 


Table II 


<7 

A 

B 

r 

<7 

A 

///, = 

1-9 

0-30 

-10 

0-2259 

2-1140 

A 

+ 0-7583 

1-4286 

0-325 

A Of* 

1-05 

0-2087 

2-0849 

1 

0-6880 

1-4815 

0*36 

1-7 

0-3157 

2-0508 

1 

0-6278 

1-5385 

0*375 

A 1 A 

1-75 

0-3069 

2-0117 

i 

0-5729 

1-6000 

0-40 

A A A mm 

1-8 

0-4224 

1-9680 

1 

0-5250 

1-6667 

0-425 

A JC 

1-85 

0-4822 

1-9108 

1 

0-4820 

1-7391 

0-45 

a a n if 

1-9 

0-5462 

1-8073 

1 

0-4431 

1*8182 

0-475 

fi.rn 

1-95 

0-6147 

1-8106 

1 

0 4076 

1-9048 

U-OU 

— 20 

0 6875 

1-7600 

1 

+ 0-3750 

2-0000 
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Type B (spherical secondary). Setting B = 0 in the defining equa¬ 
tions (3.30)—(3.32), we obtain as the equations of the general Baker B 
system 


A+r = p, 

ar = Q, a 2 r = R. 


(3.39) 

These have as solution 




„ ? 2 (1-?) 2 

A ~ R 

B = 0, r = 

R 

a =Q- 

(3.40) 

The distortion coefficient 

A 

& ^4 

1 1 

f-H | ^ 

II 


(3.41) 


Thus all the Baker B systems suffer from barrel distortion. Its amount 
is small; in the system with q = 0-4, A = —0-2050, corresponding to 
a distortion of S g per cent, at 3° off axis. Table III gives the numerical 
data of the system for selected values of q. 


Table III 


<1 

A 

B 

r 

o 

A 

- rb 

0-30 

-0-0132 

0 

0-7531 

2-1072 

-0-2169 

1-4286 

0-325 

0-0148 

0 

0-7185 

2-1249 

0-2141 

1-4815 

0-35 

0-0165 


0-6830 

2*1441 

0-2112 

1-5385 

0-375 

0-0181 

0 

0-6468 

2*1648 

0-2082 

1-6000 

0-40 

0-0197 

0 

0-6101 

2-1871 

0-2050 

1-6667 

0-425 

0-0213 

0 

0-5732 

2-2110 

0-2018 

1-7391 

0-45 

0-0228 

0 

0-5363 

2-2368 

0-1984 

1-8182 

0-475 

0-0243 

0 

0-4996 

2-2644 

0-1949 

1-9048 

0-50 

-0-0256 

0 

0-4631 

2-2941 

-0-1912 



Type C (spherical primary). This is the case .<4 = 0. Equations 
(3.30)-(3.32) now become 


B+r = P, 

with solution 

A = 0, 


-L-^B+t jV= Q, 
<1 



? 4 ( 1 -?) 

1 + 3? ’ 


|iZ^j 2 £ + a 2 r = R, (3.42) 


r = p+ 


? 4 (l-g) . 

1 + 3? ’ 


. . 1 +?(1 -?) 

^ + (l-?)(l+- > ?- 2 9 2 ) 


(3.43) 
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ir_ g(i-y) 4 _ 0 , r 

sL 1+37 + J* 


(3.44) 


Table IV gives the numerical data of the system for selected values of q. 


Table IV’ 



A 

B 

r 

0 

A 

m i-* 

0-30 

0 

-00030 

0-7429 

2-1268 

-0-2342 

1-4286 

0-325 

0 

0-0038 

0-7075 

2-1468 

0-2317 

1-4815 

0-35 

0 

0-0048 

0-6713 

2-1684 

0-2290 

1-5385 

0-375 

0 

0 0058 

0-6345 

2-1915 

0-2264 

1-6000 

0-40 

0 

0-0070 

0-5974 

2-2162 

0-2230 

1-6667 

0-425 

0 

0-0082 

0-5602 

2-2427 

0-2197 

1-7391 

0-45 

0 

0-0096 

0-5231 

2-2709 

0-2161 

1-8182 

0-475 

0 

0 0110 

0 4863 

2-3011 

0-2124 

1-9048 

0-50 

0 

-00125 

0-4500 

2-3333 

-0-2083 

2-0000 


Type D (< distortion-free ). By (3.33), the condition for zero dis¬ 
tortion is 

03 r+§Ef* = o. 

Hence the equations of the distortion-free Baker sj r stems are 

A + B+T = P, —bzHB+aV = Q, 

<1 


(l_2) S B + „ sr _ *. 


(VT £+<,3r “ fcf* (3 ' 45) 


These give 


2 R 


(3.46) 


B = q ' R — a Q 

1 —q qo+i—q 


{.2-q)[(\-q)Q+qRy 

cr being determined, B, T, and A are successively given by the equations 

r = ;(«+■— 4 

A = P-B-r. (3.47) 

Their explicit expressions in terms of q are too heavy to be of much value, 
able V gives the numerical data of the system for selected values of q. 
>g. 102 shows the general layout of the different types of system in 
se ected special cases. The lateral dimensions are exaggerated, compared 
with those along the axis, by a factor of about 2 in each case. 
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Table V 


7 

A 

D 

r 

a 

A 

M'-llq 

0-30 

-0-2028 

0-0399 

0-9028 

1-8609 

0 

1-4286 

0-325 

0-2237 

0-0499 

0-8775 

1-8580 

0 

1-4815 

0-35 

0-2451 

0-0612 

0-8504 

1-8558 

0 

1-5385 

0-375 

0-2670 

0-0741 

0-8216 

1-8544 

0 

1-6000 

0-40 

0-2895 

0-0884 

0-7914 

1-8537 

0 

1-6667 

0-425 

0-3125 

0-1044 

0-7600 

1-8536 

0 

1-7391 

0-45 

0-3360 

0-1221 

0-7274 

1-8542 

0 

1-8182 

0-475 

0-3600 

0-1414 

0-6939 

1-8554 

0 

1-9048 

0-50 

-0-3846 

0-1625 

0-6596 

1-8571 

0 

2-0000 



Fio. 102. (A) Monocentric Schmidt-Cassograin, q = 0-4. (B) Baker 
A system, q = 0-3. (C,), (C,). ( C 3 ) Baker B systems, q = 0-35, 0-4, 
0-45. The Baker C systems are so close to these that the same 
diagrams can servo fo’r both. (D) Baker D system, q = 0-3. (E x ), 
(E t ) two-sphere one-plate aplanats, q = 0-4, 0-45. (F) Schmidt 

camera, for comparison. 
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3.7. Achromatized Schmidt-Cassegrain systems: two-plate systems with 
spherical mirrors 

The colour error in a Schmidt-Cassegrain camera is small enough to 
be tolerated in systems of moderate size. For example, in an f/3-5 
Baker B camera of 30 inches clear aperture, with stop on the corrector 
plate, the diameters of the red and blue confusion circles on axis are 
each about 0 00075 inch when the plate is figured in green mercury light. 



In such a system the colour-error takes the form of chromatic variation 
of spherical aberration; in systems with the stop situated between plate 
and primary mirror, colour-coma and colour-astigmatism are also 
present. Their amount can be read off very easily from the plate 
diagram of the system. 

In larger systems, the quest ion of colour correct ion becomes important 
at apertures above f/3. Evidently two plates, of different glasses, are 
needed to achieve it; these plates must be of opposing asphericities and 
(if they are both to lie in the parallel incoming beam) of strengths 
inversely proportional to their dispersions. J. G. Baker (1940) proposed 
to use two such plates in contact, and A. Warmisham (1941, 1943) 
descr.bed systems in which each of two spherical mirrors is corrected 
by a plate placed at its (actual or imaged) centre of curvature. From 
the point of view of the plate-diagram theory of plate-mirror systems, 
he condition that the plates should be in contact, or that they should 
each anastigmatize one spherical mirror, appears as a somewhat arbitrary 

“ and V 9 u m ? Te natUraI t0 Start from the 8 eneral case . shown 
in Fig. 103, in which the system to be discussed consists of two corrector 

plates P, P working in parallel light, and two spherical or figured 

mirrors, namely a large concave primary .1/, and a small convex secondary 

1 he procedure is the same as that of § 2.1. Let 


A ' B, r, r be the figuring depths on Af t , At, P, P' respectivelv 
expressed in terms of parabolic correction of M, as unit; * 
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CT ' the distances of P, P' in front of M v expressed in terms of the 
paraxial focal length/! of J/ as unit; 

£ the ratio/ 2 /j of the paraxial focal length (taken positively) of M 
to that of J/,; ' 2 

^ = d/i the separation between the mirrors, expressed in terms of/ 
as unit; 1 

7 = !—5 the minimum obstruction ratio’ for the on-axis pencil. 

Then, assuming for the present that the aperture stop is on the 
primary, the system possesses the plate diagram shown in Fig. 104. 
From this the aplanatism conditions can be read off in the form 

(spherical aberration)' A -f- R-f- 1 = o, (3.48) 

(coma) - 2?+ oT+oT' + fl?£-g)(2£+ 1 ~9) _ 2 = 0 , (3.49) 

7) 2 



q 2{-q 

Fig. 104. 

and the astigmatism of the system is measured by the quantity! 

_ astigmatism 
* thin lens value 


= 4tf=i)[(V) 2 ' B+gir+, ’' !r ' + (2?+ e ?>V ~ 4 } <3 ■ 50, 


As before, the image is formed at a distance 




behind the pole of the primary, the focal length 


and the Petzval curvature of the system 


(3.51) 


(3.52) 


— = 2 (D-C) = -j + j = ~r~ fv 

Pp Jl J 2 5 

t The physical meaning of x > s as follows: at an angle 0 off axis in a system of focal 
length / the ‘astigmatic difference’ is *0’/. 
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The distortion coefficient A is now given by the equation 


26.: 


— 8A = <rT + ff' 3 r' — 


I-<7 \ 3 R , 2^ + 1-7 (2g+l-7) 2 7 2 ~4P . 
7 / ^ 2£-7 e 


(3.53) 


when the astigmatism is zero, the value of A is not changed by moving 
the aperture stop. 


Two-sphere hco-])late systems. Of special practical importance are the 
systems in which both mirrors are spherical and the colour-error is 
reduced to the amount corresponding to apochromatic correction in lens 
objectives. We call these the two-sphere two-plate systems. To obtain 
the aplanatism conditions for such a system, we set A = B = 0 in 
equations (3.48), (3.49). We agree to choose the notation so that P 
denotes the stronger plate and P' the weaker, and we define 

km. -riT; (3.54) 


thus 0 < k ^ 1 and k measures the ratios of the dispersions of the 

glasses required to give apochromatism. Equations (3.48)-(3.50) then 

take the form M ,. r 75 /0 r _. 

(1—A-)I = P, (3.5o) 


(ct— k(j')T = Q, 


(3.56) 


where 


= astigmatism = -g r (o a_ AV8)r _ 
thin lens value 4 (^— 7 )^ 


p = 1 _ 7 2 (2|—7 ) 2 


(3.57) 


Q= 2 - 


R = 4 


7*(2£-7)(2£+l-7) 

e 

7^+1-7)2 


(3.58) 


The aplanatism conditions (3.55), (3.56) are together equivalent to the 

equations p . ir (i-k)Q 


r = 


, l \ 

■ =kr~ 


■ 


1 -k’ k\' P 

and on substituting from (3.59) we obtain (3.57) in the form 


(3.59) 




(3.60) 


Since this can only vanish if k > 0 , it follows that the plate strengths 
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must be of opposite sign in an anastigmat (or near-anastigmat). Equating 
the astigmatism to zero gives 


It follows that all the two-sphere two-plate aplanats are given by 
(3.59) and all the two-sphere two-plate anastigmats by (3.59) together 
with (3.61). From (3.59) we have 




J_ _ ,\ g(2£—!-</) 

VA* I P? ’ 


(3.62) 


Thus to each choice of the three parameters 7 , k, £, subject to the 
inequalities 


0 < 7 < 1, 0<A*<1, 2£ — 1 —q > 0, (3.63) 

correspond just two anastigmats, namely those given by 

CT = ^±^ 7 ( 21 -!— 7) ^- 1 

P 

, Q±k-'q(2Z -\-q)Z-i 

P 

where both the upper signs or both the lower signs are to be taken. 

If 2£— 1— 7 = 0, i.e. if the mirrors are concentric, the two solutions 
(3.64) run together into the single solution 

a = a' = Q/P, T = - V/k = P/(l — k). (3.65) 

In all other cases the two solutions are distinct; they have the same 
plate strengths and the same plate separation, but the order of the 
plates is reversed on passing from one to the other. The overall length 
is less when the lower signs are taken, and this second system is therefore 
to be preferred. 


r = 


l-k 


r = 


1-1/A* 


(3.64) 


Flat-fielded, anastigmats. These are the solutions of (3.59), (3.61) with 
£ = 1. In this case the inequalities (3.63) reduce to 


0 < 7 < 1, 0 < A* < 1, 

P, Q . and K become the quantities P, Q, P of § 3.6, and the second 
solution (3.64) becomes 


Q-k'q(l-q) 

n > 



Q —A* _i 7 ( 1 — 7 ) 

> 



(3.66) 
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Thus we obtain a two-parameter family of flat-fielded anastigmats, 
apochromatic and with both mirrors spherical, each of which, since it 
contains two separated aspheric surfaces, can be made to satisfy the 
exact sine condition. Setting B = 0, £ = 1 in (3.53), we obtain for the 
distortion coefficient in these anastigmats the value 


A =-s[°- sr +' ,ar '-§dH 

_ g 3 (i-g) 3 /, i H \ 

~ “8 P* Y k + M~ H )’ 


(3.67) 


where H= 3-— - ( — 9. Y _j_? ?|7 _ ^ V — l] (3 68) 

ff(i-ff) W-q)J + 2-glW(i-9)j J* (3,68) 

Calculation shows that H is negative for 0-3 < q ^ 0-7. Thus all the 
anastigmats in this (/-range suffer from barrel distortion; its amount is 
given, to within 10 per cent, accuracy in the range 0-4 ^ q ^ 0-7. by the 
approximate formula 

A ~ —0 08(7. (3.69) 

In a sj'stem with q = 0-4 this corresponds to a fractional distortion of 
less than £ per cent, at 3° off axis. 

The two-sphere two-plate aplanats. The conditions (i) spherical 
aberration = 0, (ii) coma = 0, (iii) astigmatism = 0 , (iv) Petzval 
curvature = 0 of the Seidel approximation are to be replaced in 
practice by the conditions that these quantities should be small. This 
relaxation has only a small effect on the range of available systems 
so far as conditions (i), (ii), and (iv) are concerned and we can therefore 
obtain a satisfactory survey of the useful systems by keeping the 
spherical aberration, the coma and Petzval curvature strictly zero. 
With condition (iii) the case is different; the admission of a small 
amount of astigmatism widens the range of possible systems considerably. 

follows that in making a survey of the useful two-sphere two-plate 
systems, it is necessary to consider not merely the Seidel anastigmats but 
e larger class of Seidel aplanats with zero Petzval curvature. When 
this is done, an interesting result appears. Fixing q and k , let us consider 
the changes ,n the system as a varies. To each value of a corresponds 

recn iqU tL P f anafc: ^ ^ ValUeS ° f * the asti g mati sm vanishes and we 
recover the two anastigmats (3.64). In between these two values of a 

the astigmatism is negative and small. Thus we obtain not two but a 

astigmatism T^l At ^ a ' P ° int where *he negative 

astigmatism reaches its worst value the plates cross over, and when a 
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is greater than this value the weaker a'-plate is the farther from the 
primary. At the cross-over value of a the system is equivalent to a 
two-sphere one-plate aplanat with achromatized plate. 

To prove these statements, we set £ = 1 in (3.59) and obtain the 
equations of the systems to be discussed in the form 



(3.70) 


, ir (i-*)<?! 

CT = k[ a — p^y (371) 

where P, Q are the quantities of § 3.6. Equation (3.60) now becomes 

* = I 3 - 72 ) 

From (3.71) we have 

(z-- 1 )^-!) < 3 - 73 > 

For given q, k the values of T and V = —AT are fixed by (3.70), while 
a' is given in terms of q, k, and a by (3.71). Thus the system is completely 
determined by choice of the parameter a, which measures the distance 
of the stronger plate from the primary. Variation of a is an operation 
which is very easily carried out experimentally; it consists merely in 
moving the plates P and P' along the axis of the system, the new position 
of P' being determined by (3.71). In this way the Seidel astigmatism 
of the system can be varied more or less at will. Of course the higher 
aberrations are also disturbed to some extent. 

If, starting from the anastigmat (3.66), we increase a by moving the 
plate P away from the primary, it follows from (3.73) that the plate P' 
moves out also and decreases its distance from P, overtaking and passing 
it when a = Q/P. From (3.72) we see that the ratio 

X = astigmatism/(thin-lens value), 

which is negative when a lies between the two anastigmat values 
[Q±:k i q(l—q)]/P, attains its numerically greatest negative value 
—q 2 ( 1— q)/4P when a = Q/P, that is, when the plates are in the act 
of crossing over. Now for this value of a the system is simply a two- 
sphere one-plate anastigmat with achromatized plate, and the astigma¬ 
tism of such a system is so small when q ^ 0-5 that it is for all practical 
purposes anastigmatic, as will be seen from Table VI. 

It follows that throughout the o-range between the two anastigmat values 
of a, and for a short distance outside this range at either end, the two-sphere 
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two-plate aplanats possess less astigmatism than a Schmidt-Cassegrain 
aplanat of zero Petzval curvature with the same value of q, and hence are 
for all practical purposes anastigmatic. We have supposed q < 0-5; this 
covers the astrographically useful types. 


Table VI 


7 

X = -qHl-q)HP 

0-3 

-00213 

0-35 

0-0299 

0-4 

00407 

0-45 

0*0542 

0-5 

-00714 


Distortion in the two-sphere two-plate aplanats. The value of the dis¬ 
tortion now depends on the position of the aperture stop. Let A^ denote 
its value when the stop is at a distance Cf t in front of the primary 

mirror. When £ = 0, A^ reduces to the coefficient A of equation 

(3.53). In the general case, by (2.18), 

' P A ' 

= A + 2^<7 2 -£/i J>). (3.74) 

In a system with zero Petzval curvature, = °, while 

A 

2 = -4 xfilf, 

by (3.50) and (3.52). Thus 

Af = A-5 x £(1- 9 ). (3.75) 

In a system with flat best field (C+D = 0), 

A { = A + ^Cfi 2 * = A—I*£(f—j)/£, (3.76) 

by (2.20) and (1.6). In practice, the value of £ will usually be near to 1 
in order to minimize vignetting. 

Two mam types of system can now be selected as especially promising 
for astronomical application: 

Type A. Systems in which a is a little below the cross-over value Q/P. 
In these systems, the plates are near together but not in contact. Their 
separation makes it possible to satisfy the exact sine condition and so 
eliminate the most important error of a two-sphere one-plate aplanat 
with achromatized plate (namely higher coma varying linearly with the 
off-axis angle) at a negligible cost in off-axis colour arising from the 
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shearing of the plates. Figs. 105 (A) and (C) show t 
type; their .Seidel data are given in Table VII. 


wo systems of this 



“ < A) A ' 9 = 0-4. k = 0 6, a = 2-1; (Z?) Type B, q = 0-4, k = 0 6, a = 1-67; 
(C ) lypc A, q = 0-45, k = 0-5, a = 2-0; ( D ) Baker B system, q = 0-45, for comparison; 

in this system the primary mirror is aspherical. 


Type B. Systems of short overall length. To obtain these we have to 
choose a as small as possible. The practical lower limit to a is determined 
ly\ the astigmatism, which increases fairly rapidly when a is decreased 
below its smaller anastigmat value. For a thin lens of 12 inches aperture 
the diameter of the astigmatic confusion circle 3° off axis is 0 015 inch 
at best focus. If we adopt one-tenth of this value as the upper limit 
to the admissible Seidel astigmatism, we are led to impose the condition 

\X\<0-1, (3.77) 

which then determines the least permissible value of o. Fig. 105 ( B) 
shows a system of this type; its Seidel data are given in Table VII. 


Table VII 


Seidel data of the systems shoivn in Fig. 105 


Type 

<1 

k 

a 

/ 

a 

r 

r 

X 

A 

///. 

(A) A 

(B) B 

(C) A 

(D) Baker B 

0-4 

0-4 

0 45 
0-45 

0-6 

0-6 

0-5 

2-1 

1- 6745 
20 

2- 2368 

1-9932 

1-2840 

1-6638 

1-4760 

1-4760 

1 0270 
0-5363 

-0-8856 

-0-8856 

-0-5135 

-0-0301 

0-1000 

-0-0015 

0 

0-0430 
0-2431 
— 0-1647 
-0-1984 

1-6667 

1-6667 

1-8182 

1-8182 


In case ( D ) the aspheric primury has A = —0-0228. 


3.8. Schmidt cameras with aspherized mirror 

The overall length of the Schmidt camera can be reduced, though at 
the cost of giving up anastigmatism, if we are prepared to aspherize the 
mirror as well as the corrector plate. Fig. 106 shows a system consisting 
of an aspheric corrector plate situated in front of a ‘figured’ concave 






n,.\ i'K \ 11 



Unstained epithelial cells ( x 1000) seen under phase contrast in mercury preen hcht. rha* r,r ^ 
r = 0 .’> < N.A. Sr 0 03 X.A.. retardation JA. Aft'r C. H. Burch 







IV. § 3 


PLATE.MIHROR SYSTEMS 


271 



Fig. IOC 


mirror and nearer to the mirror than its centre C of paraxial curvature. 
Its properties can be investigated conveniently by the plate-diagram 
method. Using a notation similar to that of § 2.1, we define: 



I 



Fig. 107. Plate diagram of the system shown in Fig. 106. 


A, r as the optical figuring depths on mirror and corrector plate 
respectively, expressed in terms of parabolic correction of the mirror 
as unit, 

ct as the distance AO, taken as negative since the mirror is ‘down 
light’ from the aperture stop and expressed in terms of the paraxial 
focal length of the mirror as unit. 


Then the point C is at a distance 2-a ‘up light’ from the stop, and the 
plate diagram of the system is as shown in Fig. 107. 

The conditions for aplanatisin are therefore 


(spherical aberration) ^4 p_ 1 — q 

( coma ) — Aa — (2 — a) = 0, 

and the astigmatism is given by the equation 

_ astigmatism __ 

thin lens value */ 4 . a f - r » J ^ i 


(3.78) 

(3.79) 


= -i[^ 2 -(2-a) 2 ]. 

The first two equations are together equivalent to 



and the third can then be written 


(3.80) 

(3.81) 



(3.82) 
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(3.81) gives a one-parameter family of aplanats, with the overall 
length <7 as free parameter; and (3.82) shows that there is only one 
anastigmat in the family, namely the system with <7=2. By (3.81), this 
system has .4 = 0, T = 1; it is the ordinary Schmidt camera. 

In the general case, the field curvature 


1 X 1 


by (1.6) and (3.80), 


C + D=-iZ^-- = * 


1 - 


<7 


y ' 


(3.83) 


by (3.82). To get a flat best field, therefore, we must take a = 1. This 
system, in which 


-4 = — I, P = 2, x =l A = —(3.84) 

is usually called the Wright camera. The size of its useful field is limited 
by its off-axis astigmatism. Though inferior to that of the field-flattened 
Schmidt, its theoretical performance is superior to that of Schwarz- 
schild’s two-mirror aplanat, and its short overall length is a valuable 
practical advantage. In an f/4 Wright camera, the geometrical images 
at the edge of a 3° diameter field are nearly-circular patches 9 seconds 
of arc in diameter. 

Because the dominating aberration in the system is the primary 
off-axis astigmatism which flattens its field, a discussion of the fifth-order 
aberrations would have little practical value. But there is a practical 
reason for eliminating coma of all orders as far as possible, since the 
presence of this aberration leads to systematic errors in the measured 
positions of star images on the photographic plate. 

If the system is made to satisfy the exact sine condition (as it can be, 
since it contains two aspheric surfaces), it will be freed from all orders 
of coma varying linearly with the off-axis distance. 

Once the paraxial focal length of the mirror and the position of the 
neutral zone on the corrector plate are chosen, the two aspheric profiles 
of the Wright camera satisfying the exact sine condition are completely 
determined. They can be obtained directly from those of the corre¬ 
sponding Schwarzschild two-mirror aplanat, a factor —2 /(;j— 1) being 
inserted into the profile-function of the pseudo-flat surface to take 
account of the fact that the light is refracted there instead of reflected. 

F. B. Wright (1935), who first proposed this type of system, gave 
scries expansions of the two profile functions as far as the sixth-power 
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Ax' = - (4e+/)w y'« 

2 («—l)e / 16{/i— l)e f 3 ' 192(«— l)e 2 f s 


Ax = tzilf—™) y~ ■ m — lf—m ) >/* (e + >n)m y« 
4e ;« 32e m 3+ 3S4e 2 »«*’ 


(3.85) 


(3.86) 


where (see Fig. 108) Ax' is the thickness of the corrector plate at a distance 
y from its centre minus the thickness at the centre. Ax the depth of the 


—A a?' 


neutral 

zone 


-n 

Fio. 108. Aplanat with aspheric mirror and corrector plate. 

pole ^4 of the mirror surface below the plane of a zone of radius y. m is 
e distance from A to the principal focus F of the system. If the figured 
side of the plate is towards the mirror, e denotes the distance of its cent ral 
point from A . If the figured side is away from the mirror, e denotes the 
apparent distance of its central point B from A, as seen through the 
plate from ,1. This distance is less by (n-l)d/n than the geometrical 
stance A B, where d is the central t hickness of the plate.i By the same 

S— ? in , Chapter m> § 2> the Serrations are unaltered as far as 
the fifth order of small quantities when the plate is turned round and 
its distance from the mirror readjusted to keep c unchanged. 

' th ® equi J alent focal length of the system; it is shown in Fig. 108 
as the radius of a dotted circle which may be t hought of as representing 
geometrical definition of the sine condition i/' = /sin# 

thf' 3 ! 6 ’’ a . par / °. f the coefficient of v* involving and parts of 

the coefficient of,,* involving </-m), (/_*)»,... are omitted in the 

IZZ Zth Sf ~M h a SeCOnd order q-ntity end the contri- 
«ies or W Par * S ^ ° re therCfore oi 8 hth -» rd “ -all 

“PP-^to ttc n oS° r ° f Y ‘ VAiSf,,ft (,936> - 

* e is defined incorrectly on p. 302 of Wright s p«per 

3555.4$ r 
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The value of f—m is connected with the radius y' 0 of the neutral zone 
on the plate by the equation 


the choice 



(3.87) 

(3.88) 


where F is the focal ratio, secures that the chromatic error-spread of the 
axial image is approximately minimized. In an f/4 Wright camera 
figured for ZMight, the axial image-spread in G'-light is about 1 second 
of arc, twice as much as in the Schmidt camera. 

Other manners of aspherizing the mirror of the Schmidt camera, 
which aim at improving the residual aberrations of the system without 
attempting to reduce its overall length or to flatten its field, have been 
investigated by the writer (1949, 1951) and by P. A. Wayman (1952). 


4. Two-mirror systems 

A concave primary is very desirable in an astrographic camera made 
with mirrors, or with mirrors and corrector plates, in order that its 
light-gathering power may reach the value corresponding to the 
aperture of its largest mirror. For the size of the largest mirror deter¬ 
mines, more than any other single factor, the cost of the telescope and 
its mounting, just as the overall length of the telescope determines the 
cost of its dome or housing. 

In projector systems (see Fig. 113) and in reflecting microscopes the 
situation is different. Here we wish the system to receive as wide a cone 
of light as possible from each point of the object, and it is an advantage 
if the beam proceeding from the objective to the screen or eyepiece has 
a small diameter. Therefore it appears that a larger concave mirror 
should receive the light from the object and a smaller convex one should 
send it out to the distant screen or eyepiece. For the reasons given in 
§ 1.4, it is allowable, in exploring the useful design types, to treat the 
distance of screen or eyepiece as infinite; this simplifying approximation 
must, of course, be discarded when calculating out the final design of a 
particular system. When the working distance is taken as infinite, the 
projector system and the microscope can be treated as cases of the camera 
working backwards and can be covered by r the same analysis. W e shall 
adopt this procedure here; the small convex mirror sending light to the 
screen or eyepiece is treated in the analysis as a convex primary M v 
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receiving light from infinity, and the larger concave mirror is treated as 
the secondary jJ/ 2 . 

Our analysis of two-mirror systems should therefore cover the cases: 

( 1 ) large concave primary J/j, small concave or convex secondary M n 
(astrographic cameras), 

( 2 ) small convex primary J/j, large concave secondar}' M 2 (projectors 
and reflecting microscopes). 



( c ) 7<£<0 

Fio. 109. Two-mirror systems, giving o real image, with concave primary. 

Case 1 (concave primary) 

When the secondary M 2 is convex, we have only to set T = 0 V = 0 
in he analysis of §§ 2 , 3. An examination of the analysis shows that it 
applies equally well when M 2 is concave provided we adopt the sign 

be no e a »r /! < ° f ° r C ° nCaVe . The P arame ter q = 1-d/f, may now 
hot? ' 6 ” egntlTe ant! tlie minimum central obstruction is |j| in 

imaire l?l < 1 do "' e 8 et a Physically realizable systom the 

mtage may then be real or virtual. To find the condition for a real image 

Zn separately the cases > 0 (convex secondary) and f < o 

(concave secondary) When f > 0 , the condition for a Teal images 

Jt A < d </„ i.e. 0 < q < (. (See Fig. 109a.) When f < 0 the con 

tives arle > °° I L < C (See Figs ' 100 6 • c -> A1 > th e permissible alterna- 
s are expressed by the single condition 


11 
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where £, q may take both positive and negative values; thus (4.1) is the 
condition for a real image. We suppose the aperture stop on the primary 
mirror. By (3.48), (3.49) with I\ P = 0 the aplanatism conditions are 
now: 


(spherical aberration) 


A + B= P, 


(coma) 


By (3.50) with T, T' = 0, 


- l —lB= Q. 
9 


X = 


astigmatism 


thin lens 


^EL_ =_ I-ULuVes] 

value 4(^- ? ) [\ q ) ° “ 


(4.2) 

(4.3) 



By (2.17), 


14 --P?) 


(4.5) 


Here P, Q, R are the quantities (3.58); A0 2 measures the fractional 
distortion at an angle 9 off axis when the system is used with a flat 
receiving surface. 

The coma condition gives 

B (4.6) 

l-q 

and the other equations then become 




(4.7) 



Equations (4.6)-(4.9) give the figuring strengths, the off-axis astigmatism, 
and the distortion coefficient of the general two-mirror aplanat with 
concave primary, in terms of the two design-parameters q and £. 


Two-mirror anastigmats with concave primary. By (4.8), 
for anastigmatism is 


(l-q)Q+qR=0 


the condition 
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i.e. 


(1 




q*(2Z-q)(2Z+\-n) 


W 4 - 


9 8 <2*+I-9) 2 




H- 


(l + q)-W_qHl-q) = 0 

\ = - or l = _ L+g 

€ q Z q(l-q)- 


(4.10) 


The first solution does not satisfy (4.1); it gives an image at infinity 
since /,// = Z/q-i = o when I/£ = l/ q . In this case 


giving 


P-1-q, Q=l-q, = (l q yiq > 

A = 1, B = — q. 


(4.11) 


The mirrors are confocal paraboloids, both concave if q < 0, one concave 
and one convex if q > 0. 

In the second solution (4.10), the distance between the mirrors 


(4.12) 


d = (i-,)/, = = v , 

and, conversely, if (4.12) is satisfied, then 

-= *+9 

£ 9(1 — q) 

2t 111 W T n n U ^ tHat: ** miiVA con- 

Woclz v ** nft * < 1 ) systems consisting of two 

in thick thed T T lf ° rmin « an ima * e at in finity, ( 2 ) those aplanals 
m which the distance between the mirrors is twice the focal length 

In the second type v ' 

p = (l+4q-q>)(l + 2 q- Q *) ^ _ -1-45+5* 

(i- 9 ) 3 * v rzz—* 


giving 


R = 1+hy— 

9 

^4 = P— R = (j+ 4 9—9 2 )(l+9) . 87 

(!—9) 3 + (I_„)3‘ 


(4.13) 


B = —~^~Q = 

1-5 (1-9)2 


(1+45—52). 


(4.14) 



278 


PLATE-DIAGRAM ANALYSIS 


IV, §4 


The condition for a real image in these anastigmats is, by (4.12) and 
the second of equations (4.10), 


1 1+9 

9 9(1—9)’ 



2 

9 ( 1 - 9 ) 


> 0 , 


0 < 9 < 1- (4.15) 

That is, the secondarj- must be inside the focus of the primary; and since 
(4.10), (4.15) give £ < 0, the only possible type of sj r stem is that shown 
in Fig. 109 6. This is the curved-field anastigmat proposed by A. Couder 
(1926). 


Flat-fielded aplanats with concave jjrimary. Here the equations to be 
satisfied are the aplanatism conditions (4.2), (4.3) and the field-curvature 
condition C+Z> = 0. Since, by (1.6), 



the condition for a flat field is 


- "(H)- 


which, by (4.8), can be written 


(4.16) 


(4.17) 


— l Q+R = 

9 


-(1 —£) 
£ 


On replacing Q, R by their explicit expressions (3.58) and reducing, the 
condition for a flat field takes the form 



f f q 0, 

1 + 2? 

(4.18) 

or 

1 1 9(1-9) 

9 € £ 2 (l + 29)‘ 

(4.19) 


Taken together with the condition (4.1) for a real image, (4.19) gives 
0<<7<lor?<—1. The latter alternative is excluded because then 
(4.18) has no real root in £. Therefore 0 < q < 1 in all these aplanats. 
To each value of q correspond two values of £ whose signs are opposite, 
by (4.18). The negative value yields a Schwarzscliild aplanat, the 
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positive a flat-fielded aplanat with convex secondary. By (2.8), the 
distance of its image behind the pole of the primary is 




/£*(! +2 q) 


by (4.10), 


\«T^r- 1+s ) / " 

~ (* 7 = 7 " > + *»)/. 


(4.20) 


by (4.18). It is a practical convenience if the image is formed just behind 
the cell which supports the primarj' mirror. To see whether the one- 
parameter family of flat-fielded aplanats with convex secondary contains 
any members with this property, we first set the right-hand side of 
(4.20) equal to zero, obtaining 


(!-*?)( 1-9) 

1 + 2? ’ 

and then solve for £, q between (4.21), (4.18). 
into (4.18) gives, after a little calculation, 


(4.21) 

Substitution from (4.21) 


(!-<?)( I-5 ? + 2 ? =) = 0 


?=1> 5±K17. 

Only the third root satisfies the necessary condition 0 < q < 1; thus 

q = £(5-n'17) = 0-2192 

is the only member of the family for which (4.21) vanishes. Since $ 
increases with q (by (4.18) together with the relations £ > q, 0 < q < 1 ), 
the expression (4.20) likewise increases with q\ thus a member of the 
family for which q is slightly larger than 0-22 will form its image a short 
distance behind the pole of the primary. For example, the system of 
central obstruction-ratio in which q =« 0-25, £ = 0 - 3416 , forms its 
image at a distance 0-1831/! behind the primary mirror. The figuring 
strengths are given by the values 

A = 1 0479, B — —0-3421, 

from which we see that the primary is very close to a paraboloid. 

In this system, the astigmatism 

x = ~ w-j) ~ 3 ' 5984 < 4 - 22 > 

times the thin-lens value, and the focal length is approximately five 
times the distance between the mirrors. With a 30-inch f/4 primary and 
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a mirror separation of 90 inches, the focal length is 448 inches, and the 
nominal focal ratio f 15. The largest field over which the astigmatic 
confusion circles remain below 0 002 inch is 0° 45', or about 5 inches in 
diameter. At the edge of this field, their angular size is only 1-33 seconds 
of arc. The general appearance of the system is shown in Fig. 110. 



Chretien's aplanat with curved field. A Cassegrain-type aplanat with 
curved field, having a conveniently situated image and working at a 
focal ratio near f 8 , was proposed by H. Chretien (1922). In the example 
of this system constructed in 1926at the Paris Observatory by A. Couder, 
q = 0-4500, £ = 1-8863 and the figuring strengths have the values 

A = 1-9487, B= -1-2818, (4.23) 



13_ 


■ 

/ 

i 


~*F 


Fig. 111. Chretien aplanat. 


in accordance with (4.6), (4.7). The off-axis astigmatism 

X= 1-8992 (4.24) 

and the distance of the focal plane behind the pole of the primary mirror 
is 0-0410/i = 0-0312/(see Fig. 111). Since the mirror separation is only 
0-4188/, the overall length of the system can be less than 1/. The aperture 
is 80 cm. = 31-5 inch and the nominal focal ratio f/8. At 0°30' off axis, 
the images in the surface of best focus are 1 "-73 in diameter, or 0-002 inch. 
This surface is concave towards the incident light, with radius of curva¬ 
ture //2-90. 

Case 2 (convex primary) 

If the system is to form a real image of an infinite object, the secondary 
M 2 must be concave and larger than the primary, as shown in Fig. 112. 
The analysis of Case 1 will suffice to cover the present case also provided 
we now take the paraxial focal lengths f lt f 2 as negative. When M 2 is on 
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the front side of M x > the distance d between the mirrors is still taken as 
positive. 

In all the sections of this chapter, the sign conventions are in accordance 
with the statement that the focal length/, of either reflecting surface 
is positive or negative according as its centre of curvature is on the side 
towards the distant object or away from it, w hile d is positive provided 
M 2 is *in front of’ M x . 



The parameter f =/ 2 //, is now- positive, while q = 1— d/f x is always 
greater than 1 and no longer possesses the physical interpretation of a 
minimum obstruction ratio. 

The condition for a real image is now 

l/il+<* > l/ 2 |, 

i e - d +f 2 -fi > 0 , 


or 0< 5 < ? ; < 4 - 25 > 

this therefore replaces ( 4 . 1 ). 

Equations (4.6), (4.7) give the figuring strengths on the two mirrors 

xn the Seidel aplanats of this type, in terms of the two free parameters 

q and f. (As before, the figuring strength on M 2 is not B itself but B^.) 

If we also impose the anastigmatism condition y = 0 , which bv 
(4.8) can be written J 


we again obtain 


V-q)Q+qR = 0 , 
£ = q or $ = 

1 +q 


(4.26) 


if :-;: 1116 { = q does not sat5sf y condition ( 4 . 25 ) for a real image; 
gives an image at infinity. Therefore we reject it and, taking 


q(q— i) 


t t be a fore Ce th m0re the Va,U6S (4 - I4) for A and where <7 > 1. 
' e equation £ — q(q—l)/(\ + 3 ) implies that the distance 
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d = 2£j fi\l(q—$) between the mirrors is equal to twice the focal length 
of the system. 

From (4.14) we see that in the anastigmats 

A=-±pL B , (4.27) 

7 (!— q) 

so that in general both mirrors need to be asplierized and if one is 
spherical then so, to Seidel accuracy, is the other. This case can occur, 



since A = B = 0 when 1+4 q-q 2 = 0, i.e. when q = 2±Vo. Only 
q = 2 +Vo gives a real image; in this case the mirrors are concentric 
and the obstruction ratio has a value (approximately 1/V5) which is 
inconveniently high in a reflecting microscope.t It is, however, accept¬ 
able in a projector system, working with a suitably curved object surface 
or with a Piazzi-Smyth field flattener added (see Fig. 113). 

Reflecting microscopes. In a two-mirror micro-objective, the required 
field is much smaller than in a projector system and the effects of field 
curvature are usually harmless (though field curvature must be kept 
low in an objective intended for metallurgical work). Obstruction ratio 
must be small and numerical aperture large. Coma varying linearly with 
the off-axis angle is the most objectionable of the aberrations; the design 
should therefore come very close to satisfying the exact sine condition. 
An account of the way in which these requirements have been met in 
practice may be found in an interesting paper by C. R- Burch (194 ) 
Plate VII shows the appearance of unstained epitheba ceUs seen . i ‘ inde 
phase-contrast in one of the reflecting microscopes * es ° Tlhed ™^ 
paper. Plate VIII shows a stained preparation (spirochaetes) seen "ith 

out phase-contrast in the same microscope. 

t Bcoau.se it accentuates the diffraction effects which limit the interpretation of fine 
structure in a good microscope. 





PLATE VII r 



hroelmetes ( 8f>0) photographed in green light through a reflecting microscope 

AJtcr C. K. Burch 
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Schmidt cameras, 31, 201; in field- 
flattened Schmidt cameras, 219. 
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7; sixth-order, 15; of Schmidt camera, 
198; of field-flattened Schmidt camera, 
219. 

— types, 18. 
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classification of, 48. 

Achromatized Schmidt-Cassegrain sys¬ 
tems, 263. 

Airy disk, 132, 200, 207. 

Airy rings (annular aperture), 42. 

Anastigmat, 4, 19; normal, 15; aberration 
function of, 14; aberration balancing in, 
19; from two spherical mirrors, 253. 

Anastigmat ism, 232; in terms of plate 
diagram, 231; in Schmidt-Cassegrain 
systems, 241. 

Anastigmatizing plate, 229. 

Angular off-axis distance, 3. 

Aplanat, 4. 

Apian at ism, 232; in terms of plate dia¬ 
gram, 231; in Schmidt-Cassegrain sys¬ 
tems, 241. 

‘Arrows’ (Pfeilfehler), 17, 21. 

Aspheric plate, 179; strength of, 180. 

Astigmatic difference, 264. 
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under Foucault test, 145, 151; of thin 
lens, 245; in Schmidt-Cassegrain apla- 
nats, 245. 

Auxiliary optic axis, 233. 

Babinot’s principle, 140. 
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Banerji, S., 144, 174. 
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— spherical field surface, 25. 
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Breslau Observatory, 179. 

Brown University, 178. 

Burch, C. R., 229, 240, 282, 283. 

Burrell telescope, 185. 
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Cassegrain telescope, 178, 179. 


Central obstruction, effect on diffraction 
image, 41. 

Chretien, H., 280. 

Chromatism, 12; of corrector plates, 192. 

— factors, 29. 

Circle polynomials, 52; orthogonality of, 
53; aberration classification by, 54. 

Cittert, P. H. van, 73. 

Coherence, degree of, 75. 

— in the image of a light-source, 86. 

Coherent and partially coherent objects, 

images of, 67. 

‘Coherent’ illumination, 94. 

Coherent illumination, 102. 

Coma, Seidel, 8, 57, 178, 219. 

Complex degree of coherence, 75. 

Condenser aperture, effect on resolving 
power, 94. 

Conrady, A. E., 1, 4, 7. 

Coordinate numbers, 5, 133. 

Corrector plate, 179; strength of, 180; 
chromatism of, 192; colour-minimized, 
193; in Wright camera, 273. 

Couder, A., 145, 174, 280, 283. 

Critical illumination, 91. 

Degree of aberration, 6, 16; of coherence, 
75, 76. 

Diffraction images, 35; aberration-froe, 
35; with annular aperture, 41; in pre¬ 
sence of aberrations, 58; isophotes (dia¬ 
grams), 59-72; of partially coherent 
objects, 85. 

Distortion in terms of plate diagram, 232; 
in Schmidt-Cassegrain systems, 246; in 
flat-fielded anostigmats, 247. 

‘Doughnut’ figuring, 239. 

DufTieux, P.-M., 103. 

Effective image-radius, 2, 8, 221; effect of 
aberrations on, 11, 20. 

Equivalent primary source, 99. 

Error-balancing: in anostigmats, 19; in 
Schmidt cameras, 31, 201; in field- 
flattened Schmidt cameras, 219. 

Field-flattened Schmidt camera, 208; per¬ 
formance compared with that of classi¬ 
cal Schmidt, 223. 

Field-reference surface, 4. 

Fifth-order aberrations, 16, 17. 

Figuring: optical effects of, 177, 202; nor¬ 
mal, 6. 

— layer, 180, 185. 

Fine gratings, resolution of, 113. 
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Flat-fieldod anastigmat-, 4. 

Flugelfehler (‘wings'), 17, 21. 

Focus shift, analytical representation of, 8. 

Foucault, L., 128, 174. 

Foucault test, 128; appearance of circular 
true mirror, 139, 143, 148; of mirror 
with central piercing, 141; of astigmatic 
circular mirror, 145; of arbitrary smooth 
errors, 150; of small errors, 150; of halo, 
144, 145, 153; of zonal errors, 162 ; inter¬ 
pretation of test, 168; sensitivity, 156; 
test with a slit-source, 141. 
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Fringe visibility, 76. 
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191. 

Ikonal, 1, 67. 
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— patch, 3; effective radius of, 8, 12, 26. 
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96. 
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— figuring, 6. 
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Partial coherence, 73. 
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257; equation, 4, 208; surface, 1, 4, 208. 
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77; physical interpretation of, 75; pro¬ 
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Poincare, H., 131, 175. 
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178; spherical aberration, 8, 56, 202. 
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plate diagram, 229, 232; of Schmidt- 
Cassegrain systems, 240. 

Seidel coma, 8, 57, 219. 

Shearing, 202. 

Slevogt, H., 240, 283. 

Smooth function, 6. 

Spherical aberration: primary, 8, 56, 202; 
secondary, 17, 50; lateral, 17, 32, 49, 
202 . 

Spot diagram, 200, 201, 206, 224-7. 

Steward, G. C., 42, 126. 

Strehl definition, 47, 54, 58, 62, 66. 

Struve, H., 38, 126. 

Taylor, H. Dennis, 1, 40, 126. 


Transillumination in the microscope, 91; 
critical illumination, 91 ; Kohler illumi¬ 
nation, 92. 

Transmission cross-coefficients, 110, 118. 
— factors, 103, 111. 

Trefoil, 50, 58. 

Two-mirror systems, 274. 

Two-sphere anostigmats, 253; aplanats, 
253. 

Vaisala, Y., 228, 273, 283. 

Warmisham, A., 263, 283. 

Wave-front, 5, 177. 

Wave surface, 5, 177. 

Wayraan, P. A., 15, 126, 274, 283. 
‘Wings’ (Fliigelfehler), 17, 21. 

Wright, F. B., 272, 283. 

Wright camera, 272. 

Wolf, E., 38, 39, 40, 43, 69, 126. 

Young's experiment, 75. 

Zemike, F., 37, 51, 73, 121, 126, 129, 175. 
Zernike polynomials, 51; table of, 52; 
orthogonality of, 51. 






28707 



PRINTED IN 
GREAT BRITAIN 
AT THE 

UNIVERSITY PRESS 
OXFORD 
BY 

CHARLES BATEY 
PRINTER 
TO THE 
UNIVERSITY 



